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Abstract. The approach known as Design by Contract (DbC) [23] promotes reliable
software development through elaboration of type signatures for sequential programs
with logical formulae. This paper presents an assertion method which generalises the
notion of DbC to multiparty distributed interactions, enabling the specification and ver-
ification of distributed multiparty protocols, based on the wt-calculus with full recursion.
Centring on the notion of global assertions and their projections onto endpoint asser-
tions, our method allows fully general specifications for typed sessions with session
channel passing, constraining the content of the exchanged messages, the choice of sub-
conversations to follow, and invariants on recursions. The paper presents key theoretical
foundations of this framework, including a validation algorithm for consistency of global
assertions and a sound and relatively complete compositional proof system for verifying
a large class of processes against assertions.

1 Introduction

This paper introduces an assertion method for specifying and verifying distributed mul-
tiparty interaction protocols, drawing from the idea often known as Design-by-Contract
(DbC) for sequential computation. DbC [23] specifies a contract between a user and a
program as a set of pre-conditions, post-conditions, and invariants over the program’s
type signature. Instead of saying “the method fooBar should be invoked with a string
and an integer, and then it will return (if ever) another string”, DbC allows more precise
specifications, such as “if we invoke the method fooBar with a string representing a date
d between 2007 and 2008 and an integer n less than 1000 then it will (if ever) return a
string representing the date n days after d”.

A type signature describes a basic shape of how a program can interact with other
programs, stipulating its key interface to other components, which may be developed
by other programmers. By associating signatures with logical predicates, DbC enables a
highly effective framework for specifying, validating and managing systems’ behaviour,
usable throughout all phases of software development [19,21,27]. As a modelling and
programming practice, DbC encourages engineers to make contracts among software
modules precise [13,23], and build a system on the basis of these contracts.

The traditional DbC-based approaches are however limited to type signature of se-
quential procedures. A typical distributed application implements interaction scenarios
that are much more complex than, say, request-reply. To build a theory that extends
the core idea of DbC to distributed applications, we consider a generalised notion of
type signature for distributed interactions centring on the abstraction units, called ses-
sions, studied in [3, 18]. A session consists of a structured series of message exchanges
among multiple participants. More than one sessions can interleave or run in parallel
even in a single application. For example, a session for an electronic commerce can
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run interleaved with a session for a financial transaction to settle its payment. Each
session follows a stipulated protocol, given as a type called session type [3, 18], which
prescribes interaction scenarios among its participants.

On this basis, we introduce a theory of assertions for distributed interactions cen-
tring on global assertions. A global assertion specifies a contract for multiparty ses-
sions by elaborating session types with logical predicates. A session type only specifies
the skeleton of interaction scenarios: it does not, for example, refer to constraints on
message values except their types. Just as in the traditional DbC, the use of logical
predicates allows us to specify more fine-grained constraints on protocols, regarding
content of messages, how choice of sub-conversations is made based on preceding in-
teractions, and what invariants may be obeyed in recursive interactions. The key ideas
are presented in Figure 1, which we illustrate below.

(0,1) A specification for a multiparty session is given as a global assertion G, namely a
protocol structure annotated with logical predicates. A minimal semantic criterion,
well-assertedness of G (§ 3.1), characterises consistent specifications with respect
to the temporal flow of events, to avoid unsatisfiable specifications.

(2) G is projected onto endpoints, yielding one endpoint assertion (‘I;) for each partic-
ipant, specifying the behavioural responsibility of the endpoint (§ 4). The consis-
tency of endpoint assertions are automatically guaranteed once the original global
assertion is checked to be well-asserted.

(3) Asserted processes, modelled by the mt-calculus annotated with predicates (§ 5.1),
are verified against endpoint assertions through a sound and relatively complete
compositional proof system (§5.2, §6). Completeness, proved through generation
of principal formulae, yields a relative decision procedure for satisfiability.

Our contributions include an algorithmic validation of consistency of global assertions
(Propositions 3.2 and 4.3); semantic foundations of global assertions through projec-
tion and labelled transitions (Propositions 6.4 and 6.3); a compositional proof system
for validating processes against assertions (Theorem 6.5), leading to assertion-error
freedom (Theorem 6.6) which ensures that the process will meet its obligations assum-
ing that the remaining parties do so. Theorems 6.7 and 7.2 ensure completeness. For
readability, we first present a simplified version of our theory and then, in § 7, we ex-
tend it to delegation and shared name passing. § 8 concludes with the related work.
The omitted definitions are listed in the attached appendix, while the detailed proofs
are found in the full version [31].
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2 DbC for Distributed Multiparty Interactions

The theory presented in this paper centres on what we call global assertions for spec-
ifying contracts for multiparty sessions. A global assertion uses a logical formula to
prescribe, for each interaction specified in the underlying session type, what the send-
ing party must guarantee, and dually what the receiving party can rely on. Concretely:

1. Each message exchange in a session is associated with a predicate which constrains
the values carried in the message (e.g., “the quantity on the invoice from seller to
buyer equals the quantity on the order”);

2. Each branch in a session is associated with a predicate which constrains the selec-
tion of that branch (e.g., “seller chooses the ‘sell” option for a product if the ordered
quantity does not exceed the stock™);

3. Each recursion in a session is associated with an invariant representing an obliga-
tion to be maintained by all parties at each repetition of the recursion (e.g., “while
negotiating, seller and buyer maintain the price per unit about a fixed threshold”).

As an illustration, Figure 2 describes a simple multiparty session among the participants
Buyer, Seller, and Bank exchanging messages whose content is represented by the
interaction variables v,, v, (of type Int) and v, (of type Bool). Buyer asynchronously
sends an offer v,, then Seller selects either to recursively start negotiating (hag) or
to accept the offer (ok). In the latter case, Buyer instructs Bank to make a payment v,,.
Finally, Bank sends Seller an acknowledgement v,. The recursion has one parameter
P-Vv,, initially set to 100, that upon recursive invocation takes the value that v, has in
the instance of recursion which invoked the current one. This allows us to compare the
current content of v, with the one of the previous recursion instance (see A2 below).

The predicates attached to the interactions are in a way similar to guards in sequence
diagrams (the present framework however models and constrains distributed communi-
cations). The example uses five predicates. The recursion invariant A states that p_v, is
always greater or equal than 100. Buyer guarantees Al (i.e., the value of v, is above
100) which, dually, Seller relies upon. By A2, Buyer has to increase the price during
negotiations until an agreement is reached. The value of the (last) offer and the payment
must be equal by A3, while A4 does not constrain v,,.

The specification framework naturally extends to more complex situations which
involve, among others, delegation (session channel passing), as we shall discuss later.



3 Global Assertions

We use the syntax of logical formulae, often called predicates, as follows.
AB :=e =e | eg1>er | Oler,...,en) | AANB | —A | Iv(A)

where ¢; range over expressions! and ¢ over a pre-defined set of atomic predicates with
fixed arities and types (such as those on natural numbers [22, §2.8]). The set var(A)
denotes the set of free variables of A, similarly for var(e). We assume the validity of
closed formulae of the underlying logic to be decidable.

Global assertions (ranged over by G, G’,...) elaborate global session types in [18]
with logical formulae. The syntax is given below:

G i=p—p:k(V: S){A}g | &) - p,pl’, .. are participants,
| P kAN Gl | Gogr T oK are channels,
N — u,v,.. are interaction variables,
| 1) 9){A}g | end - 8.8, .. are sorts.

Interaction p — p': k (v: §){A}.G describes a communication between a sender p
and a receiver p’ via the k' session channel (k is a natural number), followed by G. The
variables in the vector ¥ are called interaction variables and bind their occurrences in
A and in G; interaction variables are sorted by sorts S (Bool, Int, ...) that denote types
for first-order message values (session delegation and shared name passing is discussed
in § 7). The predicate A constrains the content of ¥: the sender p guarantees A and the
receiver p’ relies on A (following the rely-guarantee paradigm [20]).

Branching p —»p': k{{A;}l;: G;}jcs allows the selector p to send to participant p’,
through k, a label /; from {I;} jc; (J is a finite set of indexes) if p guarantees A; (upon
which p’ can rely). Once /; is selected, G; is to be executed by all parties.

Recursive assertion ut(é)(v: S){A}.G (cf. [11], tis an assertion variable) specifies
how a recursive session, which may be repeated arbitrarily many times, should be car-
ried out through interactions among participants. The formal parameters ¥ are a vector
of pairwise distinct variables (sorted by a vector S of sorts of the same length; each v; in
v has sort S; of 5); 7 bind their free occurrences in A. The initialisation vector € denote
the initial values for the recursion, each e; instantiating v; in v. The recursion invariant
A specifies the condition that needs be obeyed at each recursion instantiation; recursion
instantiation, of the form t{é), is to be guarded by prefixes, i.e. the underlying recursive
types should be contractive. A recursive assertion can be unfolded to an infinite tree, as
in the equi-recursive view on recursive types [29].

Composition G, G' represents the parallel interactions specified by G and G’; end
represents the termination. Sorts and trailing occurrences of end are often omitted.

We write p € G when p occurs in G. For the sake of simplicity we avoid linearity-
check [3] by assuming that each channel in G is used (maybe repeatedly) only between
two parties: one party for input/branching and by the other for output/selection.

Example 3.1 (Global Assertions). G,,., models the protocol described in § 2. G,¢¢ has
recursion parameter p_v, denoting the offer of Buyer in the previous recursion instance;
DV, is 100 in the first instance. {k;,k2,k3,ks4} are channels.
Greg = ut{100)(p_v, : Int){A}. Buyer — Seller: ki (v, : Int){A1}.

Seller — Buyer: ky{{A2}hag: t{v,), {true}ok: G}
Gok = Buyer — Bank: k3 (v, : Int){A3}. Bank — Seller: k4 (v, : Bool){A4}. end

! Expressions include sorted variables but not channels.



3.1 Well Asserted Global Assertions

When setting up global assertions as a contract among multiple participants, we should
prevent inconsistent specifications, such as those in which it is logically impossible
for a participant to meet the specified obligations. Below we give two constraints on
predicates of global assertions that guarantee consistency.

Let I(G) be the set of variables occurring in G; a participant p knows ve I(G) if v
occurs in an interaction of G involving p (this relation can be computed effectively, see
Appendix B). I(G) I p denotes the set of variables of G that p € G knows.

History-sensitivity A predicate guaranteed by a participant p can only contain those
interaction variables that p knows.

Temporal-satisfiability For each possible set of values satisfying A and, for each pred-
icate A’ appearing after A, it is possible to find values satisfying A’.

Consider the following examples:

pa— ps: ki (v:Int){true}. ps — pc: ko (V' : Int){true}. pc — pa: k3 (z: Int){z > v}. end
pa—ps: ki (v:Int){v <10} ps = pa: ka (z: Int){v >z A 7> 6}. end.

The first global assertion violates history-sensitivity since p¢ has to send z such that
7> vbut pc does not know v. The second global assertion violates temporal-satisfiability
because if py sends v = 6, which satisfies v < 10, then pg will not be able to find a value
that satisfies 6 > z A 7> 6.

Assertions satisfying history-sensitivity and temporal-satisfiability are called well-
asserted assertions. For the formal definitions, including inductive rules to check well-
assertedness, see Appendix B.

Proposition 3.2 (Well-assertedness). Checking well-assertedness of a given global
assertion is decidable if the underlying logic is decidable.

4 Endpoint Assertions and Projection

The endpoint assertions, ranged over by T, T, .., specify the behavioural contract of a
session from the perspective of a single participant. The grammar is given as follows.

T u= k(I {ALT | wt(@(7:){A}.T | k&{{Ai}li: Ti}ier | end
| K@ ${ALT | W) | k@ {{Aj}L): T} jer

In k!(v: S){A}; 7, the sender guarantees that the values sent on k (denoted by
S-sorted variables ¥) satisfy A; then the sender behaves as 7'; dually for receiving
k2(v: S){A};T.

In k@ {{A;}l;: Tj} e the selector guarantees A; when choosing /; on k; dually
k&{{A;}l;: Tj}ier states that A; can be assumed when branching at k on a label ;.
Assertion ut(é)(v: S){A}.7 constrains parameters v of type S which are initially take
values ¢€; the invariant of the recursion is A.

The projection of predicate A on participant p, written A | p, is defined as 3V, (A)
where V,y = var(A)\I(G) | p. Also, € | p are the expressions in € including only such
that var(e}) € I(G) ! p. The projection function in Definition 4.1 maps global asser-
tions, predicates and participants to endpoint assertions.



Definition 4.1 (Projection). Given G and A, the projection of G for a participant p wrt
A is denoted by (G) l‘; and, assuming p; # pz, recursively defined as follows.

) KI(:8){A}(6") 1" ifp=pi
(1) (p1— p2: k(7:8){A}.G") 1p"= 3 k2(5: §){(A A Ap) 1P1(G) Lp™*" ifp =12
(G") 1p™" otw
k@AM (G) Lo ™ Vet ifp=rpi
2) (p1—pa2: k{H{A}: Glier) 1p"= k&{{(ii AAP)AFP}lii (G) jéiAAP}fl ifp=ps
(gl) iPPAvjE’ J (: (gl) lPP/\viel /) otw
A | (G) 13" ifpeGiandp¢ G, i# je{1,2}
(3) (G1,G2) Ip'= {end P ifp¢ Gy andp¢gjz
(4) (ut(@(: §){A}.G) 15" =ut(@ I pY(F I p: S){A Ip}.(G) 1p”
(5) (K&)) lp" =tz p) (6) (end) |4 = end

If no side condition applies, (G) lg is undefined. The projection of G on p, denoted
G I'p, is given as (G) |7".

In (1), value passing interactions are projected. For a send, the projection of a predicate
A consists of A itself. For a receive, it is not sufficient to verify the non-violation of the
current predicate only. Consider the following well-asserted global assertion:

Seller — Buyer: kj (cost : Int){cost > 10} .Buyer — Bank: k; (pay : Int){pay = cost}.end

The predicate pay > cost is not meaningful to Bank since Bank does not know cost
hence cannot verify it: rather the projection on Bank should be k»?(pay : Int){Icost(cost >
10 A pay > cost)} which incorporates the interaction between Buyer and Seller. Thus
in (1) all the past predicates are projected on p, existentially quantifying the variables
unknown to p», so that p, can detect violations of predicates coming from interactions it
has not participated in. Note (1) yields the strongest precondition for p, (the contract is
satisfied iff p, receives a legal message), avoiding the burden of defensive programming
(e.g., the programmer of Bank can concentrate on the case pay < 10).

In (2), the “otw” case says the projection should be the same for all branches. In (3),
each participant is in at most a single global assertion to ensure each local assertion is
single threaded. In (4), the projection to p is the recursive assertion itself with its predi-
cate projected on p by existential quantification (see Appendix C for details). Similarly
in (5) the projection of a recursive call is itself with its predicate projected.

Example 4.2 (Projection). The projection of Gy, (Example 3.1) on Seller is

Tyer = ut{100)(p_v, : Int){p_v, = 100};k1?(v, : Int){B}; T
T = k@ {{vo > p-vothag: t(v,),{true}ok: T}
Tor = G | Seller = ky4?(v, : Bool){B'}

where B = p_v, = 100 Av, > 100 and B’ = 3p_vy.B AV, = V).

Well-assertedness can be defined on endpoint assertions as for global assertions, char-
acterising the same two principles discussed in §3.1.

Proposition 4.3 (Projections). Let G be a well-asserted global assertion. Then for
eachp € G, if G | p is defined then G ! p is also well-asserted.



5 Compositional Validation of Processes

5.1 The n-Calculus with Assertions

We use the mt-calculus with multiparty sessions [18, §2], augmented with predicates for
checking (both outgoing and incoming) communications.

P :=a[2.n](5).P request | s <<{A};P select Py =P | (V§)Py
| atpl (3).P accept | s> {{A;}li: Pi}ier  branch |s:h
| (va)P hide |P|Q parallel |errH | errT
| sie)(){A}: P send | uX<et)(v5).P rec def eux=nlene..
|52(7){A}: P eceive | X(F) rec cll 0 = | true | false
| if e then P else Q  conditional |0 idle hoa=1]i

Fig. 3. Syntax of asserted processes

The grammar of asserted processes or simply processes (P,Q,...) is given in Figure 3.
On the left, we define programs. ai2.n)(§).P multicasts a session initiation request to
each afp] (§).P (with 2 < p < n) by multiparty synchronisation through a shared name
a.? Send, receive, and selection, all through a session channel s, are associated with a
predicate. Branch associates a predicate to each label. Others are standard.

Runtime processes Py, defined on the right-hand side of the grammar, extend pro-
grams with runtime constructs. Process s: hj..h, represents messages in transit going
through a session channel s in an asynchronous order-preserving message delivery as
in TCP, where each #; is either a branching label or a vector of sessions/values. The
empty queue is written s: J. Processes errH and errT indicate two kinds of run-time
assertion violation: errH (for “error here”) indicates a violation of a predicate by the
process itself; and errT (“error there”) indicates a violation by the environment.

The reduction rules with predicate checking are given in Figure 4, which generate
— by closing the induced relation under | and v and taking terms modulo the standard
structural equality’ [18]. The satisfaction of the predicate is checked at each commu-
nication action: send, receive, selection and branching, where we write A | true (resp.
¢ | ) for a closed formula A (resp. expression €) when it evaluates to true (resp. fi).
When initiating a session, [r-LiNk] establishes a session through multiparty synchroni-
sation, generating queues (all session channels are hidden at the initiation). The remain-
ing rules are standard, modelling communications in a session via queues [3, 18].

Example 5.1 (Seller’s Process). Continuing from Examples 3.1 and 4.2 we present a
process that implements Gy, focusing on P, of Seller. Below, B, B’ are as in Example
4.2. We set Buyer, Seller, Bank to be participants 1,2,3. We denote sy, ..,s4 with §.

Preg = a(2,31(5).P1 | al21(5).P | a31(5).Ps

Py = pX100,5)(p-vo,8)-512(vo){B}; Q2
0, =ifethen (s2 <<hag; X{v,,5)) else (s2 <TOk;P,x) where Py =s5427(vq){B'};0

0> defines, with e, a policy to select a branch (e.g., e = {v, > 200 A v, > p_v,}). While
the predicates are known to all parties, e is a local policy to Seller.

2 Session initialisation does not have predicates because we study contracts for individual sessions.
3 We include pX{&)(¥5)...5,).P = P[uX (5] ...5,).P/X][é/V] where X{&'§' Y[uX (5] ...5,).P/X] is de-
fined as uX{&'§ Y(V5) ... 5,).P.



a12.01(5).Py | al21(5).Ps | ... | aln] (8).Py — (VS)(Py | Py | oo | P | 5120 | oo | 502 D) [R-LINK]

sWed(W{A};P | s:h— P[a/¥] | s:h-d (el B AA[R/V] | true) [R-SEND]
s?(V){A};P | s:ii-h — P[/v] | s:h (A[n/7] | true) [R-RECV]
sl>{{A,-}l,-:P,-}ieI|s:lj~izan\s:iz (jeTandA; | true) [R-BRANCH]
s<{A}:P|s:h— P|s:h-1 (A | true) [R-SELECT]

if e then P else Q — P (e | true) ifethen Pelse Q — Q (e false) [R-1F]
sKed(W){A};P—errH (€] 7 AA[R/7] | false) [R-SENDERR]

S2VH{ALP | s:di-h—enT|s:h  (A[/7] | false) [R-RECVERR]

s> {{Ai}li: Plier | s:lj-h—enT|s:h (jelandA; | false) [R-BRANCHERR]
s<U{A}:P—errH (A ] false) [R-SELECTERR]

Fig. 4. Reduction: non-error cases (top) - error cases (bottom)

5.2 Validation Rules

For validation, we use the judgement of the form C;I" - P A, which reads: “under C
and T, process P is validated against A”. Here, C is an assertion environment, which
incrementally records the conjunction of predicates. I" is a global assertion assignment
that is a finite function mapping shared names to well-asserted global assertions, writing
I'~a: G when I assigns G to a; and process variables (X,Y, ...) to the specification of
their parameters, writing I' - X : (¥ : §)7; @ p;...T,, @ p, when I" maps X to the vector
of endpoint assertions 7] @ p;...7, @ p, using the variables ¥ sorted by S. And A is an
endpoint assertion assignment which maps the channels for each session, say §, to a
well-asserted endpoint assertion located at a participant, say 7 @ p.

The validation rules are given in Figure 5. In each rule, we assume all occurring
(global/endpoint) assertions are well-asserted. The rules validate the process against
assertions, simultaneously annotating processes with the interaction predicates from
endpoint assertions. We illustrate the key rules.

Rule [Snp] validates that participant p sends values € on session channel k, provided
that € satisfy the predicate under the current assertion environment; and that the con-
tinuation is valid, once ¥ gets replaced by é. Dually, rule [Rcv] validates a value input
against the continuation of the endpoint assertion under the extended assertion envi-
ronment C A A (i.e., the process can rely on A for the received values after the input).
Rules [SEL] and [BrA] are similar. Rules [Macc] and [McasT] for session acceptance and
request validate the continuation against the projection of the global assertion onto that
participant (n is the number of participants in G and p is one of them).

Rule [1r] validates a conditional against A if each branch is validated against the
same A, under the extended environment C Ae or C A—e, as in the corresponding rule in
Hoare logic [17]. As in the underlying typing [18], rule [Conc] takes a disjoint union of
two channel environments, and rule [IpLE] takes A which only contains end as endpoint
assertions. Rule [HIDE] is standard, assuming a is not specified in C.

Rule [ConsEQ] uses the refinement relation 3 on endpoint assertions. If T 3 77,
T specifies a more refined behaviour than ‘T, in that 7 strengthens the predicates for
send/selection, so it emits/selects less; and weakens those for receive/branching, so it
can receive/accept more. The formal definition follows this intuition, and is given in
Appendix D. Below we illustrate this relation through an example.



CDA[e/y] CTF Ple/v]=A5:T[¢/v]@p T'é:S
CT st e : S){A); P=>A,5:k!(7){A}; T @p
CDA; CTEHP=A§:T@p jel
C;FFSkQ{Aj}[jZPI>A,§2/<@{{A,'}1,'ZQ;},*61@}’J

CIEP=As:(I(a) [p)@p p=
C;T F alpl(5).P>A
Cnre;T'EP=A ChAr—e;'E QA
C;I'—if ethen Pelse Qr=A
C;Ta:GHPr=A ag¢fn(CT,A)
C;TH(va: G)P=A
Ti[e/9],...,Tu[é/7] well-asserted and well-typed under I',7: §
C;T,X:(v:8)T @p;..7, @py, - X(&51..5,) =351 : T1[¢/V] @py,..,5,: Tn[¢/7] @p,
C;T,X:(#:8)7 @p,.. 7, @p, - Pr>5]: 7 @p,..5,: T, @p,
C; T+ uX{e51..5,)(951..5,).Pr> 51 :T1[é/V] @p,..5,: Tp[¢/V] @p,

CAAT7:SEP=>A §:T@p
CT 520 :8){ALP=A, 5:k2(v: §){A}; T @p
CAATHP=AS:T@p Yiel
GTUF sk > {{Ai}l: Pilier=>A,5:k&{{Ai}li: Ti}ier @p
CI'EP=>AS:(T(a)11)@1
C;T'+a[2.n](5).P=A

GIEP=A CLEQ=A A end only
CTrPlo=aN <N cri-osal™

/. ’ v ’
[HIDE] C’FFP?% }_Cpig A3 Aconsig)

[SND] [RcV]

[SEL] [BRrA]

! [Macc] [McCAST]

[1F]

[VAR]

[REC]

Fig. 5. Validation rules for program phrases

Example 5.2 (Refinement). Below, endpoint assertion 7 refines 7, (i.e., Z; D 7,):

Ty = ki!(v:Int){v > 0}; k2 2(z : Int){z > 10}; k3 &{{v > 100}11: T}
T = ki!(v:Int){v > 10};k2?(z 2 Int){z > 0} ks &{{true}I1: 77, {v > 100}12: T}

7, has a stronger obligation on the sent value v, and a weaker reliance on the received
value z; while 7; has a weaker guarantee at 11 and offers one additional branch.

The refinement relation is decidable if we restrict the use of recursive assertions so that
only those in identical shapes are compared as illustrated in Appendix D, which would
suffice in many practical settings.

Rule [var] validates an instantiation of X with expressions against the result of per-
forming the corresponding substitutions over endpoint assertions associated to X (in
the environment). In [REc], a recursion is validated if the recursion body P is validated
against the given endpoint assertions for its zero or more sessions, under the same end-
point assumptions assigned to the process variable X. The validity of this rule hinges
on the partial correctness nature of the semantics of the judgement.

Henceforth we write I' - P =A for true;I" — P=>A.

Example 5.3 (Validating Seller Process). We validate P, (part of Seller from Ex-
ample 5.1) under Z,; (from Example 3.1). We focus on one branch of Q> in Pp,.
We associate each s1,...,54 of Py, to a channel ki,...,ks of T, respectively. Re-
call B={p_v, =100 Av, =100}, Al = {v, > p_v,}, and A2 = {Iv,,.p_v, = 100 A v, >
100 A vy =v,}. Below Qi = 542(va){B'};0.
(BA—eAB),THO0>t:end@2
(BA—e), T 54?2(vy){B’'};0=>5:ks?(v, : Int){B'};end @2
(BA—e) DAl (BA—e), T Qur5: T, @2

[IDLE]

[Rcv]

(substituting)

[SEL]
B A —e,I' 52 <10k; Qo 5 : ko @ {{true}ok : T, {Al}hag : t{v,)} @2 (1E]
F
B,T' | if e then (s2 < hag; X{v,,5)) else (s2 <<0k;54?2(v,){B'};0)=>5: T, @2
[Rcv]

true,I' - 512(vo ){B}; Q2 =5 : k1 ?2(v, : Int){B}; T, @ 2

The ... on the premise of [IF] indicate the missing validation of the first branch. The
interested reader may refer to [31] for a complete validation example with recursion.



6 Error-Freedom and Completeness

6.1 Semantics of Assertions

The semantics of asserted processes is formalised as a labelled transition relation which
includes the reduction semantics given in § 5.1 and is standard except that predicates
are checked for communications. We use the following labels:

o= al2.n](8) | a[i](§) | s'E | s | | sl | s>l |7

We write P 5 O when P has a one-step transition o to Q. The transition rules are stan-
dard synchronous ones # except that (i) a process moves to errT after an input/branching
action if its predicate is violated, (ii) a process has the T-action to errH when it violates
the predicate of an output/selection, and (iii) P — Q induces P - Q.

The semantics of endpoint assertions is defined as another labelled transition rela-
tion, of form (I", A) 5 (I, A’), which reads: the specification (T, A) allows the action
o, with {I";A") as the specification for its continuation. In this transition relation, only
legitimate (assertion-satisfying) actions are considered.

We use a simulation between the transitions of processes and those of assertions to
define the semantic counterpart of I' - P =>A. In the simulation (Definition 6.1 below),
an input/branching action is required to be simulated only for each “valid” value/label,
i.e. a type-correct action which does not violate the associated predicate. Thus we de-
mand conformance to a proper behaviour only if the environment behaves properly. If
not, the process is allowed to misbehave. Below erase(P) is the result of erasing all
predicates from P. Similarly erase(I") and erase(A) erase predicates from the underly-
ing session types, giving the fyping environments. We use the erasure to show that the
validation can prevent bad behaviour even without runtime predicate checking. Below
P is closed if it is without free variables.

Definition 6.1 (Conditional Simulation). Let & be a binary relation whose element
relates a closed process P without errH or errT and a pair of assignments (I, A) such that
erase(I’) - erase(P) =>erase(A) in the typing rules in [18, §4]. Then R is a conditional
simulation if, for each (P,(T",A)) € R

1. for each input/branching/session input P = P’, (I A) has a respective move at
sbj(at) (the subject of o) and, if (', AY 5 (I, A’) then (P, (I, A")) € R..

2. for each output/selection/t/session output move P — P’, (I, Ay = (I, A’) such
that (P',<I",A’)) € R. If R is a conditional simulation we write P < (I",A) for
(P(T,A)) € R.

The conditional simulation requires P to be well-typed against erase(I") and erase(A).
Without this condition, the inaction 0 would conditionally simulate any A. This stringent
condition can be dropped, but it does not lose generality since our interest is to build an
assertion semantics on the basis of the underlying type discipline.

Definition 6.2 (Satisfaction). Let P be a closed program and A an end-point assertion
assignment. If P < (I",A) then we say that P satisfies A under ', and write I" |= P=>A.
The satisfaction is extended to open processes, denoted C;I" = P = A, by considering
all closing substitutions respecting I and C over A and P.

4 The synchronous transition suits our present purpose since it can describe how a process places/retrieves
messages at/from queues, at which points message content is checked.
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The judgement I' = Pr>A in Definition 6.2 states that (1) P will send valid messages
or selection labels; and (2) P will continue to behave well (i.e., without going into
error) w.r.t. the continuation specification after each valid action in (1) as well as after
receiving each valid message/label (i.e. which satisfies an associated predicate). The
satisfaction is about partial correctness since if P (is well-typed and) has no visible
actions, the satisfaction trivially holds.

6.2 Soundness, Error Freedom and Completeness

To prove soundness of the validation rules, we first extend the validation rules to pro-
cesses with queues, based on the corresponding typing rules in [3, 18]. This is left to
Appendix H. Below (I'; A) allows a sequence of actions o;..0t, (n = 0) if for some

(I, A"y we have (", AY “%" (I, A’ (and similarly for processes).
Proposition 6.3 (Subject Reduction). LetI' - P>A be a closed program and suppose
we have (T, AY 5" (T A'S. Then P *5" P’ implies T - P' =N
The proof demands the analysis of the effects of T-actions on endpoint assertions, ob-
serving the reduction at free session channels changes the shape of linear typing [3, 18],
hence of endpoint assertions.

The following Proposition says that if a process satisfies a stronger (more refined)
specification, it also satisfies a weaker one.

Proposition 6.4 (Refinement). [fI'=P=>Aand AD A thenT |=P=A'.
The soundness result follows. Its proof uses Propositions 6.3 and 6.4, see [31].

Theorem 6.5 (Soundness of Validation Rules). Ler P be a program. Then C;I -
P=>A implies C;T |=P=A.

A direct consequence of Theorem 6.5 is the error freedom of validated processes.

Theorem 6.6 (Predicate Error Freedom). Suppose P is a closed program, I' - P=A
and P 25" P’ such that (T, AY allows 0;..0,,. Then P' contains neither errH nor errT.

The proof system is complete relative to the decidability of the underlying logic for
processes without hidden shared names. We avoid name restriction since it allows us
to construct a process which is semantically equivalent to the inaction if and only if
interactions starting from a hidden channel terminates. Since we can simulate arbitrary
Turing machines by processes, this immediately violates completeness. In this case,
non-termination produces a dead code, i.e. part of a process which does not give any
visible action, which causes a failure in completeness. >

For each program without hiding, we can compositionally construct its “principal
assertion assignment” from which we can always generate, up to 3, any sound assertion
assignment for the process. Since the construction of principal specifications is compo-
sitional, it immediately gives an effective procedure to check |= as far as D is decidable
(which is relative to the underlying logic). We conclude:

Theorem 6.7 (Completeness of Validation Rules for Programs without Hiding).
For each closed program P without hiding, if T |= P>A then T P>A. Further T |=
P> A is decidable relative to the decidability of 3.

3 Not all dead codes cause failure in completeness. For example a dead branch in a branching/conditional
do not cause this issue since the validation rules can handle it, see Appendix I.
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7 Extension with Shared Name Passing and Session Delegation

In this section we extend the theory with delegation (session channel passing) and
shared name passing. The incorporation of shared name passing also leads to a gen-
eralised completeness result where we can treat name hiding.
Extension in Assertions and Processes. The shared name passing is easily incorpo-
rated by extending the grammar of sorts S,5’,... with a global assertion {G). Then the
syntax of global/endpoint assertions are automatically extended so that they can specify
shared name passing, similarly for processes. For example, in global assertions, we can
write p — p’: k(v:{G)){A}.G’, in which v, standing for a shared name, is constrained
by G (the predicate A is generally trivial but we keep it for uniformity). No change is
needed for well-assertedness, projection nor the reduction rules.

To model delegation, we extend the original grammars of global and endpoint as-
sertions (respectively in § 3 and in § 4) and of processes (in § 5.1).

G = ..|pop: k(3: T@p){A}.G T := .. |k!(: T@p){A};'T | kK?2(V: T1@p){A}; T
P = .. |siKiy(: T@p){A};P | s?(v: T@p){A};P

Above 7 @ p constraints the receiver’s behaviour for the delegated session, represented

by the session channels ¥. For processes, the reduction rules are extended for delegation
in the standard way, where the communicated channels are checked against the anno-
tating assertion through refinement: when delegating a session, its publicly stipulated
assertion should refine the annotating assertion, dually when receiving ¢ (for example,
sIKEY(V - T @p){A}; P with an appropriate queue will reduce successfully if the pub-
licly stipulated local assertion at 7 refines 7, otherwise it reaches errH, dually for input:
see Appendix A). The clauses for well-assertedness and projection are as before. An
example of processes and assertions with delegation follows.

Example 7.1 (Seller’s Process with Delegation). Consider a variation of Example 5.1
where Seller delegates the communication with Bank to a process Peyspier-

Pneg = al2,3] (f)'Pl | a2] (5)'P2 | as] (§)~P3 | Pcashier
P = uX{100,5)(p-vo,5)-51?(vo : IN){B}; 02
(0] = if e then (s2 < hag; X{v,,5)) else (kp <1ok;t 1SN (V : Ty @ 2){true};0)

P.ashier = t2(7 : Tor @ 2)){true};v4?(v, : Bool){B"};0

Theteg = M1 2(v: T} @2){true}. T},

q:)k = k4?(va : Bool){B’}.end

Ty = k4?(vs:Bool){B"}.end where B' =B’ A (v, <100 D v,)

Above we assume h; corresponds to the channel ¢ used for delegation. Note B” © B’ for
any B’ hence 7, D ‘7). By the refinement of delegation discussed soon (covariant in
input), the delegation session in P.ygpier can be validated w.r.t. Tjejeg.

Extension in Validation Rules, Soundness and Completeness. For validation, shared
name passing can be treated using the same send/receive rules as before, while delega-
tion requires the following two additional rules:

CTHPA §:7T@p

I Y0 : T'@q){A}; P>A, §:k!I(v: T'@q){A}, T @p,i: T'@q
CAA;T-P>AS:T @p, 7:T'@q

CTs2(5: T'@q){A}; P>A, 5:k2(v: T'@q){A}; T @p

[SDEL]

[RDEL]

6 To maintain decidability of reduction, we assume that 3 is decidable, see Appendix D.
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For transitions, since shared name passing can induce name extrusion, we extend the
transition labels with (va: G)s!fi. The transition is standard, demanding that, for free
names, its publicly declared global assertion coincides with the annotating global type.
For delegation we add labels s!¢7) and s?(7). The delegation transitions accompany
predicate checking as in reductions (see Appendix A). The refinement for delegation is
affected by the refinement of annotating assertions contravariantly in output and covari-
antly in input, in parallel with their typing [25].

Soundness of validation rules (Theorem 6.5) and error freedom (Theorem 6.6) hold
for the extension (the proofs in [31] are given for this extended system). Further, through
the use of shared name passing, completeness (Theorem 6.7) holds for processes with
hiding, which in particular can model the generation of unbounded resources. A vis-
ible program is a closed program, say P, for which each of the hidden shared names
occurring in P is immediately exported outside after the hiding, i.e. each hiding, say
(va), in P is always of the form (va)k!{a);Q. Visible programs encompass all well-
typed behaviours up to pruning of hidden behaviours (which get exposed by visibility),
including dynamic creation of unbounded resources. We conclude:

Theorem 7.2 (Completeness with Delegation and Hiding). For each closed visible
program P in the extended syntax, if T = P>Athen T - P>A. Further U |=P>Ais
decidable relative to the decidability of 3.

8 Conclusion and Related Work

Hennessy-Milner logic for the w-calculus. Hennessy-Milner Logic (HML) is an ex-
pressive modal logic with an exact semantic characterisation [16]. The presented the-
ory addresses some of the key challenges in practical logical specifications for the 7t-
calculus, unexplored in the context of HML. First, by starting from global assertions,
we gain in significant concision of descriptions while enjoying generality within its
scope (properties of individual protocols). Previous work [2, 11] show how specifica-
tions in HML tend to be lengthy from the practical viewpoint. In fact, the direct use of
HML is tantamount to reversing the methodology depicted in Figure 1 of § 1: we start
from endpoint specifications and later try to check their mutual consistency, which may
not easily yield understandable global specifications. Further, since 3 is decidable for
practically important classes assertions [31], the present theory also offers algorithmic
validation methods for key engineering concerns [32] including consistency of specifi-
cations (cf. §3.1) and correctness of process behaviours with full recursion against non-
trivial specifications (cf. Theorem 6.7), whose analogue may not be known for the gen-
eral HML formulae on the mt-calculus. The use of the underlying type structures plays a
crucial role in obtaining these methods. From the viewpoint of logical specifications for
name passing, the present theory takes an extensional approach: we are concerned with
what behaviours will unfold starting from given channels, than their (in)equality [11].
While our approach does reflect recommended practices in application-level distributed
programming (where the direct use of network addresses is discouraged), it is an inter-
esting topic to study how we can treat names as data as studied in [11].

Corresponding assertions and refinement/dependent types. The work [6] combines
session-types with correspondence assertions. The type system can check that an asser-
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tion end L, where L is a list of values (not a logical formula), is matched by the corre-
sponding begin effect. The refinement types for channels (e.g. [5]) specify value depen-
dency with logical constraints. For example, one might write ?(x: int, !{y : int | y > x})
using the notations from [14,33]. This only specifies a dependency at a single point
(channel), unable to describe a constraint for a series of interactions among multiple
channels. Our theory, based on multiparty sessions, can verify processes against a con-
tract globally agreed by multiple distributed peers.

Contract-based approaches to communications and functions. Theories of contracts
for web services based on advanced behavioural types are proposed in, e.g. [7,9, 10].
Some authors focus on compliance of client and services, often defining compliance
in terms of deadlock-freedom. In [1] a type system guaranteeing a progress property
of clients is defined. Process calculi and concurrent constraint programming are com-
bined in [8, 12] to model constraints that specify a Service Level Agreement on QoS
parameters. Verification of financial protocols are also studied as contracts for func-
tional languages (e.g. [28, 34]). Our theory treats contracts for distributed interactions
with the link-mobility, using the ®-calculus as an underlying formalism.

The global consistency checking is also used in the advanced security formalisms.
In [15] a rely-guarantee technique is applied to a trust-management logic. The main
technical difference is that users have to directly annotate each participant with asser-
tions because of the the absence of global assertions. In [4] cryptography is used to
ensure integrity of sessions but logical contracts are not considered.

Our approach differs from these preceding works in its use of global assertions
for multiparty sessions, and its underpinning by a compositional proof system. This
permits us to express and enforce fine-grained contracts of choreographic scenarios.
The proposed assertion method builds on and enriches the underlying type discipline:
types in [18] cannot deal with different conditions under which different sub-sessions
are chosen at a branching point. Global/endpoint assertions can express constraints over
message values (including channels), branches and invariants, impossible in [18]. The
enriched expressiveness of specifications introduces novel technical challenges. Our
consistency conditions for global assertions ensure that the end-point assertions are
automatically consistent when projected, on whose basis a sound and complete proof
system is built for a large class of name passing process behaviours.

As a different DbC-based approach to concurrency, an extension of DbC has been
proposed in [26], using contracts for SCOOP [24] in order to reason about liveness
properties of concurrent object-oriented systems. The main difference of our approach
from [26] is that our framework captures and specifies for distributed message passing
systems while [26] treats shared resources. The notion of pre-/post-conditions and in-
variants for global assertions centring on communications and the use of projections
cannot be found in [26].
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A Notation

Delegation and Channel Passing Throughout this appendix, we present definitions
and discussions for processes and assertions which include shared channel passing and
delegations, as discussed in Section 7.

Decidability of Refinement For the extension with delegation, an assertion includes an
annotation which is again another assertion, i.e. assertions can be nested. In particular,
the refinement over endpoint assertions is used for runtime checking.

The set of extended endpoint assertions are stratified as follows. First, we have the
set of endpoint assertions which do not use delegations (the original set of endpoint
assertions). Second, we have the set of endpoint assertions which may use endpoint
assertions for specifying delegations. And so on.

For the initial set, we assume recursive assertions are always of the same shape,
and parameters (variables) bind variables in the predicates for the actions in the body
precisely in the same way. Under this condition, the refinement is decidable if the un-
derlying logic is decidable, since we have only to compare the predicates for the same
actions individually. The rest is by way of stratification: under the same condition for
recursive assertions, the refinement for the second set of assertions again becomes de-
cidable. In this way we obtain a decidable subset of extended assertions.

Further details are found in [31].

Recursion Initialisation The proof of completeness is done for a slightly more general
syntax for recursion. We can express the syntax presented in the paper with this more
general one, as discussed below.

In the syntax of G in §3, we substitute recursion definition ut(é)(v: U){A’}.G with
wut(ii : AY(V: U){A’}.G, where i has the same length as ¥, and (@i : A) defines the set
of valid initialisations for ¥, that is each v; is initialised with a value for which u;
satisfies A (e.g., A = A;(u; > 0)). This syntax allows to specify sets of possible ini-
tial values for each recursion parameter, other than specific expressions (notice that
utl(TV: U){A'}.G =utli i = é)(¥: U){A’}.G). Similarly we substitute recursion call
t(é&) with t{ii : A).

In the syntax for 7, we substitute recursion definition ut(é)(¥:U){A’}.T with
utii : AY(V: U){A’}.T and recursion call t(&) with t{ii : A). Projection becomes:

Definition A.1 (Extended Projection). Given G and A, the projection of G for a par-
ticipant p wrt A is denoted by (G) lg and, assuming p; # p2, recursively defined as
follows

L [Heoang) Bt . ite=m
(1) (pr—p2: k(F:U){A}LG") 1" = S k2(5: UY{(A A Apj) 1P1(G7) 1p "7 ifp=1p2
7\ |ANAP;
(6" 1p o otw
. k@ {{A;};: (Gi) lpM Pm‘f}ielA‘ . ifp=pi
(2)  (p1—op2: k{{Ai}li: Gitier) lppm": k&A{{(Ai A Aproj) I P} (Gi) lpr an}iel ifp=p>
(VAj)jer nAP
(G61) lp otw
Ay [(G) 2™ ifpe Giandpg Gj,i# je{1,2}
) (Grh@) 5= {end ifp¢ G andp¢ Go

(@) (uta: AY(: U){B).G) Lp™ = ut(ii: A 1 py(5: U){B1p}.(6) L™
(5) (1 AY) 5™ =t (A A Appy) 1 p)
(6) (end) |3" = end
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If no condition applies, (G) l;‘ is undefined; G I'p = (G) |3*° is the projection of G
on p. Recall we write A [ p for the projection of predicate A on participant p defined as
IV (A) where V,y = var(A\I(G) 'p.

Differently from Definition 4.1, the definition above does not change the number
of recursion parameters in the projection of recursive assertions if the participant does
not know some of the parameters, i.e., cases (4) and (5). This is just a conceptual sim-
plification that does not alter the semantics of endpoint assertions. In fact, a participant
that does not know some parameters will simply use them as dummy parameters when
recurring.

The reason to consider a more general syntax for recursion is that in the proof of
completeness it is necessary to merge endpoint assertions. The merging is needed be-
cause, in order to generate the most refined assertion for a given process, we need to
“merge” the endpoint assertions that have been generated for the different branches of,
for example, a conditional process. In order to merge two recursive process it is neces-
sary to merge the initialisation expressions. The more general syntax allows us to use
the logical “and” to merge the initialisations.

Location Annotations for Recursion in Global Assertions We often use an annota-
tion for recursion definition in global assertions (e.g., for checking well-assertedness).
Specifically, we annotate recursion definition as,

ut{ii : AY(vi @Ly : Uy,...,v, @Ly : Uy ){A'}.G

where L, called locations, are sets of the form {p, p’} yielding the participants that either
send or receive the value denoted by each parameter variable v; in G. More specifically,
the annotation v@{p,p’}: U for recursion parameter v means that in all recursive calls
inside G, the variables that are used to derive the actual value to be assigned to v are all
known by both p and p’ (thus p and p’ know v inside the recursion body). A location
is empty (i.e., &) if a parameter is always assigned an expression with no interaction
variables (e.g., t{u : u = 10)). In that case the value is determined by the global asser-
tion. Each recursion parameter has exactly one location (this does not cause a loss of
generality). The annotation can be done automatically (see [31]).

B Well-Assertedness of Global Assertions

B.1 Algorithm for Annotating Recursion parameters

We define an algorithm to find the locations of recursion parameters in a global assertion
G . More precisely, we give a function L(G;T"; MK; C) where MK (after “must know”) is a
set of pairs (p,v) which reads “participant p is required to have met interaction variable
v”, and C assigns interaction parameters and a vector of sets of interaction variables to
a type variable t so that the i’ element of the vector includes all the variables passed as
the i"* argument of a recursive invocation of t in G.

L(G;T;MK;C) returns a triple (I, MK, C’) as follows:

1. if G=p—p': k($){A}.G', then return L(G";T,7@{p,p’};MK\{(p,v), (p’,v) : vE7}C)

2. ifG=p— P k{{Aj}ljZ g/‘}jej then return UjeJL(gj;F;MK;C)
3. if G = G, Go then return Uy 53 L(Gi: I MK; C)
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4. if G = Kuy,... uy : A1, ...,Ay)’, assuming C(t) = #,V},...,V,, then return
(T, MK, C[t — ¥,Vy Uvar(Ay)\u1, ..., Vo Uvar(Ap)\un))
5. if G = end then return (I', MK, C)

L(G";TsMK; Clt — v,var(A;)\ui,...,var(An)\un]).
where U returns BadAssertion if one of its arguments is BadAssertion otherwise

U_,-EJ(FJ», MK]',C]') = (Ujejrj, U jesMKj, U]'EJC]‘)

If L(G;T;MK; C) returns a triple (I'",MK’, C’) such that, for every t € dom(C’), C'(t)
has the form

‘7’{v}7""v311}""7{VT7"'3VZ1m

and foreach 1 <i<m, v’i, U vﬁ,l_ have the same location L; in I', such variables are
located at L;. Otherwise the program is badly specified when the previous condition
does not hold or L(G;T";MK; C) returns BadAssertion.

B.2 Checking history-sensitivity
We use environments I” defined by the grammar:
I': =g |Ive@L | T t:vi@Ly,...,v,@L,

to assign to an interaction variable v its location L and to an assertion variables t a
sequence of pairs v; @ L; to handle recursive types. We omit the type annotation from
the recursive variables. We write ' u@p when pe I'(u) and T - e @p when I -
u @p for all u € var(e).

[,7@{p,p'}+G Vuevar(A\5,I'+u@p Vj€J, T'HGj VuelJ;var(Aj),I'Hu@p

FEp—op: k(M{AL.G TEp—op: k{{Aj}): Gj}jes
'-Gg I'g¢g dom(T') U ¥ 2 var(A)\i
I'-g,qg’ I't—end It:vi@Ly...v, @Ly i : A)

[t:vi@L1...v,@Ly — G dom(T) 2var(A) dom(L,t:v; @Ly...v, @Ly) D var(A')\i
I'ptlia: AY(vi @Ly,...,v, @Ly){A’}.G

Fig. 6. Checker for history sensitivity on global assertions

The rules in Figure 6 discipline the usage of assertion variables and restricts the
set of interaction variables that can be used in each assertion so to enforce the history
sensitivity principle. The first two rules require that the sender/selector p must know
all the interaction variables of the predicate. The other rules are straightforward. Note
that the rules are purely syntactic, hence the verification of history sensitivity of G is a
linear time problem.

7 The algorithm requires the assertion used for assignments to recursion parameters, to be partitioned into a
number of independent sub-predicates Ay, ...,A,, one for each recursion parameter (see also case 6). This
requirement still allows us to model global assertions as described in § 3.
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B.3 Checking temporal satisfiability

To enforce temporal satisfiability, validity of formulae has to be checked. Below we
pre-annotate each occurrence of type variables t with t4(y where A is the invariant of
the recursion binding t and 7 are the corresponding formal parameters®.

Definition B.1 (Well-asserted Global Assertions). We recursively define a boolean
function GSat(G,A) as follows:

if A > 35(A’) then GSat(G,A) = GSar(G',A A A")

otherwise GSat(G,A) = false

if A S (VjesA;) then GSar(G,A) = A\ j; GSat(Gj.A A Aj)
otherwise GSat(G,A) = false

3. G = Gi, G, then GSat(G,A) = GSat(Gy,A) A GSat(Gr,A)

o g g O =BGt )~ Gt o

5. G =t i : A") then GSar(G,A) = true provided that A A A'[V/ad] > B
6. G =end then GSat(G,A) = true

1. G=p1—pa: k(G:U){A’}.g'{

2. G=p1—p2: k{{A;};: Gj}jes {

G is well asserted if it satisfies history sensitivity (i.e., Fig. 6) and GSat( G, true) = true.

Notably, GSat(G,A) incrementally builds the conjunction of all the predicates that pre-
cede the current interaction predicate. In (1) we require that for all the values that sat-
isfy A, there exists a set of values for the interaction variables ¥ that satisfy the current
predicate A’. In (2) GSat(G,A) takes predicates of branching points disjunctively and
requires that (for all the values that satisfy A) there exists at least one branch that can
be chosen (i.e., the corresponding predicate A; is true). For example, the protocol

Alice — Bob: k; (v:Int){v > 0}. Bob — Alice: ky {{v <O0}/1: G1,{v>0}: G}

is well-asserted even if only its second branch is satisfiable. Note we do not specify any
relationship among the predicates in a branch (such as a XOR relationship to enforce
determinism in potential paths) in order to allow vague specifications (as far as consis-
tent). For the same reason, well-assertedness does not prohibit unreachable branches.
Note GSat(G,false) = true (i.e., global assertions are trivially satisfiable in a bad envi-
ronment). The remaining clauses of Definition B.1 are intuitive.

Well-assertedness is decidable under the assumptions that the logic is decidable. The
fixed shape of the implications (e.g. no alternating quantifiers) suggests that validation
can be done efficiently [30]. Since the algorithm is compositional it can be integrated
with the checker in Figure 6.

C Well-Assertedness of Endpoint Assertions

As done for global assertions, we give a decision procedure for the satisfiability of
endpoint assertion.

Definition C.1 (Well Asserted Endpoint Assertions). We define a boolean function
LSat(T,A) recursively as follows:

8 This annotation is always possible if G does not have free assertion variables.
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4.
5.

LT =k U)A' LT ork2(5: U){A' ), T

— if A > 35(A") then LSat(T,A) = LSat(T",A A A")
- otherwise LSat(‘T,A) = false

. IfT:kC‘B{{Aj}lj:rI}}jeJ OrTZk&{{Aj}leQ}}jEJ with j=1,...,n

- IfAD (A1 v...vA,)then LSat(T ,A) = LSat(‘T;,A AAL) A ... ALSat(Ty,A A Ay)
— otherwise LSat(7,A) = false

LT =t AN U){B}.T’

- If A A A'[9/il] © B then LSat(T ,A) = LSat(T',A A B)
— otherwise LSat(7T,A) = false

If T = tgy i : A") then LSat(T,A) = A A A'[v/d] > B

If 7 = end then LSat(7T,A) = true

We say 7 is well-asserted if LSat(‘T ,true) = true

D

Refinement

We assume the standard subtyping for session types, in which a subtype describes a
more constrained behaviour, e.g. more branches and less selections. More precisely, a
super session-type has

more selection labels and less branch labels than a sub session-type;

super types for their non-channel values to be sent by outputs, and subtypes for
their non-channel values to be inputted (covariant value typing); and

subtypes of channel values to be sent by outputs and super types for their channel
values to be inputted (contravariant channel typing).

Convention D.1. We adopt the standard definition of unfolding unfolding of recursive
assertion. The one-time unfolding of ut{ii : AY(V: U).T is T [ut(v : U).T /t] where the
invariant is omitted since it does not affect the unfolding and

tGi : AD[ut(5: U).T/t] & pta: AN :U).T

Definition D.2 (Refinement). A binary relation & over closed well-asserted endpoint
assertions is a refinement relation if Iy R‘T; implies one of the following conditions
holds, up to the unfoldings of recursive assertions.

Ti=kl(F: T@p){A1 }; T, L=k!(7: T @p){A2}; T) s.t. A| DAy, T/6RT/Gand TRT'
for each 6 = [7/¥] with A6 | true.

T =k!(7:U){A 1 }; 7] and T = k!(v: U){A2};Z) (where U is not a located endpoint as-
sertion) s.t. A] D Ay and 76K T} 6 for each 6 = [/¥] with A;G | true.

T =k!v:T@p){A}; 7/ and T = k2(V: T' @p){Ar}; Ty s.t. Ay D Ay, T/6RT)/G and
T'RT or each 6 = [7/7] with A0 | true.

T =k?(v:U){A1};7 and ‘T = k?2(7: U){A2}; T (where U is not a located endpoint as-
sertion) s.t. Ay D Ay and 7/ 0R T, 6 for each 6 = [f/¥] with A>G | true.

T =k@{{A1}hi Ti}ic and =k @ {{Ar;}bj T2 j} jes Where I C J, A1; D Ay; and T1; R‘D;
(iel).

T =k&{{A1;}11;:Ni}ier and T =k&{{A2j}lzj Z‘sz}jg] where J I, A3; DAy and ‘I]j’](ffzj
(je).

where predicates are evaluated in fixed environments I" and A.

If 71 R‘T; for some refinement relation R, we say ‘7; is a refinement of Iy, denoted

T D ‘T;. The relation D extends to open endpoint assertions in the standard way.

21



al2.n)()

ar2.n] (§).P P [LINKOUT]

a (5).p 9 p, [LINKIN]

s @) {ay:P "D PR/ (ALR/] L true) [SEND]
s?(M{A}:P T P[/T] (A[E/7] | true) [RECV]

sy @Ay P P/ (Al7/7) Lrue, 7 i (4) U (P)) [DELEG]
s2)AY:P "D pli/s] (A[F/9] | true AT ¢ fn(A) Ufn (P)) [SREC]

sk < {AM: PSP (A true) [SEL]

set> (A Phier "S5 P (A Ltrue) jer [BRANCH]

PIQ%P'|Q  (when P % P') [PAR]

(va:{GY)P S (va:{G))P' (when P35 P and a ¢ fn(a)) [NRES]

v5)P 35 (v§)P'  (when P 5 P') [CRES]

(va: (GHP VTSIV b (e p PGP pr g e (a)) [BOUT
P5Q (whenP— Q) [TAU]

P5Q (whenP' 5@, P=P andQ=Q) [STR]

s EY(P){AL: P S errH  (A[R/7] | false) [SENDERR]

s ()AL P S enT  (A[5/5] | false) [RECVERR]

sl YA P SerH  (A[7/7] | false) [DELEGERR]
se2(){A}:P 2 enT  (A[7/9] | false A7 ¢ fn (A) U tn (P)) [SRECERR]
sc<\{A}:PSerH (A false) [LABELERR]

se> (Al Plier "5 enT (A | false) jes [BRANCHERR]

Fig.7. Labelled Transition for Processes

E Labelled Transition System for Asserted Processes

See Figure 7. We assume that in rule [DELEG] the sender cannot send a channel that is
free in the continuation (i.e., 7 ¢ fn(P)). Note [LINKOUT] and [LINKIN] do not capture
multicasting. This does not lead to the laclégf soundness [31].



F Labelled Transition System for Assertions

—_— [TR-Tau]
([, 8) > <T,4)

oG [TR-LIN]
(a:G-T,A P 6. T A5 Gr1@D

— [TR-LINKIN]
<a:g.F7A>a[ig)<a:g.r7A7§: G ri@i)

i:U A[G/f] Jtrue T'=T,a:{G) a:{G)ei

(Va5 A [TR-SEND]
(A5 K D) AL T @p)y VD (A 5:T[5/7] @p))
fi:U A[a/¥] | true r’:r,ai<§> a{Gyea:U [TR-Recv]
(0, (A5 K25 U) AL T @p)) "5 (I, (A5 : T[/7] @p))
A[f/7] Ltue 7 (fa(T) utn(A)) = & S
(T(AFK G T @A} T @p.7: T @ q)) " (T, (a5 T[7/5] @p))

AL/ e 70 ((T) utn(a)) = @ Tsec]

(A5 0 T @ fah T @p) (T (a5: T[i/] @p,: T’ @q))
Aj | true [TR-S5]

(T (A5 k@ {{A}  Thier @)y "S' (T, (A5: T; @p))

Aj | true

[TR-BRANCH]
s>
(T, (8,5 k&{{Ai}li : Thier @p)) "5 (T, (A,5: Tj @p))

Fig. 8. Labelled transition for endpoint assertions

G Type Discipline Underlying Definition 6.1

The present theory builds on the underlying type discipline from [18]. The practical
significance of this approach is that this enables us to fix the shape of type signature
when specifying fine-grained behavioural properties. Theoretically this allows us to
build the theory of assertions, including its semantic basis, concentrating on high-level
logical specifications on the basis of the abstraction already provided by type signatures.

Write erase(P) for the unasserted (typable) process underlying P, i.e. the result of
taking off all predicates and associated variables from P. Similarly we write erase(I)
and erase(A). In Definition 6.1 (conditional simulation), a simulation relates P to {I', A),
under the condition erase(I") - erase(P) =erase(A) in the type discipline from [18].
Thus a simulation is inherently typed, allowing the dispensation of such issues as type
errors in our formulation.
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H Validation Rules of Runtime Processes

§:HK (7: §){A}: T] — §: H[KWE): T[a/7]] (A[&/7] | true)

§: H[k@{{A}: Thier] = §: H[kD}; T (jelL,Ajltrue)

§: H[k\(R); T @p, k2(9){A}; T'@q] — §: H[T @p, T'[1/7] @q]
(A[f/7] | true)

c HKIKED, T @p, k2(D){A}; T/ @q] — §: H|[T @p, T'[5/7]@q]
(A[5/7] | true, §¢ A, T)

§: H[k®j; T @p, k&{{A}l;: T}ic1 @q] — §: H[T @p, T'@q]

(JeI, A;j ] true)

“

A17A2—>A’]7A2 (A1—>A/])

Fig. 9. Reduction Rules for Assertion Assignments

Message Assertions For treating the t-action (which is identical with reduction), we in-
troduce the validation rules for runtime processes. For this purpose we adapt the frame-
work of typing for runtime processes in [3], using message assertions (corresponding
to message types in [3]), which abstract messages in queues.

We first extend endpoint assertions as follows.

M = k&) | kIKS) | kel | MM’
T o= .| M| M T

We call M a message assertion, which is simply a sequence of a sending action with
a concrete value and a selection action with a concrete label. Using this extended set
of endpoint assertions, we further extend several notions. First we use a context #| - |
given by the grammar:

H[-] == [-11H[ ], L,@p | L@p, H] -]
Next we extend o as:

(A1,5: F)oAy = AjoAy

(81,52 H [ @pl)o(8a,5: #6[ T, @p]) =
(A1.5: 490" @p])o (s, 5: 75T @p])
(M =T, = 90"+ T))

In the second rule we add a prefix of a message assertion to an endpoint assertion from
the head of a queue. In the rule we used the commutative and associative operator # as
follows. Below (F is the empty sequence.

(KKay, M)« T = M+ki@y, T (KIEY,M)=T = M+kI{Sy; T
kDM« T = Mk, T
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Reduction of Message Assertions We can now define the rules for asserted reduction
for assertion assignments which plays a key role in the proof of Subject Reduction,
given in Figure 9. The rules come from [3], elaborated with assertion checking.

1. The first rule non-deterministically instantiates an assertion for sending under the
predicate A to the corresponding message assertion with carried values satisfying
A.

2. The second rule non-deterministically instantiates an assertion for selection under
the predicates {A,};c; to a specific label (message assertion) i when A; (with jeI)
evaluates to true.

3. The third rules depict how a sending message assertion interacts with its dual, the
assertion for receiving. The forth rule is for a delegation.

4. The fifth rules depict how a selection message assertion interacts with the assertion
for branching.

5. The sixth and seventh rules close the reduction under contexts.

Some comments on the use of non-deterministic instantiation of values and labels in
the first and second rules follow.

Remark H.1 (non-deterministic instantiation). The motivation for having the non-
deterministic instantiation rules for the assertions for sending and selection is to enable
the assertion reduction to follow the process reduction: an assertion assignment has
more reductions than the corresponding process, which serves the purpose since we
only demand that the assertion can follow the process in reduction. This idea comes
from [3]: the involved non-determinism is particularly natural in the present context
since each assertions (say an assertion for sending) describes many, possibly infinite,
instances of distinct process behaviours.

p. [QNIL]
I'Fse: @ =5:{ @p}p Q
lil—:vk:h >~A,s:~ﬂ-[[‘T@E>] [QVAL]
Tsp:h-fo AS: A S H[k(E); T @p]
li|—~sk:h l>~ A,s~: H[T @p] (QsEss]
Thsp:h-fo AS:AS:HKLKY;, T@p]
FNI— sgih >~A,s:~5-[[’2“@p] [QSEL]
Chsg:hl > AS: AS:H[kDI, T @p]
I'—PA5: {7, @p}pes  {7T @plpes coherent (CRES]

T (V§)P>A
Fig. 10. Validation Rules for Runtime Processes

Validation for Queues and Session Hiding We list the validation rules for queues and
channel hiding in Figure 10, where [NRES] in Figure 10 generalises that of [NRES] in
Figure 5 (since if a ¢ fnA then the hiding can be erased by the equality above) hence
replacing the original version. The remaining rules from Figure 5 are used as they are
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except we are now using the extended sets of processes and assertion assignments (ac-
cordingly [CONC] now uses the extended o defined above). Since message assertions do
not involve interaction predicates, these rules are a direct analogue of the typing rules
for runtime processes in [3, 18] except message assertions now mention values.

Convention H.2. Henceforth we write C;I" - P = A for a runtime process P when it is
derived by combining the rules of Figure 5 excepting [NRES] and those of Figure 10.

Note that, following [3, 18], the validation of the composability of multiple processes is
relegated to the session hiding rule [CRES] rather than to the parallel composition rule
[CoNCc]. By the shape of these rules we immediately observe:

Proposition H.3. Suppose I' = P=A. Then P contains no error.

I Completeness: Examples of Dead Code

The proof of completeness is given in [31]. Here we list basic examples which illustrate
why we consider restricted classes of processes in our completeness results.

Example I.1 (Hiding). Consider the following process which tries to initiate a session
at a and a is hidden: P = (va)al[2,...,n](s).Ppap Assume P has the correct interaction
structure with respect to I', A (i.e., erase(I") - erase(P) erase(A)) but its sub-processes
Ppap sends a violating value. We observe that P cannot perform any transition (thus
trivially satisfies I' = P =A), but since Pgap sends a violating message, I' H- P =>A.

Along the same veign, we can construct a process which, when a certain Turing machine
terminates, emits at a hidden channel, whose reception by another process leads to an
output at a visible channel.

Other cases of dead code (i.e., unreachable paths) do not violate completeness. Con-
sider the process if true then Pgoop else Pgap where erase(Pgoop) and erase(Pgap) are
well-typed but Pgap contains predicate violations. Since the assertion environment for
the branch Pgsp would includes —true, then the validation would be successful for that
branch despite the violations. This case is illustrated by example 1.2.

Example 1.2 (Unreachable Paths).

T = s!(v:Int){v > 10};end
P = a[2](s).if true then s1<20)(v){v > 10};0 else s!{0Y(v){v > 10};0

The process P can be validated against 7 since the second branch (i.e., the one that
violates the predicate v > 10) would be validated since the assertion environment would
include —true thus —true >0 > 10.

Unreachable paths in endpoint assertions, e.g., where a branch of a select/branching
has a false predicate 9 are similarly handled.

9 An endpoint assertion with predicate false in one of its branches can be well-assertedness as long as there
is at least one path forward.
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J Proof of Proposition 4.3 (Projection Preserves
Well-Assertedness)

Proposition 4.3 immediately follows from Lemma J.1. By Lemma J.1, GSat implies
LSat assuming that the set of predicates of the global assertion imply those of the end-
point assertion (intuitively, the predicates in global assertions are projected by adding
existential quantiers which make them weaker).

Lemma J.1. Let G be a well-formed global assertion then, for all predicates Ag, At
such that Ax > Ag and all p € pig(G),

GSat(g,Ag) D LSat(G [ p,AT)

Proof. By induction on the projection rules, proceeding by case analysis on G.

Values sending/receiving. If G = p; — p>: k(7V: U){A}.G’ then we have two cases.
Case p = p;. By Definition A.1, G [p=k!(7: U){A};T’. From Ay D A (by hypoth-
esis) and A5 D 37(A) (by well-assertedness of G) it follows

Az o T5(A). J.1)
By (J.1) and C.1, LSat(G | p,Aq) = LSat(T,Aq A A). The lemma holds for this case

by induction on GSat(G',Ag A A) and LSat(T ,Aq AA) since Ay AADAg AA.

Case p = p,. Then (by A.1) G [p = k?(V: U){FVer (Ax AA)};T'. From A D Ag (by
hypothesis) and Ag > 37(A) (by well-formedness of G) it follows Ay > 37¥(A) which
is equivalent to

Since the consequence of J.2 implies 3V, (Aqx A I5(A)) and vy ... v, ¢ var(Ag),

A’T o EIﬁ(EIVex, (A’T /\A)) (J3)
By (J.3) and C.1, LSat(G | p,As) = LSat(T,Aq A A). The lemma holds for this case
by induction on GSat(G',Ag A A) and LSat(T',Aq A A) since Ay AADAgG AA.
Branching. If G = p; — p2: k{{A;}];: G,}es then again we have two cases.
Case p = p;. By Definition A.1, G [p = k@ {{A;}l; : Tj}je;. From Ay D Ag (by hy-
pothesis) and Ag D A; v ... v A, (by well-formedness of G) it follows

Agr DA;v... VA, (J.4)

By (J.4) and C.1, LSat(G | p,Aq) = AjesLSat(Tj,Aqx A Aj). The property holds by
induction on GSat(G;,Ag AA;) and LSat(T;,Aq A A;) for all j € J, since Ay AA; D
Ag /\Aj.

Case p = py. By Definition A.1, G [ p = k&{{IVer/ (Ax AAj)}j: Tj} jes. From Ay D Ag
(by hypothesis) and Ag D Ay v ... v A, (by well-formedness of G) it follows Az O
A1 v ...v A, which is equivalent to

ATD(AT AAl)V...V(AT /\An)~ (JS)
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By weakening the consequence of J.5 (since for all j € J, (Ax AAj) D IV (AT AA)))
we obtain
Az 2 Ve (A1) U ... UV (A). (1.6)

By (J.6) and C.1, LSat(G | p,Aq) = AjesLSat(Tj,Aq A Aj). The property holds by
induction on GSat(G;,Ag AA;) and LSat(T;,Ax A A;) for all j e J, since Ay AA; D
Ag /\Aj.

Recursion. If G = ut{ii : A)(v: U){B}.G' then G |p=ut(ii: Alpy(v:U){B|p)}.T".
By well formedness of G
Ag ~A[9/i] o B[/, a.7

By weakening (J.7) where w is the vector of variables in var(A) U var(B) but not in
G I'p (i.e., they are not known by p):

IN(Ag A A[v/i] > B[v/i]). J.8)
Equation J.8 is stronger than
Ag A IWA[V/ii] > IWB[V/i]. Jd.9)

where W does not appear free in the assertion environment Ag (interaction variables
have fresh names). Equation J.9 is equivalent to

Ag A3JA[V/i] ['p o 3B[V/ii] Tp. J.10)
Finally, since by hypothesis A7 © A g, by strengthening the hypothesis of equation J.10:
Ag A3A[V/i] [ p 2 3AB[V/i] I p. J.11)

Type Variable. If G = 14 <ii : A"), then the projection is t(<ii : B) where B=A p
and B’ = A’ | p. The proof proceeds like in the case of recursion definition.

Compeosition. If G = G, G, the projection is either G or G», hence the result is im-
mediate by induction hypothesis.

End. Immediate.

K Proof of Proposition 6.4 (Refinement)

We prove Proposition 6.4 (relationship between the refinement relation and the satis-
faction), after a lemma. The full definition of refinement is presented in § D.2.

Definition K.1. An endpoint assertion is closed (resp. open) if it does not (resp. it may)
contain free variables.

Definition K.2. (I, A allows o when (I, AY = (I, A" for some (I, A">.

Definition K.3. Below we illustrate how to perform an unfolding of recursive asser-
tion. It follows the standard definition. Assume given a recursive assertion as follows
(omitting an invariant since it does not affect it as far as it is well-asserted):

utlu : AX(v:S). T
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Then its one-time unfolding is:
Tut(v:S).T/t]
where we define this substitution starting from:
tCu: A[ut(v: ). T/ € utdu: AN : S).T
The rest being homomorphic.

If there exists an o such that (I', A) allows o then we say that (I, A) is capable to
move at the subject sbj(a).

Lemma K.1. Assume A3 A'. If (I, A) is capable of moving at the subject sbj(Q) then
(T',A") is also capable to move at the subject sbj(ct).

Remark. The endpoint assertions in A and in A’ are well-asserted by definition of re-
finement (Definition D.2). Notice anyway that it is sufficient that only the endpoint
assertions in A’ are well-asserted for this lemma to hold.

Proof. The proof is straightforward from the definition refinement (Definition D.2). No-
tice that, up to the unfoldings of recursive assertions, an endpoint assertion may differ
from its refinement only in (a) the predicates in case of input/output/selection/branching
and (b) the sets of possible labels/branches in case of selection/branching. By Defini-
tion D.2, if a refinement 7; consists of an input/output/selection/branching with sub-
ject k then also the refined process 7 consists of an input/output/selection/branching,
respectively, with subject k (for input and branching we use well-assertedness). This
property holds recursively for their respective continuations.

Lemma K.2. Assume A S A below.

1. If {0, AY 5 (Ty, Ay ) such that o being a value output, selection or the T-action, then
(T,A"Y 5 (Ty, Ay such that Ay D A} again.

2. If {T,A) 4 (T'1,Ar) such that o being an input or branching, and if (I, A") allows
o, then (T,A"y % (T, A} such that Ay D A} again.

Proof. The proof is by induction on the structure of A. We assume A (resp. A’) to have
the structure Agige, Aref (resp. Al,,, Ay, f) where A,y has the form §: 7 @ p and assume
the transition is from this A,.r. We do not consider [TR-LINKOUT] and [TR-LINKIN]
since they just add the same new element to the assertion assignment. For the same rea-
son, in the proofs below for value input and value outout, we do not consider the cases
of new name import and export, since they only add to I" the same new elements. Below
in each case we use 3 over endpoint assertions as the refinement relation justifying the
original refinement (note 3 is the largest refinement relation).

(1) If A = Agige,5: k!(v: S){A1 }; T’ @p then
Sk!ﬂ

(T,A) = (T, Asige,5: T' @p) (K.1)
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by [TR-SEND]. By hypothesis we have A D A/, so by Definition D.2 we can set

A=Ay, 5 k(7:8){A}; T" @p (K.2)

— Sside»

with Agige D A/ T’ T" and A D Aj,. Since A| D A, then

side’
A1[R/7] | true D Az [5/7] | true. (K.3)
It follows that also the following transition is possible:

Sk bt

T,ANY ST, Agidwf: T" @p). (K.4)
The lemma hold by induction for this case since Ayige,5: 7' @p D A,,,,5§: T" @p.
(2) If A = Agige,5: k2(v:S8){A1};T' @p then

s

I,A) 5 (T Asige,5: T' @) (K.5)
by [TR-REC]. Assume further we have
(T, A" allows s; 4. (K.6)
As before, by hypothesis and by Definition D.2 we can set:
A=Ay, 5:k25:8){A 1, T" @p (K.7)

such that Agige DAL, T' D T” and A; D Ay. By (K.6), however, we also have A, [8/7] |

side®
true. It follows that the following transition is possible:

Sk M

<F, A= <F7A‘/

AY

iderS:T" @p) (K.8)

The statement hold since Ay, 5: T @pyD AL, §: T" @p.

side?

(3) If A = Agige, 5 : k®{{A1;}1; : Tii}icr @p then

k<l_/

S
(T,A) =" (T, Asiae,5: T @p) (K.9)
by [TR-SEL]. By hypothesis and by Definition D.2, we can set

AI =A S k@{{A],}ll . {l-ii}iej @p (K]O)

— Ssides

with Agige D Al,,,, and there exists i € J such that [; = [;, A;; D Ayj and 7j; D D;. It

side?
follows that also the following transition is possible:

sp<l;
(@AY "SI, ALy,, 51 T @p). (K.11)

The lemma hold since Agige,5: T1; @p D A,,,,5: D @p.

30



(4) If A = Agige, 5 : k&{{A1:}l;i : Tii}ier @ p then

s>l
(0,A) "5 (T, Agige,§: Tij @p). (K.12)
Assume further we have
(L,A") allows s > ;. (K.13)

By hypothesis and by Definition D.2, we can set

AZA/ f:k&{{Ali}li . ‘T]i}iej @p (K14)

side>

with Agige D AL, By (K.13) we know j € J and Ay; | true. It follows that also the

side”
following transition is possible:

Sk>lj

(O,AY ST N 5 T @Y. (K.15)

s Ssides
The lemma hold since Aige,5: 71; @p D A,,,,5: T @p.

(5) The case of [TR-TAU] is immediate since there is no change in assertion environ-
ments.

We now prove Proposition 6.4. We reproduce the statement below.
Proposition K.1 (Refinement). [fT'=P>Aand AD A thenT = P=A'.

Proof. The proof is by induction on the transitions of P. We proceed by case analysis.

1 If P 5 P’ by output/selection/t move, since I' = P> A then (I',A) 5 (I',A;). By
Lemma K.2, (T',A’Y 5 (T, A" ) where A; D AY.

2 If P % P’ by input/branching, since I' = P A then (I, A) has the capability of a
move at the subject sbj(a). By Lemma K.1 also <I', A") has the capability of a move at
the subject sbj(a). We have two possible cases:

— A’ cannot move (because its predicate is more restrictive) but still ' = P A’ since
(T',A’) is capable of an input/branching step at the subject sbj(c),

- (0,AY 5 (T, A"S. In this case also (I, AY % (', A; ) since the refinement is less re-
strictive that the refined endpoint assertion in input/branching moves. By Lemma K.2,
A1 D A}. The predicate holds by induction.

L Proof of Proposition 6.3 (Subject Reduction)

L.1 Substitution Lemma

The substitution lemma uses the following lemma.
Lemma L.1. [f T is well-asserted underT',ii: U andfi: U then T [fi/i1] is well-asserted.

Proof. The proof trivially follows from the fact that LSar universally quantifies the free
variables of 7.
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Lemma L.2 (Substitution).
Let C;T'yu : U + P>A with A well-asserted. If u is free in P and n has type U then
Cln/u);T + P[n/u] > A[n/u] and Aln/u] is well-asserted.
Proof. The proof is by rule induction on validation rules. We proceed by case analysis
o the rules in Figure 5. Assume u: U’.
— If P =5 1{&)(V){A}; P’ then by [snp]
I'-CoA[e/n] CT,u:U+Plefi]=A§:T@p T'ée:U
CLu:U' = sl (WAL P =A,5: k(7 UHAL T @p
Without loss of generality we assume u ¢ 7. By definition, (C > A[é/V])[n/u] is
equivalent to C[n/u] D A[é/V][n/u] and, since C D A[&/¥] is supposed to be uni-
versally quantified on the free variable u, thus

'+ Cln/u] 2 Alé/v][n/u]. (L.1)
Moreover, by inductive hypothesis, we have
Cln/u];T + P'[¢/7][n/u] =(A,5: T @p)[n/u]. (L.2)

By applying [sno] with premises L.1 and L.2 we obtain

Clo/ul:;T' = (sk 1<) (M) {A}; P') [n/u]e
(A5:K\(5: U){A}:; T @p)[n/ul.

The substituted endpoint assertion is well-asserted by Lemma L.1.
— If P = 5;2(v){A}; P’ then by [Rcv]

CAATG:U P =AS5.T@p
CLa:U s ?0){AL P =AS: k(v :U){AL T @p
Without loss of generality we assume u ¢ V. By inductive hypothesis

(C AA)[n/u];T + P [n/u]l = (A,5: T @p)[n/ul. (L.3)

By applying L.3 as a premise for [Rcv] we obtain
Cln/u]:T = (s 2(M){A"}: P)[n/u]=>
(A,§: kK2P:U){A};T @p)[n/ul.

The substituted endpoint assertion is well-asserted by Lemma L.1.
- If P=s5;!KEp(v: T' @p){A}; P’ then by the validation rule for delegation [spEL]

CTyu:U'+ Pi/?]=A, §:T @p
Fou:U' sy YT T'@q){A}; P A, 5k : T'@q){A}; 7T @p, v: T'@q
Without loss of generality we assume u ¢ 7. By inductive hypothesis, we have
Cln/u);T + P'[i/7][n/u] =(A,5: T @p)[n/u]. (L.4)
By applying [speL] with premise L.4 we obtain

Cln/ul:T = (k' KEY(7 : T @p){A}; P')[n/u] >
(A§:kI(v: T @p){A};T @p)[n/u].

The substituted endpoint assertion is well-asserted by Lemma L.1.
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— The case for [RpeL] is similar.
- IfP=Sk<]{Aj}lj1Pj then by [SEL]
'-C2A; CT,u:U'+-Pi=>AS5:7,@p jel
C;F,MZU/I—Sk<]{Aj}ljinl>A,§Zk®{{Ai}liI(Z;}ig@p

By inductive hypothesis

Cln/u];T + Pj[n/ul =(A,5: T @p)[n/u]. (L.5)
Since (C D Aj) then also (C D A;)[n/u] holds, i.e.
' Cln/u] 2 Aj[n/ul. (L.6)

By applying L.5 and L.6 as a premise for [SeL] we obtain
Clo/uliT+ (sk < {Aj}; - Pj)[n/u]=>
(A5 k@ {A}; : Thier @p)[n/u]

where the substituted endpoint assertion is well-asserted by Lemma L.1
— The case for [Bra] is similar to the case of [SEL].

— If P =if e then Q else R then by (1]

Crellu:U'+Q0=A CA—e;T,u:U'+R=A
C:T u:U'ifethen Q else R=A

By inductive hypothesis

(C ~e)[n/ul;T" + Q[n/u] =>A[n/u] and
(C A —e)[n/ul;T + R[n/u] =A[n/u]

L.7)
By applying L.7 as a premise for [1r] we obtain

Cln/u];T +if e[n/u] then Q[n/u] else R[n/u] =>A[n/u]
where the substituted endpoint assertion is well-asserted by inductive hypothesis.

— If P =ai2.01(5).P’ by [Mcast]

Nu:U'ta:G CLu:U—P=AS(GI1)@1
C;T,u:U'+ap.n (5).P =A

By inductive hypothesis
Cln/u];T + P'[n/u] >A[n/u],5: (G | 1) @ 1[n/u]. (L.8)

Also I' - a: G[n/u] (trivially since G does not have free variables). By applying
L.8 as a premise for [Mcast] we obtain

[+ ai2.x1(5).P'[n/u] =>Aln/u]

where the substituted endpoint assertion is well-asserted by inductive hypothesis.
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— The case for [Macc] is similar to the case for [McasT].

— If P = X{é5)..5,) by [var]

Ti[é/7]...T,|é/7] well-asserted and well-typed under I',u: U’ ¥ : U
CTu:U'.X:(v:U)T @py.. T, @p, - X(&51..5,)
>A, 81 : T1[é/V] @py,..,5: Tu[E/V] @py

Without loss of generality we assume u ¢ V. Since 7;[é/7]...Z,[é/V] are well-typed
underI'u: U’,v: U and n: U’ then 7; [¢/7][n/u]...T,[é/7][n/u] are also well-typed.
Also, Ti[é/v][n/u]...T,[€/V][n/u] are well-asserted by Lemma L.1.
By applying 7;[é/7][n/u]... D, [é/7][n/u] as a premise of [var] we obtain

Cln/ul;T,X: (V:U)T[n/u] @p; ... Iy [n/u] @p, - X{&51..5,)[n/u]

=51 : T1[e/V][n/u] @p;..5,: T[é/V][n/u] @ py,

The remaining cases for [Conc], [IDLE], [HIDE], [ConsEqQ] and [Rec] are straightforward.

L.2 Evaluation Lemma

Lemma L.3 (Evaluation). If C;T'+ P(é) =>A(¢) and é | fi then we have C;T" - P[@/é] >
Proof. The proof is by rule induction on the validation rules (Figures 5 and 10). We
proceed by case analysis. By decidability of underlying logic, we can write A[¢/7] | true
when a closed formula A[é/7] evaluates to true. Note that if we further have é | fi then
we have A[fi/7] | true.

- If P(é) = 5;1<&)(V){A}; P’ then
P(fi) = s KE)(P){A}: P,
Ae) =A,5: kI(7:U){A}; T @p,
with and C D A[é/7]. Notice that C D A[¢/7] is equivalent to

C D A[§/7]. L.9)

By inductive hypothesis
C.T+ P[h/e]=A'[R/e],5: T[d/e] @p. (L.10)
By applying (L.9) and (L.10) to the validation rule [SEND] the lemma holds for this

case.

- If P(é) = X{é5)..5,) (since P(€) is well-formed against A by hypothesis) then
P(f) = X018 ..5,). Since C D A[é/V] is equivalent to C D A[fi/¥] then P(3) is well-
formed against A[fi/7] by rule [VAR].

— P(e) = if e then Q else R the property holds by induction since C A e | true is
equivalent to C An | true.

- If P(e) = s K" H(v){A}; P', P(&) = X{&'§)..5,), P(e) = if ¢’ then Q else R, multicast
session request, session acceptance, value reception, label selection, label branch-
ing, parallel composition, inaction, hiding, recursion, message queue or error the
property holds straightforwardly by induction.

This exhausts all cases.
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L.3 Subject Reduction

t-action (1): Refinement and Message Assertions We extend 3 to message assertions
as follows, again taking recursive assertions up to their unfolding. The following is
Definition D.2 except for the last four clauses which are about message assertions.

Definition L.4 (Refinement for Message Assertions). A binary relation & over closed
endpoint assertions is a refinement relation if T} R Iy implies one of the four conditions
in Definition D.2 or one of the following conditions holds.

- T = k!(8); 7} and ‘I = k!{@i); T} such that T/ RT;.

- T =k®1; 7 and T, = k(—Blj;sz’ such that 7/ RZ; .

- T = k\@); T and D = k!(v: S){}A;Z) such that A[fi/V] | true and 7 RT)[f/V]
again

T =k®l;; 7" and D = k@ {{Ai}li: T }icr with (j € 1) such that A; | true and
T'RT;.

If 71 RT; for some refinement relation R, then, as before, we say 7 is a refinement of
75, denoted 77 D Tp.

Assertion assignments used for refinements now include non-singleton assignments (i.e.
§ may be assigned more than two endpoint assertions for different participants): in spite
of this, the non-trivial refinement of endpoint assertions is only applied to singleton
assignments '°, as made explicit in the following.

Definition L.5 (refinement on extended assertion assignments). We define A D A’
where A and A’ may possibly contain non-singleton assertions as follows:

A DA
§:T@p>5:T'@p (T2T)
A, Ay D AllvA/Z (Al@Afvl: 172)

We say A refines A if AD A,

We also define transitions involving message assertions. In particular, a non-singleton
assignment — where we have two or more endpoint assertions with compensating chan-
nels for a single session — may have a transition which represents a reduction at a free
session channel. For conceptual clarity and technical convenience, we add the following
new action for this transition.

o = ... | Tiree

T(§) says that a reduction of assertions as we have defined has taken place at a free
session channel (we do not need to mention a specific channel). Such a transition can
be non-deterministic (i.e. can have more than one derivatives for a single transition
starting from the same source).

The transition rules which involve message assertions, both visible ones and invisi-
ble ones, are given in Figure 11. We observe:

10 This restriction is not essential but is natural from a semantic viewpoint and enables a cleaner technical
development.
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1. The first two rules for visible transitions, [TR-M-SEND] and [TR-M-SEL], are
straightforward. These transitions are defined only over singleton assertions, just as
in Figure 8 (page 23). Thus they are never induced at say § when have more than 1
endpoint assertions assigned to §.

2. Rule [TR-TAU-SEND] uses the Tsree-action label. “H non-trivial” says that this
rule is applied only when we have more than one assertions under §. The rule cor-
responds to the first reduction rule in Figure 9.

3. Rule [TR-TAU-SELECT] is similar. The rule corresponds to the second reduction
rule in Figure 9.

4. Rule [TR-TAU-VAL] is for interaction, corresponding to the third reduction rule in
Figure 9.

5. Rule [TR-TAU-BRA] corresponds to the third reduction rule in Figure 9.

Accordingly we also use the T¢ee-actions for processes, by dividing the rule [TAU] in
Figure 7, presented in Figure 12. The rules simply divide the reduction into two cases,
depending on whether it is at a free session channel or othersise.

These two silent transitions are consistent with those in Figure 7 since program
phrases and their derivatives never have reduction at free session channels: thus 7 is
used for the universal cases, while T¢,eo 1S Only used when session channels are not yet
hidden. !

— [TR-M-SEND]
(T, (A5:kKaY; T @p)y "S'(T,(A,5: T @p))

: [TR-M-SEL]
(A5 k@1 T @p)y "5 (T, (A5 T @p))

Alf/v] | true
§: HK\ (5 : 8){JA; T] ™=3° 52 H[k\(EY; T[5/7]]

[TR-TAU-SEND]

Ajltrue jel
§: HkD A} Thier) 5 §: H[kD ;3 T]]
A[R/7] | true
§: H[kKEY; T @p, k2(9){A}; T' @q] =5 §: H|[T @p, T'[5/7] @q]

[TR-TAU-SEL]

[TR-TAU-VAL]

Ajltrue jel
§: H[kD1j; T @p, k&{{A}li: Tic1 @q) "5° §: H[T @p, T’ @q]

[TR-TAU-BRA]

Fig. 11. Labelled Transition for Message Assertions

Proposition L.6 (extended transitions).

1 For both assertions and processes, we can merge this Tsyee-transition and the T-action and can still establish
all the main technical results, with no essential change in arguments. The purpose of using this action is for
conceptual clarity, so that the T-transition continues to denote the (assertion-wise) deterministic transition
while incorporating the silent action at free session channels (which no derivative of program phrases has
but is needed to analyse its behaviour).
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1. (coincidence with reduction, 1) (I',A) "5° (I',A") iff A — A'.

2. (coincidence with reduction, 2) P — Q iff P 5 QorP Tirge 0.

3. (determinism of non-Ts,ee-actions) Suppose (I'; A) Y (T, A" such that O # Tsree-
Then {U,Ay 5 (I A" implies T! =T" and ' = A",

Proof. (1) is by definition. (2) is also direct from the definitions. For example {I", A) 5
({I",A"y implies I =T and A’ = A, similarly for others.

By (1) above, we can safely identify a T¢yee-action from {I"; A) and a reduction from A.

Using these extended transition relations, we generalise our results in Appendix K.
Recall below that we still use only singleton assertion assignments for visible transi-
tions, as discussed in (1) above. The T¢,eo transition takes place only when there is a
non-singleton assignment.

P — P’ at a shared name or a hidden session channel
PSP

[TAU]

/ .
P — P’ at a free session channel
P Tfree P/

[TAUFSC]

Fig. 12. Refined t-Transitions (replacing [TAU] in Fig. 7)

Definition L.7 (extended conditional simulation and satisfaction). We extend the
notion of the conditional simulation in Definition 2 as follows:

1. R in the definition now relates P which can be a (closed) runtime process with-
out errH or erT; and {I',A)) where I is an environment and A may include non-
singleton assignments.

2. In (2), we include the case of T¢ree.

Using this extended conditional simulation, the satisfaction relation I' = P> A with P
a runtime process and A containing possibly non-singleton assignments, is defined by
precisely the same clauses as in Definition 6.2 (§6.1, page 10).

Proposition L.8 (extended assertion transition and refinement).

1. The same statement as given in Lemma K.2 holds for assertion assignments with
message assertions, adding the clause:
If (T, &) ™5° (T, Ay then (T,A") "55° (T A} or (T, A') ™5°™5° (T, A7)
such that Ay D A again.
2. The same statement as given in Proposition K.1 holds for assertion assignments
extended with message assertions.

Remark. In (1) above, we only have to find one appropriate A which corresponds to
Aj, due to the non-determinism, cf. Proposition L.6 (3). Further notice A’ may need
two Tsree-actions for catching up with the reduction of A, since A can have already
instantiated a send/select assertion which may still be abstract in A’ (see the proofs
below).
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Proof. For (1), the proof is identical to the proof of Lemma K.2 except the pairs intro-
duced in Definition L.4. The case for identical pairs is immediate. For the remaining
two cases, we treat the case of send. The case of selection is by the same argument.
First we consider the case of a visible action. Using the same notations as in the proof
of Lemma K.2:

A = Agige,§: kW), T @p (L.11)
AN =N, 5 kT : AT @p (L.12)

side>

such that Asige D A, 71 D T and A[fi/V] | true. Now consider the following labelled

o side®
transition:
Sk 4

(T,A) 5 (T, Agige,5: T' @p) (L.13)
By A[fi/7] | true we can derive:
@A) (O, Ny 5 T/ @p). (L14)

as required. Next we consider the T¢yee-action. Suppose
<ra A> e <F7A1> (LIS)

First assume in (L.15) that this action is induced by the reduction from

§:HK\(V: 8){}A; T (L.16)
in A to its instantiation
§: H[kKR)y, T[7/v] @ p] (L.17)
in A such that
A[f/v] | true. (L.18)

Then A’ will have the corresponding reduction from
§:HK\(v:8§){}A" T (L.19)

in A’, because, by the definition of refinement, we have A © A’, hence by (L.18) we
obtain A’[fi/¥] | true too, so that we obtain the corresponding instantiation:

§: H[k\{f); T'[7/7] @ p] (L.20)
for which we have, by definition,
ki, T[R/] D ki), T'[8/7] (L.21)

as required. On the other hand if the transition in (L.15) is induced by the following
redex in A
§: H|kKR)y;, T, @p, k?2(V){Ap}; T, @q] (L.22)

and, under A[fi/V] | true, this has the reduction into:

§: H[T,@p, T, @[i/7]@q] (L.23)

38



First assume the corresponding assertions in A’ have the isomorphic shape:

§: HIk\E); T, @p, k?(v){A,}; T, @q] (L.24)
such that
T,oT (L.25)
Al DA (L.26)
T[2/7] D T [8/7] (f A,[R/7] | true) (L.27)

Thus (L.24) can have the corresponding reduction, hence {I',A’) can have the corre-
sponding T¢yeo-action, and the result is again in the closure, as required. Second when
the corresponding assertions in A’ do not have the isomorphic shape, we can set:

5 HK\(v: §){}AL; T @p,k2(){A} }; T @q] (L.28)
such that
A, DAL[R/7] (L.29)
T.8/7] 3 T/ [8/7] (f Ag[R/P] | true) (L.30)
Al DA (L.31)
To[8/¥] T [8/%]) (f A, [R/P] | true) (L.32)

By (L.29) we know (L.33) has the reduction into:
§: HkKR), T)[f/v]@p, k2(V){AL}; T, @q] (L.33)
We further use (L.31) to obtain the reduction from (L..33) into:
§: H|T][n/v]@p, T, @[1/7]@q] (L.34)
as required.

Corollary L.9 (Assertion Reduction and Coherence). If A is coherent and A — A’ or
equivalently (T',A) "55° (T, A", then A’ is again coherent.

Proof. We only consider the two cases for the send message assertion. The cases for
the select message assertions are treated in the same way. We start from a simpler case.
Consider the following redex:

§: HK\(v: §){}A; T @p,] (L.35)
For this being coherent, there is some G such that
K@:$H{A; TG lp (L.36)

similarly for other endpoint assertions under §. Now consider we have a reduction from
(L.35) by the first rule in Figure 9 into:

§: H[KIEY: T[5/7] @p,] (L.37)
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where we have

A[#/] | true (L.38)
By (L.36) and (L.38) and because 3 is transitive we obtain:
ke, T[a/7] 3 G Ip (L.39)
as required. For the other case, the reduction involves a pair. Assume A has a redex
§: HKWEYT,, k(P){Ap}; Tp) (L.40)
As before, by coherence we can set:
k@) 7,2 G lp (L.41)
kK2("){Ap} T, D G g (L.42)

Note we can safely assume G has the shape (up to permutation of utterly unordered
actions):

G=p—q:(:5){A'}.G¢’ (L.43)
hence we can assume:
Glp=k(:9{A%(G I'p) (L.44)
Gla=k({A} (G 1q) (L.45)
such that, by Definition L.4, A’ © A, and A’[1i/7] | true and hence
7. D G'Ip[i/7] (L.46)
G' 1q[a/v] > Z[5/7] (L.47)
Now consider the reduction from (L.40) into:
§: H[ T, T[5/7]] (L48)
By (L.46) and (L.47) we obtain
7o > G'[8/7] Ip (L.49)
T[a/v] 3 G'[a/7]1q (L.50)

Since for each r ¢ {p,q}, and because by HSP the variables in ¥ only occur in assertion-
s/actions involving either p of q, we know:

G/ lr = Glr (L.51)
hence as required.
We shall also use the following result later.

Lemma L.10. Suppose C;T" + P|Q = A is derived. Then there is always a derivation
with the same conclusion and with the same or lesser length than the original derivation
such that the last rule applied is [CONC]. Similarly for the remaining syntactic shapes.

Proof. By the shape of the validation rules, the last rules applied to derive this judge-
ment can only be the application of [CONC] followed by zero or more [CONSEQ].
However since D is only applied point-wise, and this does not affect the composability
by o (which is based on linear compatibility), we can first apply the same refinement
point-wise then finally apply [CONC], to obtain exactly the same final conclusion. The
same reasoning holds for other rules.
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t-action (2): Key Lemmas The current definition of t-action as well as T¢rce-action is
not based on compatible visible actions but is defined from reduction. The following
lemma shows that, in spite of this, the T/Tsyee-action is indeed derivable from com-
plementary visible actions except for initiation and conditionals). Let C[ ] denote a
reduction context.

Lemma L.11. If P — P’ then one of the following cases hold:
1. P =CJif e then Q; else Q3] such that P’ = C[Q1] (if e | true) or P' = C[Q2] (if
e | false).
2. P=C[Py|..|P,] such that P,
Cl(v3)(Pi]--[P)]:
C[Q|s:h)] such that Q R Q’ and P' = C[Q'|s:h-ii].
P=C[Q|s:h-1i] such that Q"5 Q" and P' = C[Q'|s:h].
P =C[Q|s:h] such that 0 ' and Q' = C[Q'|s:h-1].
6. P=C[Qls:h-1] such that Q"5 Q' and P' = C[Q'|s: ).

af2. ”]( ) P/ and P; [‘] P' for2 <i<n, with P =

@SR W

Proof. Immediate from the corresponding reduction rules.

By Lemma L.11 we can reduce the reasoning on each communication-induced reduc-
tion to the corresponding visible action combined with the accompanying transforma-
tion of a queue. The difference cases are analysed below.

Lemma L.12. Assume below all transitions are typed under the implicit typing.

n](3)

IfPa[zé P and T\ P>A such that T'(a) = G then T = P'=>A,5: (G ['1).
IfP a[ﬂ)(s) P andT + P A such that T'(a) = G thenI' - P'=AS: (g ).

PSP andT \ P|s:h>Athen T\ (P'|s:h-1i) A such that A — A'.
P p and T+ P|s:h=Athen Tt P'|s:h-1>A’ such that A — A'.
¥P3Ep andT \ P|s:h-fic-A then T | P'|s: h=A' such that A — A,
6. IfP5 P and T\ P|s:h-1>Athen T\ P'|s:h>A' such that A — A'.

LR Wb~

Further in the cases of (3..6) above, A and A’ only differ in the assignment at § such that
s€ {5}

Remark. In the third clause above, we do not include the case of bound outputs since
we do not need them in Lemma L.11 (due to the use of contexts).

Proof. (1) and (2) are immediate. Below we show the cases (3) and (5) since (4) (resp.
(6)) is an easy version of (3) (resp. (5)). For (3), suppose we have

Tk Pls:heA (L.52)

By Lemma L.10, we safely assume the last rule applied is [CONC]. Thus we can assume,
for some Ag and A;:

I'-P > Ay (L.53)
CHs:h > A (L.54)
AgoA; =A (L.55)
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Now consider the transition -
P p (L.56)

By (L.53) we observe Ag has the shape, with s = s;:
Ag = §: Hk!(e){P}A; T @p], Ao (L.57)
for some p; and that P’ can be typed by Aj, such that:
Ay = §: H[T[2/7]], A0 (L.58)
Now the assertion A; for the queue has the shape, omitting the vacuous “end”:
A =§: H[M@p] (L.59)
hence the addition of the values to this queue, s:/ - i, must have the endpoint assertion:
A} = §: H[k!{(R); M @p] (L.60)
Setting A" = Aj o A}, we know:
I+ Pls:h-ii > A (L.61)
By (L.58) and (L.60) and the type composition o and the type reduction —, we obtain

A6OAII = §: H[kKR); T[2/7]], Aco, At
— Ao, A

That is we have A — A’, and the only change is at the type assignment at s, as required.
For (3), suppose we have
[ Pls:h-iisA (L.62)

Again by Lemma L.10, we safely assume the last rule applied is [CONC]. Thus we can
assume, for some Ag and A;:

I'EP > A (L.63)
[s:h-fo A (L.64)
AgoA;=A (L.65)
Now consider the transition N,
PSP (L.66)

As before, we can infer, from (L.63) and (L.66) the shape of Ag as follows, with s = s;:
Ao =§: H[k?2(D){A}; T @p],Ano (L.67)
for some p; and that P’ can be typed by A, given as

o =58 H[T[8/7]], A0 (L.68)
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Now the assertion A; for the queue has the shape (again omitting “end”-only asser-
tions):

Ay =5 H[k\(R); M @p] (L.69)
which, if we take off the values (hence for the queue s: 7)), we obtain:
A =§: H|M @p] (L.70)

Note this is symmetric to the case (1) above. As before, setting A" = Ay o A}, we know:
T+ Plsihes A (L.71)
By (L.68) and (L.70) and the type composition o and the type reduction —, we obtain
Ayo A} = §: H[T[1/7]], Ao, A
— Ay, A

That is we have A — A/, and the only change from A to A’ is at the type assignment at
s, as required.

t-action (2): Subject Reduction We now establish Lemma L.1, the subject reduction.

Lemma L.1 (Subject Reduction). Suppose ' P==Aand P — P'. ThenT - P' =N’
such that either A' = A or A — A’

We prove a stronger statement. Below we use the refined T-transition rules in Figure 12.
Lemma L.13. Suppose ' — P=>A.

1. If PS5 P’ by Figure 12 then T — P' A again.
2. If P™55° P by Figure 12 then T - P' A such that A — A'.

Remark. Via Proposition L.6, Lemma L.13 above entails Lemma L.1.

Proof. Assume
true;To - P>Ay and PSP, (L.72)

Each of the six cases in Lemmas L.11 are possible, which we inspect one by one. Below
let C[ - ] is an appropriate reduction context.

1. Conditional. By Lemmas L.11 (1) assume P = C[R] where
R =if e then O else 0> (L.73)

such that if e | true then P’ = Qy. Since C[ - ] is a reduction context we know R is
closed. Therefore we can safely set:

true;I' - R=A (L.74)
By Lemma L.10 we can assume R is inferred by [IF] of Figure 5. Hence we have
true ne;T'H Q1 =>A (L.75)

By [CONSEQ] we get
true;T' - Q1 =A (L.76)

as required. Dually for the case of e | false.
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2. Link. By Lemmas L.11 (2) we set P = C[R] where
R=P|..|P, (L.77)

with their initialization actions compensating each other, as given in Lemmas L.11 (2),
ie.

ap2..1(s)

PSP (L.78)
p WP 2<i<n) (L79)

As before, we can safely set:
true;I' = R>A (L.80)

By Lemma L.10 we can assume R is inferred by [IF] of Figure 5 by consecutive appli-
cations of [CONC], hence we safely assume:

true;T - P> A (L.81)
such that Ajo..0A, = A. By Lemma L.12 (1) and (2), we have, with I'(a) = G,
true;T - Pl =AL§: (G ) @i (L.82)

Hence
true;I' = Pi|..|Po>A5: {(G 1) @i} i<i<n (L.83)

Since {(G i) @i} <i<n is obviously coherent, we have
true; T (v8)(Py]..|Py) =A (L.84)

as required.
3. Send. By Lemmas L.11 (3) we set

P =[Q|s:h] (L.85)
with ,
050 (L.86)
As above we can safely set ~
true; T Q|s:h=>A (L.87)

By Lemmas L.12 (3), (L.86) and (L..87), we infer:
true;T - Q'|s:h-a=A’ (L.88)

such that A — A’ where the only change is at § which contains s. Since P reduces to P’
by T-transition rather than T¢,e-transition, by Figure 12, we know that this § in R are
hidden in P. Assume therefore, without loss of generality:

P =C'[(v5)(Qls:h|R)] (L.89)
[y + Qls:h|R=A, (L.90)
A’ coherent andA; = Ao Ag; (L.91)

By Lemma L.9 and noting A; — A’ 0 Ag; we know A; = A’ 0 Ag; is also coherent, hence
as required.
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4. Receive. By Lemmas L.11 (4) we set

P=C[Q|s:h-i] (L.92)
with o
050 (L.93)
As above we can safely set ~
true;T - Qls:h-fi-A (L.94)

As before, by Lemmas L.12 (4), (L.93) and (L.94), we get:
true;T - Q' |s:h>A (L.95)

such that A — A’ where the only change is at § which contains s. Again by Figure 12,
we can set, without loss of generality:

P =C'[(v5)(Q|s:h|R)] (L.96)
[} - Qls:h|lR>A; (L.97)
A’ coherent andA; = Ao Ay (L.98)

As before, by Lemma L.9 and noting A; — A’ 0o Ag; we know A; = A’ o Ag; is also
coherent, hence done.

5. Select. The argument exactly follows Case 3.Send above using Lemmas L.11 (5) and
Lemmas L.12 (5) instead of Lemmas L.11 (3) and Lemmas L.12 (3), respectively.

6. Branch. The argument exactly follows Case 4.Receive above except using Lemmas
L.11 (6) and Lemmas L.12 (6) instead of Lemmas L.11 (4) and Lemmas L.12 (4),
respectively.

Finally the Ts,ee-reduction,

true;To - P=Ag and P E5° P, (L.99)

rather than (L.72), precisely follow the same reasoning as given in the cases of 3..6
above, excepting we do not have to hide §.

L.4 Subject Transition

In this subsection we list the proofs for Proposition 6.3. The proof hinges on two lem-
mas: Substitution Lemma (Lemma L.2, whose statement and proof are given in Ap-
pendix L.1, page 32); and Evaluation Lemma (Lemma L.3, whose statement and proof
are given in Appendix L.2, page 34)).

Convention L.14 (shape of processes).

1. In this subsection, unless otherwise stated, P, Q, ... range over runtime (i.e. general)
processes (cf. Appendix H) and validation and other judgements are considered for
runtime processes (cf. Convention H.2).

2. Further whenever the definitions, statements etc. mention the transition or reduction
of processes, we implicitly assume these processes are closed (remember reduction
and transition are only defined over closed processes).
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L.5 Subject Transition for Visible Transitions

We now prove Proposition 6.3 in §6, the subject transition for visible transitions. We
reproduce the statement in the following.

Proposition L.15 (Subject Transition for Visible Transitions). IfT" - P=A, P> P,
and (U, Ay 5 (I, A"> where o # T, then we have T - P =N

Proof. The proof is by rule induction on the validation rules in Figures 5 and 10, show-
ing a stronger result which adds to the statement:

IfP% P and T - P>A with o being an output, a selection, or an action at a
shared channel (accept and request), then (I", A) allows a.

In the following proof we refer to both the transition rules for asserted processes in
Figure 7 and the transition rules for endpoint assertions in Figure 8. Assume we have:

1. T'+— P=>A (which stands for true;I" — P=>A)

2. P% P and

3. (0,A) 3, A,
We proceed by the case analysis depending on the last rule used for deriving this judge-
ment. By Convention L.14 (2), We assume all processes concerned are closed. Further
below notice C in the conclusion of each rule should be true by our assumption.
Rule [SEND]: In this case, we derive C;I" - P =>A with:

C = true (L.100)
P = s Kep(v){A}; 0 (L.101)
A = Ay, §5: k!(7:5){e}A; T @p. (L.102)

By the first premise of [SEND] and (L.100) we have:

true o A[&/7] (L.103)
Since P is closed, we can set ¢ | n. By (L.103) we infer:

A[i/] | true. (L.104)
It follows that P can move only by [SEND] (i.e., not [SENDERR]), hence, setting o0 =

KyAkk

P % gEmp & P (L.105)

Now A can move by [TR-SEND]:
0,AY 3 (T, (Ag,5: T[A/7] @p)) (L.106)
By the second premise of [SEND] in Figure 5, we have
true; T Q[é/v] =Ag,5: T[e/v] @p (L.107)
By Lemma L.3 (Evaluation Lemma), (L.107) immediately gives:
true;T" - Q[R/V] = A, §: T[R/V] @p (L.108)

as required.
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Rule [RcV]: In this case the conclusion is C;I" — P =>A with, as well as C = true as
before:

P =s5?(v){A}; 0 (L.109)
A=Ay,5: K2(V:8){A}; T @p (L.110)

By the shape of P we can set o = s; 721 for which we have, by [TR-REC]:
A[f/P] | true (L.111)
A S X-a: G, M,5: T[R/7] @p) (L.112)
Thus P can move only by [RECV] (not by [RECVERR]), obtaining:
P Q[a/v] (L.113)
Now the premise of [RCV] in Figure 5 says:
truenA; I'-QAg,5: T @p (L.114)
By Lemma L.2 (Substitution Lemma) we obtain
true AA[f/9];T,7:S - Q[8/¥] >Ao,5: T[d/i] @p (L.115)
By (L.111) and by [CONSEQ] we obtain
true; T, v: S - Q[a/7] = Ag,5: T[i/v] @p (L.116)

as required.

Rule [SEL]: We can set C;I" - P> A such that, as well as C = true:

P=s <{Aj}l;: P (L.117)
A=Ay,5: k®{{Ai: Thier @p (L.118)

By the premise of the rule we have:
true DA; (L.119)

hence A; | true, therefore P can move only by [LABEL] (i.e., not [LABELERR]). Thus
we set o, = s;! < [; and we have

PSP (L.120)

The following assertion transition is also possible by [TR-SELECT]:

(T,AY 5 (T, Ap,5: T; @p). (L.121)
By the second premise of [LABEL] in Figure 5 we get

true;I' - Pj>Ap,§: 7, @p (L.122)

as required.
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Rule [BRANCH]: In this case we have true;I" - P = A such that

P = s5i > {{Ai}li: Pitier (L.123)
A= Ao, 5 k&{{Ai}li - Ti}icr @p (L.124)

By the shape of P we can set & = s < [; for which we have, by [TR-CHOICE]:

A; | true (L.125)
(A 5 (T-a: G, Ap,5: T;@p) (L.126)

Thus P can move only by [BRANCH] (not by [BRANCHERR]), obtaining:
P=P; (L.127)
Now the premise of [BRANCH] in Figure 5 says:
true nd;; ' Pi>Ag,§: 7,@p (L.128)
By (L.125) and [CONSEQ] we obtain:
true; T, 7:§ - Q[i/7] =>Ag,5: T[2/7] @p (L.129)

as required.

Rule [McCAST]: In this case we have true;I" - P A such that, combining with the
premises of the rule:

P =a2.q1(5).0 (L.130)
I'a: G (L.131)
true;T - Q=A5: (G11) @1 (L.132)

By the shape of P we can set o = @[2..n](§) and
d2.01(5).0 3 Q (L.133)
By (L.131) the following transition is possible using [TR-LINKOUT]:
{T,AY 5 (T,A5: (G11)@1) (L.134)

as required.
Rule [MAcc]: Similar to the case [MCAST] above.

Rule [PAR] Immediate, since the visible transition for P|Q is reducible to the same ac-
tion by either P or Q, and because the resulting assertion environments (one result of the
visible transition) can again be composed, because linear compatibility only depends on
channel names and participant names.

Rules [NRES], [CRES] and [BOUT]: In each case, direct from the induction hypothesis.
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Rule [CONSEQ]: Suppose the conclusion is true;I" - P >A which is derived from

true;I' = P=Ag (L.135)
A DA (L.136)

Now first suppose the concerned visible action o is neither a receive action nor a branch-
ing. Now suppose

P p (L.137)
(T,A) 3TN (L.138)
By induction hypothesis and by (L.135), (L.138) gives us:
(T, A0y 5 (T, A (L.139)
for some A, for which we have, by induction hypothesis
true;I” - P/ = A (L.140)
Since the assertion transition is deterministic and by Lemma K.1 we know:
Ay DA (L.141)
By (L.141) and (L..140) we can use [CONSEQ] to reach
true; I — P/ = A’ (L.142)
as required. This exhausts all cases.
M Semantics of Open Judgement
In this section, we define the semantics of open judgement for satisfiability,
CTEP=A M.1)

We define the notion incrementally, starting from the judgement on closed processes
based on conditional simulation given in Definition 6.2, page 10 and adding variables
of different kinds. First we consider value variables. We first make clear the kinds of
variables we treat, from Sections 3 and 5.1:

Definition M.1 (variables). A value variable is a variable for a name or an atomic
value, for which we used v,w,.. as well as x,y,... A process variable X is a variable
standing for a (possibly parameterised) process. An assertion variable is a variable
standing for an assertion, written t.

When we think about open judgements, we need to think about these different kinds
of variables. Below asssertion erasure of a process P (resp. I, resp. A) is the result of
removing all predicate annotations from P (resp. I, resp. A), resulting in a typed process
(resp. a shared typing assignment, resp. a linear typing assignment).
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Definition M.2 (open judgement, 1). Let P be an open asserted process and none of
I', A, T; and P contains value variables, process variables nor assertion variables. Then
assuming the typability of the assertion erasure of P under the assertion erasure of I', A,
and the induced assignment to X, we write:

[,X:(7:5)7 @p;...7,@p, = P=>A

when, for each parametrised process Q(%,§1,...,5,) (with each §; as induced by the use
of channels in 7;), whose free variables are in X and otherwise well-typed under the
above typing, such that for each 6 mapping ¥ to values,

I'=Q00>w;$i: 716 @p;

we have
[ = P[O(X,51,....,8,)/X] =A

in the sense of Definition 6.2, page 10. Similarly when a judgement contains more than
one free process variables.

Based on this, we extend to the

Definition M.3 (open judgement, 2). Let P be an open asserted process and none of
I', A and P contains assertion variables. Then we write, assuming the typability of the
assertion erasure of P under the assertion erasure of I" and A:

C:TEP=A

when, for each closing ¢ which maps all free value variables in I" (hence in C and P) to
values respecting types, we have either Co is false or, if it is true:

I'c = Po=>Ac
in the sense of Definition M.2 above.

Finally we introduce assertion variables, which we interpret based on substitution by
closed well-asserted assertions so that the resulting assertions are again well-asserted.'?

Definition M.4 (open judgement, 3). Let P be an open asserted process and none of
I, A and P contains assertion variables. Then we write, assuming typability as above,

CEP=A

when, for each ¢ which maps each free assertion variable with an instantiation, say t{&),
to a parametrised assertion A(X) such that types for ¥ in A match &, we have

C;T'o EPo=Ac

in the sense of Definition M.3 above.

12 We can directly interpret assertion variables as transition relations, though a resulting difference, if any,
does not concern us here, since well-assertedness implies inhabitation, while our interests are only those
transitions representable by well-asserted assertions, which can capture, for example, all well-typed tran-
sitions without any constraints.

50



Observe we could have made all definitions into one: the division into three definitions
is to make clear what substitutions are involved.

Definition M.5 (Closure of judgement). Let C;I" = P>A. Then its closure by substi-
tution o, denoted Py, is the process obtained by applying to P the substitution ¢ such
that:

— for each free interaction variable declared in I', ¢ instantiate it into a value that
satisfy I and C (i.e., it has the correct type and does not violate the assertion envi-
ronment), and

— for each process variable X s.t. ['(X) = (¥ : S)T, the substitution G instantiates
X into a parametrised process Q(¥§) (so that each call X{&5) is instantiated into
Q(é5)), such that we have C,T",7: S = Q(¥§) =5 : T) @p;...5, : T, @ py.

Similarly we define a closure of an open satisfaction judgement.

Remark. Note that, in the last clause above, we use the satisfaction |= when consider-
ing substitutions for process variables, cf. [2]. This corresponds to Definition M.2.

N Proof of Theorem 6.5 (Soundness)

We prove Theorem 6.5 (soundness of validation rules). The soundness proof relies on
basic properties of the proof system for validation in Figures 5 and 10.

Lemma N.1. Suppose say C;I" - SA is derived and, in its derivation, Cp;1g -+ So >
Ay is used, hence Sy occurs in S. Suppose Cp; 1o - S6 > Ag where S6 and Sy have the
identical typing. Then we can replace the occurrence of Sy by S, with the result written
S’, such that C;T" — S’ = A is derivable.

Proof. By noting that, in each step of derivation, the only thing that matters is the
assertion environment, the assertion assignment, and the assertion context, in addition
to the typing.

Lemma N.2 (postponement of [DEF]). Suppose I' = P A is derived. Then there is a
derivation tree of the same or less length such that there are no applications of [DEF]
(cf. Figure 5) except at the end of the derivation.

Proof. The premise of [DEF] for Q (the main process) reads:
CILX:(v:85)T@p1...7,@p, - O=>A (N.1)
Note the only condition it demands is the assumption contains
X:(v:8)T @p1...7,@p, (N.2)

and the only effect of the application of [DEF] is we lose this assumption. Since no
other rules use this assumption, by Lemma N.1, we can always permute an application
of any rule with [DEF] to obtain the same conclusion.

Definition N.3. We say C;I" - P A is well-initiated if A contains only singleton as-
signments and, moreover, P has no queue at a free session channel.
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Lemma N.4. The second premise of [DEF] is well-initiated if and only if its conclusion
is well-initiated.

Proof. Because the assertion assignment (A) does not change and the process (Q) does
not change except adding the new definition.

We now prove Theorem 6.5, whose statement is reproduced below.

Theorem N.5 (Soundeness for Open Processes).
Let P be a program phrase. Then C;T" - PA implies C;T" |= P=A.

Proof. Let R be the relation collection all the pairs of the form:
(PGa<FGaAG>) (N3)

such that C;I" - P> A with P being a sub-term of a multi-step % _derivative of a pro-
gram phrase and A an assertion assignment possibly containing non-singleton assign-
ments, and G being its closing substitution. We show & _is a conditional simulation (in
the extended sense defined in Definition 2), by rule induction on the validation rules.
Assume

CI'-P=A (N.4)

is derived and © is a closing substitution conforming to C and I'. We carry out case
analysis depending on the last rule used.

Case [SEND]. By [SENDR] in Figure 5, we can set

P = s {e)(v){A}; P (N.5)
where C;I'" — P = A such that
A=N5:k\(v:8){na}A; T @p. (N.6)
By the definition of closure
Ps = s/ ey (v){As}; Ps (N.7)

where é5 | fi. Process Ps can only move because of rule [SEND] (Figure 7) with label
is s !fi. Since A[f/V] | true by [SEND] and A[fi/V] = Acs[/7],

Sk A

silesy(V){Ag); Py > Ps. (N.8)
It follows that y
As = AL, 5: k!(v: S){f}As; D5 @p. (N.9)

By [TR-SEND] in Figure 8, since A[f/7] | true,

KA

(A, 5 k!(V: 5){ﬁ}AG;‘ZZ, @p)y 5 (T,A;,5: Ts @p), (N.10)
It follows by induction,
(PL,(T,AL,5: I @p)) € R. (N.11)
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Case [RcV]. By [RcV] in Figure 5, and setting P = s;?(v){A}; P, we have

CI'P=A (N.12)
with A= A" §:k2(7: §){A}; T @p. Let Ps = 5,2(v){Ac}; P%. It follows that
As = AL, 5 k25 : §){Ag)h: Ts @p. (N.13)

Process Ps can only move because of rule [RCV] in Figure 7 with label s;!@i. By defi-
nition of ~(:onditional simulation, we only consider the case in which Ag is able to move
(i.e., i : S and Ag[fi/V] | true). In such case, by [RCV] in Figure 7,

Kyt

s ?({As} Ps = Po (N.14)
and by [TR-REC] in Figure 8,
(T,AL S k2(0: S){Aq); Ts @ p) S ([,A},5: I5 @p). (N.15)
It follows by induction
(P5,{T1,As,5: Ts @p)) € R. (N.16)
Case [SEL]. Let P = 5, <1{A;}l; : P;. By [SEL] in Figure 5,
C:TE s <t{Aj}lj: Pi=A (N.17)

with A=A 5 kD{{A;}; : T}ics @p and jeI. It follows Ag = AL, 5: kD {{Ais}i : Tic}iel @ p.
We have Ps = sy <{Ajs}l; : Pjs Process Ps can only move because of rule [LABEL] in
Figure 7 with label s; </; and, since A; | true by well formedness of Pand A; = A

then
Sk <l_,'

SkQ{Ajg}ljZch — ch. (N.18)
By [TR-SEL] in Figure 8, since A; | true
sp<l;
(A5 : k@ {{Ais}Hi : Tistie1 @p) S (T,A;,5: Tjs @p). (N.19)
By induction,
Pis,{I',A,5: Tjic @p)) €R. .
i, (U, Ay, 5 Tjg @ (N.20)

Case [BRANCH]. We can set P = s3> {{A;}l;: P,}ics then Ps = s; > {{Ais }i: Pis Yier
By [BRANCH] in Figure 5,

G- s> {{Aifl: Pilier=A (N.21)

with A = A’ §: k&{{A;}l; : T}ier @p. Tt follows Ag = AL, §: k& {{Ais}li : Tic}iel @ p.

Process Ps can only move because of rule [BRANCH] with label s; > [;. By def-
inition of conditional simulation we only consider the case in which (I',As) is able
to perform a branching move with label s; > [;, that is when A s | true. Assuming
Ajs | true, by [BRANCH] in Figure 7:

S/{>l'

sk <U{Ajs}lj: Pic = Pjs, (N.22)
and by [TR-CHOICE] in Figure 8:
k>1;
(T,AG,§: k&{{Ais i : Tis tiel @) = (T,As,5: Tic @p). (N.23)
By induction,
(Pjs,{T',A;,5: Tjc @py) €R. (N.24)
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Case [MCAST]. In this case P = aj2.n] (§).P’ and we can set:
I+ a2 (§).P=>A. (N.25)

Let Ps = ai2.n1($).P. Process P can only move because of rule [LINKOUT] in Fig-
ure 7:

atz.a (5).P, T pr. (N.26)
By [TR-LINKOUT] in Figure 8,
(T, 86y P Ag,5: (G 11)6 @py). (N.27)
By induction hypothesis we have
(P5:(T1,A6,5: (G 1 1)s @py1)) €R. (N.28)

Case [MAcc]. This case is essentially identical to the case [MCAST] above.

Case [CONC]. The cases of independent actions are direct from the induction hypothe-
sis. If the reduction takes place by interaction, then we use Lemma L.13.

Case [IF]. With P = if e then P else Q then by Definition M.5:

Ps = if eg then Qg else R, (N.29)

By [IF] in Figure 5, such that
C.;'-Ps=A (N.30)
CreTHQO=A (N.31)

We note Py = if eg then Qg else Rg. Process Ps can move because of either [IFT] or
[IFF] (Figure 7) with label is . Let us consider the case in which the transition happens
by rule [IFT] (the case with [IFF] is symmetric):

if e then Qg else Rg — Qs with &g | true. (N.32)
By induction, since eg | true and moreover es does not have free variables.

(Q6,{I',As)) €R. (N.33)

as required.

Case [INACT]. We can set P = 0 the property holds since there are no transitions.
Case [NRES]. Immediate from induction hypothesis.

Case [VAR]. We can set

P =X{&S51,....8n) (N.34)
with .
I'X)=(:9)7. (N.35)
Then by well formedness of P, C => A[é/V] | true. Ps is a process such that
Co T - Ps[E/P]=AG,51: Tic @y, ., S Tns @, (N.36)
Notice that
AG 51 Tis @pyy .y St T @p, = Ag (N.37)

where Ag is the closure of the asserted local type of P. The property holds straightfor-
wardly by the cases for the other process types.
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Case [NRES]. Immediate from induction hypothesis.

Case [DEF]. This case is proved by the standard syntactic approximation of a recursion.
By Lemma N.2, we can assume, in all derivations for processes in &, the application
of Rule [DEF] only occurs in (the last steps of) a derivation for a transition derivative
of a program phrase, without loss of generality. Under this assumption, by Lemma N.4,
we know the premise and conclusion of an application of [DEF] is well-initiated in the
sense of Definition N.3. Note that the reductions of such processes are completely char-
acterised by 5 (cf. Proposition L.6), and the correspoinding T-transition for assertions
is deterministic. Assume that we have

CTU,X:(7:85)7 @p;...7,@p,,7:SEP

>$1:7 @p,...5,: T, @p, (N.38)
Further we also assume
CTX:(7:8)7 @pl...7,@p, = 0=A (N.39)

In the following we often use the notation for the substitution Q[(X)R/X] which replaces
each occurrence of X{&) with R[é/X]. Using well-guardedness of process variables [18,
§2], we first approximate the recursion by the following hierarchy:

P Y pao

P! £ P[(%)P/X]

PrLE PP

Above P’ is chosen as the process which is typed by the same typing as P and which
has no visible action. '3 We also set P® to be the recursively defined agent itself:

def X(%¥) = PinP, (N.40)

In the conclusion of [DEF] we abstract the process variable X by the def construct.
Instead, we replace each X in Q with (£)P°, (¥)P', ... (¥)P", and finally ()P®. We call
the result Q°, Q', ... 0", and Q®, where Q® is nothing but the term in the conclusion
(after one-time unfolding which does not change the behaviour).

Using Lemma N.1, we first note that, for any {I', A) and C, we have C;T" |= PO=A.
Thus we apply this to (N.38) and replace X in P by (¥5]..5,)P%:

CTEP =s5:7@p,...5:7,@p, (N.4D)

This can again be used for (N.38) (noting the environment I' can always be taken as
widely as possible in [VAR]):

CTEP>s: 7 @p,...5:7,Q@p, (N.42)

13 For example, writing a(s).S for a[2](s).S and choosing a and s to be fresh, let P’ def (va)(a(s).P) then
P ~0.
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In this way we know
CTEP'>s:T@p,...5,:7,@p, (N.43)
for an arbitrary n. By applying this to (N.39), we obtain:
CIEQ=A (N.44)

for an arbitrary n. Now assume, for simplicity, that there are no free variables in Q
(hence in Q") and therefore C = true (the reasoning is precisely the same by applying
a closing substitution). We can then construct a relation taking each node in the transi-
tions from Q® and relating it to the derivative of <I', Ay, by observing that assertions’
transitions are always deterministic for the given process and its transition derivatives.
Let the resulting relation be ®. Since any finite trace of Q% is in some Q", the con-
ditions of Definition 2 hold at each step, hence & is a conditional simulation, hence
done.

Case [CONSEQ]. By Proposition 6.4 (Proposition K.1 in Appendix K, page 29).

Cases [QNIL], [QVAL] and [QSEL] of Figure 10. Again these processes (queues) do
not have transitions.!#

Case [CRES]. By Lemma L.9. This exhausts all cases.
As an immediate corollary we obtain:

Theorem N.6 (Soundeness for Programs).
Let P be a program. Then T’ - P>A implies T |= P=>A.

O Proof of Theorems 6.7 and 7.2 (Completeness)

0.1 General Structure of Completeness Proof

For completeness, we introduce the generation rules for (visible) programs and program
phrases by which we can derive a “principal” formula. The principal formula of P (if
one can be generated) is the most refined assertion assignment against which P can be
validated.

The general intuition is that, for every P, I' and A such that I' = P> A, we can
generate A’ such that I' - P>A’ and A’ D A (thus I" - P = A by rule [CONSEQ]). To
be more precise, we generate an assignment A’ which is parametric with respect to
a number of predicate variables, and we show that there exist a substitution of the
predicate variables in A’ that produces an assignment refining A (see O.2).

The completeness proof is done in the following steps:

1. We define a generalised sequent and generation rules. We show that the derivability
in this system is subsumed by the derivability in our validation rules.

2. We show it is sound w.r.t. the satisfiablity.

3. We show it is complete w.r.t. the satisfiablity; we show that the principal formula is
arepresentative formula for the process (i.e. the principal formula under appropriate
instantiation refines (w.r.t. D) all satisfiable formulae).

14 The behaviours of queues are taken into account as part of T¢yee-actions.
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0.2 Predicate Variables and Extended Predicates

The generation rules for principal formulae use sequents with predicate variables with
fixed arities. There is no need for manipulation of these predicate variables during the
generation. We need predicate variables since we cannot rely on a specific predicate
when we stipulate a constraint on an input value: if we concretize it, we may lose
principality (i.e., the principal formula is not the strongest), since the stronger an input
constraint is, the stronger a related output constraint is.

Consider, for instance, the following assertion

G=p—p ki (v:int){v>0}.p > p: ky (u:Int){u>1}.end

where the projection on p’ is

GIp' =k?v:Int){v>0}k!(u:Int){u>1};end

and the following (unasserted) process implementing p’

P =512(v).52 v+ 1)(u);0.

Assume the generated principal formula includes the following endpoint assertion
for P:

T =k ?(v:Int){A};kp!(u : Int){B};end.

The intuition is: for 7" to be the strongest formula validating P, the predicate A for
the input should as weak as possible, whereas the predicate B for the output should be
as strong as possible. Assume we set A to be true and B to be v+ 1 = u. Notice T
would not be the principal formula since it would not be a refinement of G | p’. In the
derivation rules, we leave the constraint A open, by using a predicate variable.

Extended predicates are defined as predicates where predicate variables can occur;
predicate variables are ranged over by ¢(v) and are meant to be replaced by normal
predicates A such that fn(A) < 7.

0.3 Generalised Sequent

We use the following sequents towards completeness, all using predicate variables.

1. C;Tp - erase(P) ™ A. This is used for generation of principal formulae and reads:
”Under C as constraints on values and Ty as public contracts for shared
names, P has the principal formula A”.

Note predicates in these assertions use predicate variables, defined in §0.5, page 60.

2. C;T %" PA. This is the same provability using the validation rules in Figure 5
except using the syntax of predicates incorporating predicate variables and endpoint
assertion variables.

3. ;T =" Pr=A. Again this is the same satisfiability as we defined in §6.1 except
using the syntax of predicates incorporating predicate variables (the semantics of
predicate variables is taken in the standard way, taking satisfiability as in §6.1 under
all closing substitutions).
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In brief (1) is the sequent for generation described in O.5 while (2) and (3) are the se-
quents for validation/satisfiability obtained extending the logic with predicate variables.

As more clear later, for all possible concrete substitutions, (2) implies the normal
provability and (3) implies satisfiability.

0.4 Two Merge Operations

This subsection is a technical discussion introducing and studying two merge opera-
tions used in the generation rules. These operations “merge” endpoint assertions. After
introducing the operations, we establish their basic properties. This subsection is tech-
nical, needed only for the proofs of completeness, hence may as well be skipped until
the proof of the theorem.

Convention O.1 (shape of recursive assertions). In this subsection and henceforth
we assume two recursive assertions to be merged are always in the same shape. Since
the shape of recursive assertions to be generated rely on the shape of recursions in the
original process, this assumption means semantically neutral assumption (up to a simple
transformation) of recursions in processes. Since generated formulae are equivalent for
different shapes of recursions, this does not lose generality.

Merging Assertions (1)

Definition O.2 (Merge of Endpoint Assertions). The function Ll takes two end-point
assertions and merges them; it is recursively defined as follows:

— KEUMART W KRG U)BLET Y nE)AavBLT UL

where U has the form S or (G)
— K T@p)ALT W k(5 T@p){BhT Y k(5 T@p){Av BT U
— R UART W KRG UBLET Y K5 U)A BT T
— R T@p) AT U K(5: T @p){Bh T Y k2(5: T @p){A A B} T/ T
- k@ {{Ai} it Tlier W k@ {{Bi} li : T' }ict o k@{{Ai v B} i : T T e
— k&L T ie I, W K& T i€ s, Y k&{LI T T i€ g, g,
— utdiay AV Ul){true}.‘Tl’ W wtdiin : BY(Py : Ug){true}.‘Tz’
def utiiyiip : A A BY(V1 77 : U1U2){true}.‘f1’ M(Izl
where we assume v NV, =] Nl = .
- t{i; A U i, : B) o t{d iy : A A B) where we assume 1] N iy = .
- endlUlend = end.

The merge function 7 lUl7; returns the strongest endpoint assertion 7 (if any) such that
71 D7 and 7; D 7. Observe that in the cases for delegation (2nd and 4th clauses in
Definition O.2), the type 7 @ p of ¥ has to be the same in the arguments of lUl; in fact,
such assertions are supposed to validate a same process P and, different types in such
clauses would not be consistent with the validations of P.

Definition O.3. The merge operation is extended to assignments A in the obvious way,
i.e. A; lWA; is the pointwise merge of A| and A;.
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A; lUIA; returns an assignment A, assigning all the sessions occurring in A} or A,. For
every §: 7] @pin A and §: 7, @ p, A maps §to ‘77 U7, @ p. We extend Ul to multi-ary
compositions in the obvious way, writing e.g. IUl;7;. We note:

Lemma O.4. Let ‘I and ‘I; be closed local assertions.

1. 1 D 1 UT,.
2. If 1 DT and T, D T’ then TUWDG D T'.

Proof. We prove by induction that, under arbitrary closing substitution, the statements
hold for open local assertions. The only non-trivial case is recursive assertions.

We first show (1). By our assumption, 7} and 7, are of the same shape in their
recursions. We use their finite unfoldings starting from End. We write the i-th unfolding,

‘Tl(i) and ‘2‘2@, and use induction on i. The base case is immediate.
end D end U end (0.1)

Suppose we have

Since ‘Tl(" 1 is obtained by substituting the assertion variable concerned in 7} with
‘TI("), and since this substitution is co-variant for the substituting formula, writing the

substitution on I; by ‘Tl(") as ‘Z,, we obtain:
,Tl(n+1) 5 Tl(n+1) 1Ly ,2-2/ 5 ,Tl(n+1) U ,Z~2(n+1) (0.3)

as required. We now observe that the transitions of 77 and 7, are determined by (all of)
their finite partial traces since their transitions are deterministic. Hence the above result
shows we can construct a refinement relation between 7; and 7; lUl 75, by relating each
finite node based on the finite unfoldings, as required.
For (2), assume
Ti,DT' (0.4)

Since each 7; is characterised by its finite partial traces, this means a refinement is
constructed relating the transition nodees of their finite partial to those in 7’. At each
finite node, 7; Ul ‘7, has actions which are the exact combination of 7} and T, they can
be related to the corresponding node of 7’ so that its actions locally refine those of 77,
hence as required. O

Lemma O.5. Ul is commutative and associative.

Proof. Mechanically by induction on open local assertions under arbitrary closing sub-
stitutions. O

Lemma O.6. Let {I;}ic; a set of endpoint assertions for which the merge is defined. If
foreachiel ;D T, then U{T;}ic; D T.

Proof. By Lemma O.4 and Lemma O.5. O
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Merging Assertions (2) We also need a refined merging function for endpoint as-
sertions when we need to generate principal assertions for the conditional construct
(if-then-else).

Definition O.7 (Parametric Merge of Endpoint Assertions). The parametric merge
of two end-point assertions I} and ‘T, wrt condition e (written ‘T; U T5) is defined
recursively as follows:

— KT U)ALT! W K U){BET Y KT U){(e AA) v (—e A B)} T U Ty
where U has the form § or {G)
- kI(7: T @p){A}; T/ W° k!(v: T @p){B}; L,
Y G T @p){(e AA) v (me A B)} T/ IUE TS
- R UNALT W R UBLET Y k25 U){(e > A) A (—e > B} T U T
where U has the form S or {(G)
— K5 T @p){AL T/ e K2(5: T @p){Bh: Ty <
kK2(p: T @p){(e DA) A (—e DB)}; T, U T/
d
- k®{{Ai} i - Ti}ier W k®{{Bi} i : T'}iex éfk@‘{{(é’ ANA) v (me ABi)} i T T Yieq
. d
- k&{{A,‘}l,‘: 161}77 Le k&{{Bi}l,‘Z (Z;I }ie[ éf k&{{(e DA,') A (—|e DBi)}li: ('Z;Me ’Z;I }iel
— iy AN Uy {true}. T) e iy < BY(r 1 Up){true}. 7 Y
utlii iy : (e A A) A (—e A B)Y(917; : UyUz){true}. T,/ U T} where vi v =iy nilp = .
-t Ay W (i, : B) def t{iy, iy : (e AA) v (—e A B)) where ii] nily = .
- endlU®end = end.

The parametric merge takes a boolean expression e as parameter that is the guard of the
conditional. The following properties hold.

Lemma O.8. Let =3 n D~ . The following properties of U hold.

- QU ~ T; ife ] true.
- TG ~ ‘D ife | false.
Proof. Mechanical from the definition. O

0.5 Generation of Principal Assertions

Judgement for Generation The rules use judgements of the form
Clo=PP»T; A (0.5)
Some remarks are due about each part of the sequent and their meaning.

1. P is a process without predicate annotations;

2. T is a global assertion assignment assignment;

3. T maps a subset of the shared names in dom(I'y) to finite sets of local assertions,
writing ' - a : (7 @p) if A maps a to a set containing {7 @ p); (intuitively, I" -
a: {T @p) states that P has engaged in the session initiating at a as participant p).

4. Ais an endpoint assertion assignment;
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The rules in Figure 15 (cf. page 72) induce an algorithm that takes in input I'g, C
and P and generates “most general assertions” I and A for P under the conditions C
and assignement I'g. We remark that the principal general assertion of a program may
not exist, in which case the algorithm is supposed to return ’error’.

Without loss of generality, we assume the standard bound variable convention for
interaction and assertion variables. The generation rules use the (resp. parametric) merg-
ing to merge assertions, in branching and parallel composition (resp. in conditional).

Generation Rules The generation rules are given in Figure 15, page 72. Each rule
is naturally obtained, where under the left-hand side environment we derive the right-
hand side principal formulae for processes inductively. Because the target is program
phrases, we do not need composition of linear channels in the parallel composition,
which is crucial for the tractable derivation of principal formulae. We illustrate some
of the key rules. The first rule is for session initialisation at a shared name. We only
present the accept rule, since the dual rule is similar.

C:ToF PP A5: T@p T>STDo(a)lp

ACC
C:To =" arpl (5).P » A [acc]

Intuitively, in order to generate the principal assertion for a program engaging in a ses-
sion a as participant p, the assumption first construct the corresponding session types,
and checks that such types is a refinement of the projection on p of the global type
assigned to a by Iy (namely what 7 3 I'g(a) [ p).

The generation rule for the output prefix is

CToF PP AG:T@p
C:To F s;1é)(7);P » T; A, §:k!\(D){CAT=¢},T @p

[SND]

Namely, when expressions € are sent, the algorithm computes the most general assertion
of the continuation and prefixes it with the corresponding send assertion where the
computed predicate is the context C in conjunction with the equation 7 = ¢ that is the
strongest constraints on the interaction variables 7.

Another remarkable rule for the generation algorithm is the rule for the input action
for which we introduce the notation 3%(7) for the existential closure of interaction
variables on assertions as follows:

kl(i: S){Iv.A}T k(i: S){A}; T
k@U30Aj}: Tidjer k@ UA L T} jer
ut(ey(i: $){IvALT  ute)(i: S){A}. T
T otherwise

I(T) =

Note that only the predicates for output, selection, and recursion are affected, hence the
following proposition holds.

Proposition O.1. For any assertion T and any vector of pairwise dijoint interaction
variables v

T3 3v.(7)
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Proof. Trivially from the definition of refinement and existential closure. O
The generation rule for the input prefix introduces predicate variables as follows:

CA®P@P);To- PP AS:T@p
C;To H* 5:2(9); P » T 35(A), §:k2(F){D($)}; T @p

[Rcv]

where I9(A) = {a: (T @p) @p : T @p € A(a)}. Intuitively, predicate variables
“mark” interaction variables of input prefixes with an unknown constraint ¢ (supposed
to be freshly introduced at each application of [RCV]), see §O.2 for further illustration.

The variable rule is simple: we do not introduce any assumption except “unknown”
(i.e. assertion variable) and later close it in the recursion rule.

C:iTo,X: (7: G @p - X(@51.5,) » &; §:8%ii=¢ A C)@p

[VAR] (O.6)

Above we present the rule for a single session for brevity. Note the rule is indeed
strongest since whatever assertion we use to instantiate t, under that assumption, we
have the strongest assertion for the session at §. This t is closed by the recursion rule:

C:To,X: (7: G @p PP A5: T @p
C;To H puX{&)(#51..5,).P » T;A, 5 : uty (i : i = &y(v){true}.7 @p

[REC] (O.7)

That this gives a strongest assertion, is proved in Lemma O.14, the last case.
Now we illustrate how this generation rule leads to completeness. Suppose, for a
visible program P,
true;To = P » A (0.8)

is a sequent derivable by the generation rules. If I" conforms to I'y (i.e. if 7 @p € I'(a)
then we have 7 3 I'p(a) | p) and
[y EP=A (0.9)

then we can always find a substitution of predicate variables to concrete ones, say &,
such that
AED A (0.10)

which easily leads to completeness for visible processes.

Convention 0.9. Hereafter, we assume that & maps predicate variables 0(7) to asser-
tions A such that fn(A) € v and endpoint assertion variables t to well-asserted endpoint
assertions.

0.6 Completeness

In the completeness proof below we use the convention in § O.5 and several observa-
tions. The first Lemma is obvious from the definition.

Lemma 0.10. C.,I' %" P>A > (C&,I'E - P=>AEL. for each & such that TE and AE
are well-asserted.
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Below we note the transitions induced by assertions are deterministic, hence can be
completely characterised by its partial traces.

Lemma O.11. Let T be a closed recursive assertion and write TY for the i —th un-
folding of T (starting from End). Then the union of all partial finite traces of T coincide
with the union of all partial finite traces of all T,

Proof. First for each i we immediately have the inclusion of the partial finite traces of
7 (@) in the partial traces of 7. Next any partial finite trace of 7 is surely inside 7,
thus as required. O

We now show the generation rules are provable by the extended validation rules (hence
in particular sound). This provablity result later leads to completeness.

Lemma O.12 (Provability by Validation Rules). If C;I'g -* erase(P) » A, then C,Ty -
P=A

Proof. We show each generation rules in Figure 15 is an instance of the corresponding
validation rule in Figure 14: if the assumption is read as a sequent with —% rather than
*, then the same holds for the conclusion, which is enough for the soundness of the
each rule in Figure 14.

[Sxp] By inductive hypothesis
C,To " P=A5,T @p (0.11)

and by Substitution Lemma, we have

Cle/7],To - Pe/7] =Al2/7] (0.12)
Also,
Co(Ca{v=2¢})e/v] (0.13)
trivially holds. Hence we can apply the extended validation rule [Snp] and obtain
the thesis.

[Rcv/RcvNaME] Easy by inductive hypothesis and straightforward application of ex-
tended validation rule [Rcv]. For the existential elimination, observe that:
1. all occurrences of the abstracted variable are in send/select and recursion in-
stantiation; and
2. all recursion instantiation is used in send/select inside the recursion body.
Thus existential elimination only anti-refines the given assertion, hence done.
[SNDNaME] By inductive hypothesis C,Tg =" P=A,§;7 @ p; since the assertion gen-
erated by [SnxoName] is C itself, we can apply [Snp] of extended validation and
obtain the thesis.
[SeL] The proof follows the case [Snp] considering that C D ( is a tautology. Note that
I in the validation rule is the singleton {}.
[BRA] As in [RcV].
[Acc] Immediate.
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[Mcast] By inductive hypothesis from C;Ty - erase(P) » A,§: 7 @ 1 it follows
CTo"P=AS5:T(a)l1@1 (0.14)
where I'(a) | 1 = 7. Hence, by [Mcasr]of extended validation, we have
C,To =" a[2..n](5).P=A (0.15)
which, because we have I'y,a : (T @ 1) =T, is equivalent to,
C,Tp,a:{T@1) " P=A (0.16)

as required.
[Ir] By inductive hypothesis we have

Cre™ PA (0.17)
and
CA—el Q=NA,. (0.18)
By Lemma O.8 we know
AMlUA DA A AlUA D A (0.19)
Therefore we have both
CrelF* P>AUA, (0.20)
and
CA—eF QA lUA, (0.21)

by applying rule [ConsEc]. By applying the extended validation rule [IFJwe are done.

[Conc] Similar to [IF], applying Lemma O.6.

[INacT, HIDE, VAR] Immediate from the corresponding validation rules.

[Rec] To prove this case, we consider substitution instance of the assumption of the rule,
with t instantiated into the corresponding recursive assertion in the conclusion. By
this we can apply the original (validation) rule for recursion, hence as required.

[DEL-OuT/DEL-OuT] Trivial by inductive hypothesis and straightforward application of
extended validation rule [SDEL] (resp. [RDEL]).

This exhausts all cases. O

If Ty (resp. I) is an assignment of shared names to sets of located endpoint as-
sertions (resp. global assertions) and A and A’ map tuples of sessions channels to lo-
cated endpoint assertions, we write {I'g,A) 3 (I',A") if (1) 'y conforms to I" and (2)
A(§) D A'($) for all § € dom(A).

Definition 0.13. We say that & is a concretising substitution if no predicate variables
occur in its codomain.

Lemma O.14 (Completeness via Refinement). Let C;Ig |= P =>Ag be an open judge-
ment. If C;Tg * erase(P) » A then there exists a concretising substitution & such that,
for any closing substitution G such that CG is true,
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— Ao is well asserted, and
- AQG 3 Ay, (thus C&;FO —P=>Ap).

Proof. By induction on the size of the process (we use the size of processes rather than
direct structural induction since we need to reason up to substitutions, even though we
can in effect use rule induction). In the proof below, we use typed labelled transition for
open processes, which stands for the family its instantiations into closed processes as
defined before.

[Acc/McasT] We show [Acc]. The proof for [McasT] is analogue. By hypothesis:
C:To = aip) (5).P A (0.22)

C;To +* aip (3).erase(P) » A (0.23)

By O.22 and one step of conditional simulation

C;To | P=Ag,§:To(a) lp@p. (0.24)
By inductive hypothesis
C,To+ erase(P) » A,§: T @pwhere['=1",a: 7 @p. (0.25)
and
' A5: T @p) D Ty,Ag,5:To(a) I p@p) (0.26)

which implies 7 3 I'g(a) [ p and A D Ay as required.
[SND] Assume we have:

C;To = s 1(e)(P){A}; P=Ag, 5 k!(v:5){A}; Ty @p (0.27)

C,To s /&) (¥);erase(P) ® A, §:k!(7:8){C AT =¢};T @p. (0.28)

Below for brevity we use asserted labelled transition for open processes, which
stands for the family its instantiations into closed processes as defined before. We
do not mention these substitutions since for each substitution the same reasoning
applies. We focus on the local assertion at §. Below 3 is extended to open assertions
First, from (O.27), we consider one-step (send) transition for the send action in
question, from (in fact under a closing substitution)

‘zl;cfore, model = k'(‘7 S) {A}; {ZE) @ p (029)
to
q;fter, model = rzE)[”Nl/ ‘7] @ P (0.30)
where 7 are the constants which satisfy A, such that
ki
{Eyefore, model g@ {Zzlfter, model (03 1)

Second, by C A {V = &} D A, the local assertion in (0.28) at §, i.e.

%efore,gen:k!(‘j:g){c/\ﬁ:é};{r@p (0.32)
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has the corresponding action, reaching:

q;lfter, gen — T[ﬁ/ﬁ] @ 1% (033)
such that
k)
{ZE)efore, gen > q;frer,gew (0.34)

Third, through (each instantiation of) the corresponding transition, the process itself
can also reach a term smaller in size, as:

s () P Pli/7] (0.35)

Note this process has the local assertion (0.33) at § (while at other linear/shared
channels being invariant), which is direct from the rule (here we use the observa-
tion that the generation rules are closed under substitution, which is immediate by
their shape). Thus, by induction hypothesis, (each substitution instance of) (0.33)
is stronger than (0.30), which, when combined for all closing substitutions, im-
plies (possibly open) (O.33) refines (possibly open) (0.30). Thus by the definition
of refinement we know (0.32) refines (0.29), as required.

[SEL/SND-DEL] Similar to [SND].

[Rcv] If the following two judgments hold

C:To = sk ?(0){A}; P Ao, 5 : k2(V){A}; T @p (0.36)
C;To s 2(P);erase(P) » I5(A), §:k2(P){P(D)}; T @p (0.37)

Let 6 = [7i/V] be a substitution such that C A Ac holds; by conditional simulation,
(0.36) implies that
CAAG Ty =Po=Ay,§: Toc@p (0.38)

holds. Also, by definition of generation rule, the following judgment must be used
in the derivation of (0.37)

CADW);To " erase(P) P A, §:T @p (0.39)

where ®(7) is a fresh predicate variable.

Noticing that applying!® substitution [A/®(¥)] to (0.39), by inductive hypothesis
we can conclude that there is a substitution & such that (A,5:7 @p)[A/®(¥)]Eo is
well-asserted, and that (A,§: 7 @p)[A/P(7)]Ec D Ao, : Zoo @ p. Since,

(K2(M{P(7)}; T @p)[A/D(7)]E0 = k?(P){A}; T[A/D(V)]S0 @p
then trivially
k2(0){AL T[A/@(7)]Ec@p D k?(V){A}; oo @p

To conclude the proof, we have to show that (35(A))[A/P(¥)]Ec D Ag; this is equiv-
alent to show that the predicates in output, select, and recursion types in 37(A) im-
plies the corresponding predicates in A under the substitution [A/®(7)]&o. In fact,

15 The substitution of predicate variables is syntactic and not capture-avoiding (e.g., Jv.x > 0 A
D(v)[v =x/P(v)] yields Jv.x > 0 A x =v.
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the assertions in 37(A) have the same shape as those in A but for the predicates
in output, select, and recursion types where variables 7 get existentially quantified.
For each of this predicates, say B, we have to prove that

35(B)[A/(7)]Ec = B[A/D(7)]Ec (0.40)

Assume that (0.40) does not hold, then we have B[A/®(7)]€c is false while the
hypothesis of (0.40) holds. Two cases are possible: either ®(¥) occurs in B or not.
In the former case, by inspection of the generation rules, ®(¥) has to occur in a con-
junction and not under any negation; hence, under the substitution [A/®(7)]Ec it
would be equivalent to true. For the same reason, the occurrences of ®(¥) in 37(B)
would be equivalent to true as ®(¥) is replaced by A and A[7i/7] holds by hypothe-
sis. This implies that also the antecedent of (0.40) is false, hence the contradiction.
If ®(¥) does not occur in B, then hypothesis and conclusion of (0.40) are equiva-
lent, hence we get a contradiction.

[Rcv-DeLL] Similar to [RCV].

[1F] Suppose that C;T =if e then Pelse QA and C,T " if e then erase(P) else erase(Q) » Ay.
Then we have

CresTopEP=A and CA—-eThEQ=A (0.41)
Cre"PP»A;, and CA—ebH QPA] (0.42)

where Aj U Af = Ay.

The thesis easily follows by the inductive hypothesis (as both A;, and Aj are well-

asserted and refine A under some substitutions hence we can invoke Lemma O.8).
[Conc] Assuming C;T' = Py | P,>A;, Ay with A; and A; disjoint, we have

CTEP=A; and CGTEP>A
By inductive hypothesis
C;T »erase(P)) - A} and C;T »erase(Py) - A,
where A1 D Aj and A} D A,. Therefore A}, A} D Ay, Ay,
[InacT] Immediate.

[HipE] By definition of visible process, each hide is followed by a send of the hidden
name. The proof proceeds as in the case of [SND]. Assumptions:

CT E (va)sg!(v){a){A};P=A S kI(v:S){A}; T @p (0.43)

C,T = (va)si!(v){a){A};erase(P) » Ag,§: k!(7:8){C AT =¢&};T)@p. (0.44)

By (0.43), note that for each ¢ |= C we have 6v — ec |= AG (here |= denotes
logical interpretation) and

ClsEPs=>A5:T[a/vlc@p. (0.45)
Hence for Substitution Lemma (Lemma L.2) for each substitution ¢

CIT'EP=A5:Tla/vlo@p. (0.46)
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By assumption (0.44) and construction rule
C,T' " erase(P) » Ag,§: D) @p. (0.47)
By inductive hypothesis
Ay, 5:Thy@p D A§:T[a/v]@p (0.48)
which implies the requested result by
CoAla/v] ie,Ca{v=a}>DA from (0.43). (0.49)

[Var] Straightforward.

[ReEc] We first present an informal argument: we know by induction the assumption
gives the strongest asseertion. Hence its instantiation by an appropriate substitu-
tion for the assertion variables concerned, gives the strongest assertion (recall these
variables are introduced at the time of the [VAR]). If the recursive process in the
conclusion ever satisfies an assertion, then P in the assumption also satisfies the as-
sertion if the assertion variables are instantiated into the corresponding recursive
asseritions (through the unfolding). Applying this observation to both the satisfying
assertion and the strongest assertion, we can reason, for each finite step, transitions
from (the finite unfoldings of) the strongest assertion refines (the finite unfoldings
of) the satisfying assertion.

Now write 3, for the refinement considered up to the n-length finite traces (since
transition is deterministic, considering traces and relating each node suffices). We
show for each n, the principal assertion refines a(ny) satisfied assertion. We carry
out the argument with a single target session for legibility, which immediately ex-
tends to the n cases. Assume:

C;T = uX{e,5(v,5).P=§: T @p (0.50)
and further assume:
C;T " uX{& 5y(v,5).erase(P)=5: T @p (0.51)
where by construction
T = ut(7)(2). Ti (0.52)

Now by construction we can also assume 7 is also a recursive assertion. By instan-
tiation, we observe:

C:To,X: (7: S)(¥yo @p - erase(P) » A,3: %(1) @p (0.53)
where 7(!) is the first unfolding of 7 and & is [End/t]. Since P has the same initial

finite transitions (up to reaching X) as uX{¢é, $)(7,§).P, this means up to some finite
n, we have

Vs, T (0.54)
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Because 3); is contravariant under substitutions, (0.56) serves as a basis, and by
instantiating (O.53) by them, we obtain:

TP Dy T (W=1) (0.55)
and so on, obtainin for any large m, we have
" 35, T (0.56)

By the determinacy of transitions induced by assertions, ‘7 is completely charac-
terised by the finite traces of uﬂb('). Thus we obtain:

T on T, (0.57)

as required.

This exhausts all cases. OJ

P

Full Validation Rules (with Delegation)

Figure 14 offers the full validation rules, adding to the rules in Figure 5 (in Page 9) two
rules for delegation.

Q

Generation Rules

Figure 15 presents the full generation rules including those for delegation.

We assume the standard bound name convention. In particular, each binding in-
troduced in the conclusion indicates that the corresponding bound variables/names
only occur in its scope.

For legibility we separate the send/receive rules to those which do not contain name
passing and those which only pass names.

In [RECV], (Iv)A prefix v to each predicate inside { and }, i.e. if we have {A} then
it is replaced by {(3v)A} then it sets

In [DEL-OUT] the assignment in the conclusion is defined iff A does not assign any
local assertion located at p’ for the session channels in 7.

Following Convention O.1, we assume the shape of recursions for the same sessions
or the sessions for the same shared type of the same role are always identical.
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CToyHPPAs:T@p To(a)lpDd T
C:To H alp1 (5).P ™ A

[acc]

CTy - PPAST@L To()I1 DT
C:ToFE PPA

[MCAST]

C:To=PP»AS:T@p
C:ToF s; (@@ P P A, §:kI(D{CArv=¢T @p

[SND]

CA®P®);T
C:To " s 2(9);P »

=
<1
~~
>
|
“n
=~
PR
~|
NPS
2
<1
=
—~~

C:ToFPP»AS:T@p
C:ToH il iy : T'@p');P » A5:k!(v: T'@p'){C}: T @p,i: T’

@ P/ [DEL-OUT]

CADPH);TgH PP»AST@p,7:T @p’ T 57"
CToH s2(7: 7" @p' );P P A5: k2 : T" @p'){@(%)}; T @p

[DEL-IN]

CToH PPAST@p Tygla)=G
C:To s ay(v);P » A5k (v:{G)){C} T @p

[SNDNAME]

CADPW);To,v:{(GYH PP»AS:T@p

CTo P 52(v: (G)):P » AF R0 (GO T @p OV NAME]
C:ToFPPAS:T@p [SEL]
C:ToF s;<,P Y A5 k®{C}H:T @p
CAD(1);To = P, »A,§:T,@p Viel [BRA]

C:To sk > {liz Plier ™ Wi {Ai}ier, §: k&{{®i(V;)}; : T} @p

CreTo - P P A Cr—elp- PPN [1F]

C;TygF ifethen Pelse Q » A ILIF A,

Gy P> A (i=1,2)
C:LoH P[Py »ALA

A end only
CToH0P»A

[conC] [INACT]

C;Tp,a:{GYF"PPA
C;To - (va:{(Gy)P »A

[HIDE]

[VAR]

C;To, X : (7: §)tN(7) @ py..t5(¥) @ py - X{(&5]..5,) ® wicicn§i:ti i ii=¢ A C)@p;

CiT0,X: (7: )N () @py. .50 @py - P » A, wicic,§i: T @py
C;Ty [ ,uX(E)(ﬁs] ..fn).P > A wici<nSi Z,utx<ﬁ = é>(17){true}.’fi @p;

[REC]

Fig. 13. Generation rules for programs
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CI'=P=A5:(I(a)[p)@p p>
C:T F alp) (§).P=A

1 [MAcC]

C'P=As5:(T(a@))@1
C;T'+a2.0(5).P=A

[MCAST]

' CoAlé/v] CTI'v Plé/v|=A5:T[é/v|@p Tk

e U
CTE s o DAL PoASRMALT@p  ONP]

CAATV:UFP>A §:T@p [RCV]
C:T 520 U){A}L,P=A, 5:K2(5:U){A}L T @p

CTHPA §:7@p
T s !0y : T'@q){A};P>A, 5:k(7: T'@q){A}; T @p, 7: T'@

[SDEL]
q

CAAT —P>A5:T @p, v: T'@q
C:TEs2(7: T'@q){A}; P=A, 5:k2(v : T'@q){A}: T @p

[RDEL]

I'—CoA; C;FI—PI>A,5:‘2}@p jel

CiT s <t{A};: P>A75:k@{{Ai}li3{Z;}iel@P[SEL]

CAA;T P >AS:T@p VYiel

L B
C:TF s> {{Ai};: f’,’},‘eIDA,Sik&{{Ai}l[:’Z;},'eI@p[ RA]

Cre;'EP>A CA—e; QA

CTffethen Pelse 0=A  LUFI

CT'EP=>A CT-QsA
CTHP|O=AN

A end only
CTHO=A

[Conc] [IDLE]

C;T,a:GHPr=A a¢fn(C,T,A)
C;TH (va: G)P=A

[HIDE]

T,[é/v],...,Tu[é/7] well-asserted and well-typed under I', v : U

Ci T X (5: )T, @py..2, @pg - X{o51. 500 551 : T, [6/7] @py,i5p T [e/7 @p, LV AR

C;I,X:(3:U)1 @p,.. 7, @p, I P>51:7 @p,..55: 7, @p,

O TF 1K1 300 (551 .50). P $1 T[] @ prsp: Ty [e/7] @ py IREC

C'.THPe=A CcoC AN>3A
C.I'P=>A

[CONSEQ]

Fig. 14. Validation rules for program phrases with delegation
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CToyHPPAs:T@p To(a)lpDd T
C:To H alp1 (5).P ™ A

[acc]

CTy - PPAST@L To()I1 DT
C:ToFE PPA

[MCAST]

C:To=PP»AS:T@p
C:ToF s; (@@ P P A, §:kI(D{CArv=¢T @p

[SND]

CA®P®);T
C:To " s 2(9);P »

=
<1
~~
>
|
“n
=~
PR
~|
NPS
2
<1
=
—~~

C:ToFPP»AS:T@p
C:ToH il iy : T'@p');P » A5:k!(v: T'@p'){C}: T @p,i: T’

@ P/ [DEL-OUT]

CADPH);TgH PP»AST@p,7:T @p’ T 57"
CToH s2(7: 7" @p' );P P A5: k2 : T" @p'){@(%)}; T @p

[DEL-IN]

CToH PPAST@p Tygla)=G
C:To s ay(v);P » A5k (v:{G)){C} T @p

[SNDNAME]

CADPW);To,v:{(GYH PP»AS:T@p

CTo P 52(v: (G)):P » AF R0 (GO T @p OV NAME]
C:ToFPPAS:T@p [SEL]
C:ToF s;<,P Y A5 k®{C}H:T @p
CAD(1);To = P, »A,§:T,@p Viel [BRA]

C:To sk > {liz Plier ™ Wi {Ai}ier, §: k&{{®i(V;)}; : T} @p

CreTo - P P A Cr—elp- PPN [1F]

C;TygF ifethen Pelse Q » A ILIF A,

Gy P> A (i=1,2)
C:LoH P[Py »ALA

A end only
CToH0P»A

[conC] [INACT]

C;Tp,a:{GYF"PPA
C;To - (va:{(Gy)P »A

[HIDE]

[VAR]

C;To, X : (7: §)tN(7) @ py..t5(¥) @ py - X{(&5]..5,) ® wicicn§i:ti i ii=¢ A C)@p;

CiT0,X: (7: )N () @py. .50 @py - P » A, wicic,§i: T @py
C;Ty [ ,uX(E)(ﬁs] ..fn).P > A wici<nSi Z,utx<ﬁ = é>(17){true}.’fi @p;

[REC]

Fig. 15. Generation rules for programs
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