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Abstract. This work proposes a dependent type theory that combines
functions and session-typed processes (with value dependencies) through
a contextual monad, internalising typed processes in a dependently-typed
A-calculus. The proposed framework, by allowing session processes to
depend on functions and vice-versa, enables us to specify and statically
verify protocols where the choice of the next communication action can
depend on specific values of received data. Moreover, the type theoretic
nature of the framework endows us with the ability to internally describe
and prove predicates on process behaviours. Our main results are type
soundness of the framework, and a faithful embedding of the functional
layer of the calculus within the session-typed layer, showcasing the ex-
pressiveness of dependent session types.

1 Introduction

Session types [26/14] are a typing discipline for communication protocols, whose
simplicity provides an extensible framework that allows for integration with a va-
riety of functional type features. One useful instance arising from the proof theo-
retic exploration of logical quantification is value dependent session types [27]. In
this work, one can express properties of exchanged data in protocol specifications
separately from communication, but cannot describe protocols where communi-
cation actions depend on the actual exchanged data (e.g. [I7, § 2]). Moreover,
it does not allow functions or values to depend on protocols (i.e. sessions) or
communication, thus preventing reasoning about dependent process behaviours,
exploring the proofs-as-programs paradigm of dependent type theory, e.g. [I8Ig].

Our work addresses the limitations of existing formulations of session types
by proposing a type theory that integrates dependent functions and session
types using a contextual monad. This monad internalises a session-typed calculus
within a dependently-typed A-calculus. By allowing session types to depend on -
terms and A-terms to depend on typed processes (using the monad), we are able
to achieve heightened degrees of expressiveness. Exploiting the former direction,
we enable writing actual data-dependent communication protocols. Exploiting
the latter, we can define and prove properties of linearly-typed objects (i.e.
processes) within our intuitionistic theory.

To informally demonstrate how our type theory goes beyond the state of the
art in order to represent data-dependent protocols, consider the following session
type (we write 7 A A for 3x:7.A where x does not occur in A and similarly 7 D A
for Vz:7.A when z is not free in A), T £ Bool D ®{t : Nat A 1,f : Bool A 1},



representable in existing session typing systems. The type T denotes a protocol
which first, inputs a boolean and then either emits the label t, which will be
followed by an output of a natural number; or emits the label £ and a boolean.
The intended protocol described by T is to take the t branch if the received value
is t and the £ branch otherwise, which we can implement as @@ with channel z
typed by T as follows:

Q £ z(z).case x of (true = z.t;2(23).0, false = z.f; z(true).0)

where z(x).P denotes an input process, z.t is a process which selects label t
and 2(23).P is an output on z. However, since the specification is imprecise,
process z(z).case x of (false = z.t;2(23).0, true = z.f; z(true).0) is also a type-
correct implementation of T' that does not adhere to the intended protocol. Using
our dependent type system, we can narrow the specification to guarantee that
the desired protocol is precisely enforced. Consider the following definition of a
session-type level conditional where we assume inductive definition and depen-
dent pattern matching mechanisms (stype denotes the kind of session types):

if :: Bool — stype — stype — stype
if trueAB = A if false AB = B

The type-level function above case analyses the boolean and produces its
first session type argument if the value is true and the second otherwise. We may
now specify a session type that faithfully implements the protocol:

T’ £ VYz:Bool.if x (Nat A 1) (Bool A 1)
A process R implementing such a type on channel z is given below:
R = z(x).case z of (true = 2(23).0, false = z(true).0)

Note that if we flip the two branches of the case analysis in R, the session is no
longer typable with T”, ensuring that the protocol is implemented faithfully.

The example above illustrates a simple yet useful data-dependent protocol.
When we further extend our dependent types with a process monad [31], where
{c + P« wj;d;} is a functional term denoting a process that may be spawned
by other processes by instantiating the names in ; and d;, we can provide more
powerful reasoning on processes, enabling refined specifications through the use
of type indices (i.e. type families) and an ability to internally specify and verify
predicates on process behaviours. We also show that all functional types and
terms can be faithfully embedded in the process layer using the dependently-
typed sessions and process monads.

Contributions. §[2]introduces our dependent type theory, augmenting the ex-
ample above by showing how we can reason about process behaviour using type
families and dependently-typed functions (§ . We then establish the sound-
ness of the theory (§ . § 13| develops a faithful embedding of the dependent
function space in the process layer (Theorem . § 14| concludes with related
work. This article is a long version of [34] containing omitted definitions, proofs
and additional examples.



Kinds K,K' ::= type | stype | Iz:7.K | Ht: K.K'
Functional 7,0 5= Hx:t.o | x:r.o |7 M | {u;:By;diAi - cAY | M K1 |10
Sessions A,B :=1A|A—-B|AQB |Vt A|3z:T.A| 1

| &{li: Ai} | ®{li: Ai} | Ae:m. A|AM | M:K.A|AB
Terms M,N =X e:7.M |{c+ P<+;;d;} | MN | z
Processes  P,Q :=¢(d).P | (vc)P |c(x).P|c{M).P|lc(x).P

| ccase{li = P} |c.;P|[c<d]|0]|c<+ M« uj;di; Q

Fig. 1. Syntax of Kinds, Types, Terms and Processes

2 A Dependent Type Theory of Processes

This section introduces our dependent type theory combining session-typed pro-
cesses and functions. The theory is a generalisation of the line of work relat-
ing linear logic and session types [4I27I31], considering type-level functions and
dependent kinds in an intensional type theory with full mutual dependencies
between functions and processes. This generalisation enables us to express more
sophisticated session types (such as those of §[l)) and also to define and prove
properties of processes expressed as type families with proofs as their inhabi-
tants. We focus on the new rules and judgements, pointing the interested reader
to [27U528] for additional details on the base theory.

2.1 Syntax

The calculus is stratified into two mutually dependent layers of processes and
terms, which we often refer to as the process and functional layers, respectively.
The syntax of the theory is given in Fig. |1 (we use z,y for variables ranging over
terms and t for variables ranging over types).

Types and Kinds. The process layer is able to refer to terms of the functional
layer via appropriate (dependently-typed) communication actions and through
a spawn construct, allowing for processes encapsulated as functional values to
be executed. Dually, the functional layer can refer to the process layer via a
contextual monad [31] that internalises (open) typed processes as opaque func-
tional values. This mutual dependency is also explicit in the type structure on
several axes: process channel usages are typed by a language of session types,
which specifies the communication protocols implemented on the used channels,
extended with two dependent communication operations Vz:7.A and Jx:1.A,
where 7 is a functional type and A is a session type in which z may occur. More-
over, we also extend the language of session types with type-level A-abstraction
over terms \x:7.A and session types At::K.A (with the corresponding elimina-
tion forms A M and A B). As we show in §[1} the combination of these features
allows for a new degree of expressiveness, enabling us to construct session types
whose structure depends on previously communicated values.

The remaining session constructs are standard, following [5]: !A denotes a
shared session of type A that may be used an arbitrary (finite) number of times;



A — B represents a session offering to input a session of type A to then offer
the session behaviour B; A ® B is the dual operator, denoting a session that
outputs A and proceeds as B; @{l; : A;} and &{l; : 4;} represent internal and
external labelled choice, respectively; 1 denotes the terminated session.

The functional layer is a A-calculus with dependent functions ITx:7.0, type-
level A-abstractions over terms and types (and respective type-level applications)
and a contextual monadic type {u;:Bj;d;:A; - c:A}, denoting a (quoted) process
offering session c:A by using the linear sessions d;:A; and shared sessions u;:5;
[31]. We often write {A} for {-;- F ¢:A}. The kinding system for our theory con-
tains two base kinds type and stype of functional and session types, respectively.
Type-level A-abstractions require dependent kinds ITz:7.K and ITt:K.K’, re-
spectively. We note that the functional connectives form a standard dependent
type theory [T1123].

Terms and Processes. Terms include the standard A-abstractions Az:7.M,
applications M N and variables x. In order to internalise processes within the
functional layer we make use of a monadic process wrapper, written {c < P +
;5 d; }. In such a construct, the channels ¢, u; and d; are bound in P, where c is
the session channel being offered and u; and d; are the session channels (linear
and shared, respectively) being used. We write {¢ - P < ¢} when P does not
use any ambient channels, which we abbreviate to {P}.

The syntax of processes follows that of [5] extended with the monadic elim-
ination form ¢ < M < uy; d;; Q. Such a process construct denotes a term M
that is to be evaluated to a monadic value of the form {c «- P < %j;d;} which
will then be executed in parallel with @, sharing with it a session channel ¢ and
using the provided channels u; and d;. We write ¢ + M <+ €;Q when no chan-
nels are provided for the execution of M and often abbreviate this to ¢ < M; Q.
The process ¢(d).P denotes the output of the fresh channel d along channel ¢
with continuation P, which binds d; (vc¢)P denotes channel hiding, restricting
the scope of ¢ to P; ¢(x).P denotes an input along ¢, bound to z in P; ¢(M).P
denotes the output of term M along ¢ with continuation P; lc(x).P denotes a
replicated input which spawns copies of P; the construct c.case{l; = P;} codi-
fies a process that waits to receive some label /; along ¢, with continuation P;;
dually, c.l; P denotes a process that emits a label [ along ¢ and continues as P;
[c <> d] denotes a forwarder between ¢ and d, which is operationally implemented
as renaming; P | @ denotes parallel composition and 0 the null process.

2.2 A Dependent Typing System

We now introduce our typing system, defined by a series of mutually inductive
judgements, given in Fig.[2] We use ¥ to stand for a typing context for dependent
A-terms (i.e. assumptions of the form z:7 or ¢t :: K, not subject to exchange),
I" for a typing context for shared sessions of the form u:A (implicitly subject
to weakening and contraction) and A for a linear context of sessions z:A. The
context well-formedness judgments ¥ + and ¥; A - require that types and kinds
(resp. session types) in ¥ (resp. A) are well-formed. The judgments ¥ + K,



v Context ¥ is well-formed.

v, Al Context A is well-formed, under assumptions in ¥.

UK K is a kind in context W¥.

Ukt K 7 is a (functional) type of kind K in context ¥.

UHEA:K A is a session type of kind K in context ¥.

UEM:T M has type 7 in context V.

U: I AR Pz A P offers session z:A when composed with processes
offering sessions specified in I" and A in context ¥.

UHK =K Kinds K; and K32 are equal.

UkEr=0:K Types 7 and o are equal of kind K.

VHFA=B: K Session types A and B are equal of kind K.

UEM=N:T Terms M and N are equal of type 7.

U A=A stype Contexts A and A’ are equal, under the assumptions in ¥.

U, I A P=Q::22:A Processes P and @ are equal with typing z:A.
Fig. 2. Typing Judgements

U1 Kand ¥ F A K codify well-formedness of kinds, functional and
session types (with kind K), respectively. Their rules are standard.

Typing. An excerpt of the typing rules for terms and processes is given in Fig.
and [4] respectively, noting that typing enforces types to be of base kind type
(respectively stype). The rules for dependent functions are standard, including
the type conversion rule which internalises definitional equality of types. We
highlight the introduction rule for the monadic construct, which requires the
appropriate session types to be well-formed and the process P to offer c:A when
provided with the appropriate session contexts.

In the typing rules for processes (Fig. |4)), presented as a set of right and left
rules (the former identifying how to offer a session of a given type and the latter
how to use such a session), we highlight the rules for dependently-typed com-
munication and monadic elimination (for type-checking purposes we annotate
constructs with the respective dependent type — this is akin to functional type
theories). To offer a session ¢:3z:7.A we send a term M of type 7 and then offer
a session c:A{M/x}; dually, to use such a session we perform an input along c,
bound to z in @, warranting a use of ¢ as a session of (open) type A. The rules
for the universal are dual. Offering a session c:Vx:7.A entails receiving on ¢ a
term of type 7 and offering c:A. Using a session of such a type requires sending
along c a term M of type 7, warranting the use of ¢ as a session of type A{M/z}.

The rule for the monadic elimination form requires that the term M be of
the appropriate monadic type and that the provided channels u; and ¥; adhere
to the typing specified in M’s type. Under these conditions, the process () may
then use the session ¢ as session A. The type conversion rules reflect session type
definitional equality in typing.



(II1) (IIE)
Uikrotype Yootk M:0o YEM:Hxito YEN:T
Uk p:m. M ITx:T.0 U+ MN:o{N/z}

{30 (Conv)
Vi, j W A;, Bj i stype Wiu;:Bj;ditAiF PucA YEM:7 UET=0:type
WF{C<—P<—1Tj;d7}:{uj:Bj;di:AZ-FC:A} UHM:o

Fig. 3. Typing for Terms (Excerpt — See Appendix |A.4)

(3R) (3L)

UMt U TAFPcA{M/z}y YETatype V,air; I5A,¢AFQ :d:D

U I AF e(M)3gira.P 3o A U I A e A e(x:).Q : d:D

(VR) (VL)

Ukriatype VY,or; [TAFP A UEMr O A cA{M/x}FQ ::d:D
U; I'; AF e(x:ir).P i eVoir. A U I A eNVNer A o(M)vyzira.Q = d:D

{}E)

A'=d;:B; uji:C;CTI' WEM:{uj:Cj;di:B; Fc:A} U;T5A cAFQ 20
U T A VA e M« 055755 Q :: 2:C
(ConvR) (ConvL)
U, IAFP:22A WHA=B:ustype U I'AFPizA U, T A =0T;A
U: I AR P z:B U: I AR Pz A

U, IAFP A U DA cAFQ::d:D

() G T A AT wo)(P[Q) = dD

Fig. 4. Typing for Processes (Excerpt — See Appendix [A.5))

Definitional Equality. The crux of any dependent type theory lies in its def-
initional equality. Type equality relies on equality of terms which, by including
the monadic construct, necessarily relies on a notion of process equality.

Our presentation of an intensional definitional equality of terms follows that
of [12], where we consider an intrinsically typed relation, including 8 and 7
conversion (similarly for type equality which includes 8 and 7 principles for the
type-level A-abstractions). An excerpt of the rules for term equality is given in
Fig. [5l The remaining rules are congruence rules and closure under symmetry,
reflexivity and transitivity. Rule (TMEqgS) captures the S-reduction, identifying
a A-abstraction applied to an argument with the substitution of the argument in
the function body (typed with the appropriately substituted type). We highlight
rule (TMEq{}7n), which codifies a general 7-like principle for arbitrary terms of
monadic type: We form a monadic term that applies the monadic elimination
form to M, forwarding the result along the appropriate channel, which becomes
a term equivalent to M.



(TMEqp) (TMEqn)
Uhkratype Yootk M:o YEN:7 UEM:Heiro x¢& fo(M)
Ut (Az:m.M)N = M{N/z}: o{N/x} UkEAprMe=M: Ilv:To

(TMEqa{}n)

Ut M:{u;:Bj;di:A; - c:A}
Uk {c+ (y <+ M;ug;dis [y < ) < ag;di } = M : {u;:Bj;di:A; F c:A}

Fig. 5. Definitional Equality of Terms (Excerpt — See Appendix [A.9)

U, I AFP:zzA P—Q WU, I ARQ:z:A
U, I AFP=Q:: z:A

(PEqRed)

(PEqvn)

U I';dVe:r. AF o(z).d(z).[d < ] = [d + ] eVair A

U IAFP:d:B VoA dBFQ::c:A

(PEqCCY) U, T A, A - (vd)(P | e(2).Q) = c(z).(vd)(P | Q) :: e:Vair. A

Fig. 6. Definitional Equality of Processes (Excerpt — See Appendix [A.10)

Definitional equality of processes is summarised in Fig. [f] We rely on process
reduction defined below. Definitional equality of processes consists of the usual
congruence rules, (typed) reductions and the commutting conversions of linear
logic and n-like principles, which allows for forwarding actions to be equated with
the primitive syntactic forwarding construct. Commutting conversions amount
to sound observational equivalences between processes [24], given that session
composition requires name restriction (embodied by the (cut) rule): In rule
(PEqCCY), either process can only be interacted with via channel ¢ and so post-
poning actions of P to after the input on ¢ (when reading the equality from left
to right) cannot impact the process’ observable behaviours. While P can in gen-
eral interact with sessions in A (or with @), these interactions are unobservable
due to hiding in the (cut) rule.

Operational Semantics. The operational semantics for the A-calculus is stan-
dard, noting that no reduction can take place inside monadic terms. The op-
erational (reduction) semantics for processes is presented below where we omit
closure under structural congruence and the standard congruence rules [4127I31].
The last rule defines spawning a process in a monadic term.

o(M).P | c(x).Q — P | Q{M/x} &(z).P | c(x).Q = (vz)(P | Q)
le(z).P | e(x).Q = le(x).P | (vz)(P | Q) ccase{li = Pi}|clj;Q— P | Q (I €1y)
(o) (P | [c < d]) — P{d/c} ¢t {e Peagidi} « W53dis @ — (vo)(P | Q)

2.3 Example — Reasoning about Processes using Dependent Types

The use of type indices (i.e. type families) in dependently typed frameworks
adds information to types to produce more refined specifications. Our framework
enables us to do this at the level of session types.



Consider a session type that “counts down” on a natural number (we assume
inductive definitions and dependent pattern matching in the style of [23]):

countDown :: ITx:Nat.stype
countDown (succ(n)) = Jy:Nat.countDown(n)
countDown z =1

The type family countDown(n) denotes a session type that emits exactly n num-
bers and then terminates. We can now write a (dependently-typed) function that
produces processes with the appropriate type, given a starting value:

counter : ITx:Nat.{countDown(z)}
counter (succ(n)) = {c + ¢(succ(n)). d < counter(n); [d <> c|}
counter z = {c+ 0}

Note how the type of counter, through the type family countDown, allows us
to specify exactly the number of times a value is sent. This is in sharp contrast
with existing recursive (or inductive/coinductive [19J32]) session types, where
one may only specify the general iterative nature of the behaviour (e.g. “send a
number and then recurse or terminate”).

The example above relies on session type indexing in order to provide addi-
tional static guarantees about processes (and the functions that generate them).
An alternative way is to consider “simply-typed” programs and then prove that
they satisfy the desired properties, using the language itself. Consider a simply-
typed version of the counter above described as an inductive session type:

simpleCounterT :: stype
simpleCounterT = @{dec : Nat A simpleCounterT, done : 1}

There are many processes that correctly implement such a type, given that the
type merely dictates that the session outputs a natural number and recurses
(modulo the dec and done messages to signal which branch of the internal choice
is taken). A function that produces processes implementing such a session, mir-
roring those generated by the counter function above, is:

simpleCounter : Nat — {simpleCounterT}

simpleCounter (succ(n)) = {c + c.dec; (vd)(d(succ(n)).0 | d(z).c(x).
d + simpleCounter(n); [d <> |}

simpleCounter z = {c + c.done; 0}

The process generated by simpleCounter, after emiting the dec label, spawns a
process in parallel that sends the appropriate number, which is received by the
parallel thread and then sent along the session c¢. Despite its simplicity, this
example embodies a general pattern where a computation is spawned in parallel
(itself potentially spawning many other threads) and the main thread then waits
for the result before proceeding.

While such a process is typable in most session typing frameworks, our theory
enables us to prove that the counter implementation above indeed counts down



from a given number by defining an appropriate (inductive) type family, indexed
by monadic values (i.e. processes):

corrCount :: ITx:Nat.ITy:{simpleCounterT }.type

corr,, : corrCountz{c + c.done; 0}

corry, : ITn:Nat.II P:{simpleCounterT}.corrCountn P —
corrCount (succ(n)) {¢ + c.dec; c¢(succ(n)).d + P;[d < |}

The type family corrCount, indexed by a natural number and a monadic value
implementing the session type simpleCounter, is defined via two constructors:
corr,, which specifies that a correct 0 counter emits the done label and terminates;
and corr,, which given a monadic value P that is a correct n-counter, defines
that a correct (n + 1)-counter emits n + 1 and then proceeds as P (modulo the
label emission bookkeeping).

The proof of correctness of the simpleCounter function above is no more than
a function of type ITn:Nat.corrCountn (simpleCounter(n)), defined below:

prf : ITn:Nat.corrCount n (simpleCounter(n))
prf z = corr,
prf  (succ(n)) = corr,, n (simpleCounter(n)) (prf n)

Note that in this scenario, the processes that index the corrCount type fam-
ily are not syntactically equal to those generated by simpleCounter, but rather
definitionally equal.

Typically, the processes that index such correctness specifications tend to
be distilled versions of the actual implementations, which often perform some
additional internal computation or communication steps. Since our notion of
definitional equality of processes includes reduction (and also commuting con-
versions which account for type-preserving shuffling of internal communication
actions [28]), the type conversion mechanism allows us to use the techniques
described above to generally reason about specification conformance.

We may also consider a variant of the example above which does not force
outputs to match precisely with the type index:

countDown’ :: ITx:Nat.stype
countDown’ (succ(n)) = Jy:Nat.countDown’ (n)
countDown’ z =1

The type countDown’ n will still require n outputs to be performed, but unlike
with countDown we do not enforce a relation between the iteration and the
number being sent. An implementation of such a type is given below, using
fundamentally the same code as for counter:

counter’ : ITz:Nat.{countDown’(x)}
counter’ (succ(n)) = {c + c(succ(n)).

d + counter’(n);

[d > c]}
counter’ z ={c+ 0}
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We may then use an heterogeneous equality (a special case of the so-called
John Major equality [20]) of the form

JMEq :: IT A:stype. Il B:stype. ITx:{ A}.ITy:{ B} .type
JMEqRefl : AA:stype. Ax:{A}.JMEq A Axx

to inductively show that the processes produced by counter and counter’ are
indeed the same.

eqs : IIn:Nat.JMEq (countDown(n)) (countDown’(n)) (counter(n)) (counter’(n))

eqs z = JMEqRefl 1 {c «+ 0}

eqs (succ(n)) = case (egsn) of {_ = JMEqREefl (countDown(succ(n)))
(counter(succ(n))))}

We note that the example above makes extensive use of dependent pattern
matching, using some implicit assumptions on its behaviour that have not been
formalised in this paper and are left for future work.

2.4 Type Soundness of the Framework

The main goal of this section is to present type soundness of our framework
through a subject reduction result. We also show that our theory guarantees
progress for terms and processes. The development requires a series of auxiliary
results (detailed in Appendix [B)) pertaining to the functional and process layers
which are ultimately needed to produce the inversion properties necessary to
establish subject reduction. We note that strong normalisation results for linear-
logic based session processes are known in the literature [3I32|28], even in the
presence of impredicative polymorphism, restricted corecursion and higher-order
data. Such results are directly applicable to our work using appropriate semantics
preserving type erasures.

In the remainder we often write ¥ F J to stand for a well-formedness,
typing or definitional equality judgment of the appropriate form. Similarly for
U, I'; AF J. We begin with the substitution property, which naturally holds for
both layers, noting that the dependently typed nature of the framework requires
substitution in both contexts, terms and in types.

Lemma 2.1 (Substitution). Let? + M : 7:

1. If U, xr, W' = T then O, W' {M/x} - T{M/x};
2. If U, x:m W', I A T then O, W' {M/x}; T{M/x}; A{M/x} - T{M/x}

Combining substitution with a form of functionality for typing (i.e. that substi-
tution of equal terms in a well-typed term produces equal terms) and for equality
(i.e. that substitution of equal terms in a definitional equality proof produces
equal terms), we can establish validity for typing and equality, which is a form
of internal soundness of the type theory stating that judgments are consistent
across the different levels of the theory.
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Lemma 2.2 (Validity for Typing). (1) If ¥ -7 K or W+ A :: K then
UHK; (2 IfUFM:7thenWt 7 ::type; and (3) If U; I'; A P i: z:A then
U+ A :: stype.

Lemma 2.3 (Validity for Equality).

L AfYEM=N:7thenWEM:7, UFN:7and ¥+ 7 type

L IfYbrr=0cuKthenVbFru K, VoK and¥FK

L IfYFA=B:KthenUFA:K,YFB:Kand¥+ K

L IfUEK=K thenWkFK and ¥+ K’

U AEP =Q iz Athen W, I AP o z2A, W AR Q o z:A and
¥ A stype

r A o~

With these results we establish the appropriate inversion and injectivity prop-
erties which then enable us to show unicity of types (and kinds).

Theorem 2.4 (Unicity of Types and Kinds).

1. IfUFM:7andW k- M:7 thenWhkT=17"":type

2. Ifybrr:Kand¥ k1 K thenW kK=K’

S IfU; I A PizzA and U T AR Pz A then WE A= A stype
4. IfUFA:K andV - A K then?k- K =K'

All the results above, combined with the process-level properties established
in [290285] enable us to show the following:

Theorem 2.5 (Subject Reduction — Terms). If¥+ M :7 and M — M’
then WM’ : 7

Theorem 2.6 (Subject Reduction — Processes). If¥;I; AF P :: z:A and
P — P’ then 3Q such that PP =Q and W;I'; A+ Q :: z:A

Theorem 2.7 (Progress — Terms). If¥ = M : 7 then either M is a value
or M — M’

As common in logical-based session type theories, typing enforces a strong
notion of global progress which states that closed processes that are waiting to
perform communication actions cannot get stuck (this relies on a notion of live
process, defined as live(P) iff P = (vn)(7.Q | R) for some process R, sequence of
names 7 and a non-replicated guarded process 7.Q). We note that the restricted
typing for P is without loss of generality, due to the (cut) rule.

Theorem 2.8 (Progress — Processes). If U;-;- b P :: ¢:1 and live(P) then
3Q such that P — Q
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3 Embedding the Functional Layer in the Process Layer

Having introduced our type theory and showcased some of its informal expres-
siveness in terms of the ability to specify and statically verify true data dependent
protocols, as well as the ability to prove properties of processes, we now develop
a formal expressiveness result for our theory, showing that the process level type
constructs are able to encode the dependently-typed functional layer, faithfully
preserving type dependencies.

Specifically, we show that (1) the type-level constructs in the functional layer
can be represented by those in the process layer combined with the contextual
monad type, and (2) all term level constructs can be represented by session-
typed processes that exchange monadic values. Thus, we show that both \-
abstraction and application can be eliminated while still preserving non-trivial
type dependencies. Crucially, we note that the monadic construct cannot be
fully eliminated due to the cross-layer nature of session type dependencies: In
the process layer, simply-kinded dependent types (i.e. types with kind stype)
are of the form Vz:7.A where 7 is of kind type and A of kind stype (where x
may occur). Operationally, such a session denotes an input of some term M of
type 7 with a continuation of type A{M/x}. Thus, to faithfully encode type
dependencies we cannot represent such a type with a non-dependently typed
input (e.g. a type of the form A — B).

3.1 The Embedding

A first attempt. Given the observation above, a seemingly reasonable option
would be to attempt an encoding that maintains monadic objects solely at the
level of type indices and then exploits Girard’s encoding [9] of function types
7 — o as ![t] — [o], which is adequate for session-typed processes [30]. Thus
a candidate encoding for the type ITx:7.0 would be Va:{[7]}.!/[7] — [o], where
[—] denotes our encoding on types. If we then consider the encoding at the level
of terms, typing dictates the following (we write [M], for the process encoding
of M : 7, where z is the session channel along which one may observe the “result”
of the encoding, typed with [7]):

[Ae:m.M].
[M NT.

wz)([M]e | 2{({[N]y}) 2 (=) (42" (y)- [Ny | [z < 2])

However, this candidate encoding breaks down once we consider definitional
equality. Specifically, compositionality (i.e. the relationship between [M{N/z}].
and the encoding of N substituted in that of M) requires us to relate [M{N/z}].
with (va)([M].{{[N]y}/=} | '2'(y).[N],), which relies on reasoning up-to ob-
servational equivalence of processes, a much stronger relation than our notion
of definitional equality. Therefore it is fundamentally impossible for such an en-
coding to preserve our definitional equality, and thus it cannot preserve typing
in the general case.

L
L
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Kind:

[type] £ stype [stype] £ stype
[Hx:r.K] 2 Dx:{[7]}.[K] [11t :: K1.K>] 2 [Tt:[K1].[K2]
Functional:

[Hz:r.o] = VaA{[r]}.[o] [{u;:Bj; di:B; - c:A}] 2 1[B;] — [B:] — [A4]
Derol  2xadldbel M) 2 [r] {[M].}
MaK.r] 2 Me[K].[7] [T o] 2 [ [e]
Session:

[Vo:7.A] 2 v {[7]}.[4] [Bz:7.A] 2 Je{[7]}.[4]
Derd]  EedlIHA] [AM] & [A]{[M].}
Terms:

[o:r.M]: £ z(z{[7]}).[M]-  [MN]: £ (va)([M]e | 2({[N]y}).[z ¢ 2])
[z]: 2y + z;[y & 2] [{z + P+ wj;d;}]. = 2(uo)... .. z(uj).z(do). .. .. z(dy).[P]

Processes:

[(vz)(P | Q)] = wa)([PI11QD) [0]=0 [z(y).(P|@)]=z).([P]] QD)
[=(M).P] =z ({[M],})-[P]  [=(y)-P] = x(y).[P]
le = M ;75 Q) = (vo)([M]e | &(w).(@i{ar).[ar <> o] | - |

&ldr)-([yr <> da] [ -~ [ E(dn).(lyn < du] [ [Q])---)

Fig. 7. An embedding of dependent functions into processes

A faithful embedding. We now develop our embedding of the functional layer
into the process layer which is compatible with definitional equality. Our target
calculus is reminiscent of a higher-order (in the sense of higher-order processes
[25]) session calculus [2I]. Our encoding [—] is inductively defined on kinds,
types, session types, terms and processes. As usual in process encodings of the
A-calculus, the encoding of a term M is indexed by a result channel z, written
[M], where the behaviour of M may be observed.

The embedding is presented in Fig. [7} noting that the encoding extends
straightforwardly to typing contexts, where functional contexts ¥, z:7 are mapped
to {[¥]},z:{[7]}. The mapping of base kinds is straightforward. Dependent
kinds IIz:7.K rely on the monad for well-formedness and are encoded as (ses-
sion) kinds of the form ITx:{[r]}.[K]. The higher-kinded types in the functional
layer are translated to the corresponding type-level constructs of the process
layer where all objects that must be type-kinded rely on the monad to satisfy
this constraint. For instance, Az:7.0 is mapped to the session-type abstraction
Az:{[7]}.[e] and the type-level application 7 M is translated to [7] {[M].}.
Given the observation above on embedding the dependent function type I1z:7.0,
we translate it directly to Va:{[7]}.[o], that is, functions from 7 to o are mapped
to sessions that input processes implementing [7] and then behave as [o] ac-
cordingly. The encoding for monadic types simply realises the contextual nature
of the monad by performing a sequence of inputs of the appropriate types (with
the shared sessions being of ! type).

The mutually dependent nature of the framework requires us to extend
the mapping to the process layer. Session types are mapped homomorphically
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(e.g. [A — B] £ [A] —o [B]) with the exception of dependent inputs and out-
puts which rely on the monad, similarly for type-level functions and application.

The encoding of M\-terms is guided by the embedding for types: the abstrac-
tion Az:7.M is mapped to an input of a term of type {[7]} with continuation
[M].; application M N is mapped to the composition of the encoding of M on a
fresh name x with the corresponding output of {[N],}, which is then forwarded
to the result channel z; monadic expressions are translated to the appropriate
sequence of inputs, as dictated by the translation of the monadic type; and,
the translation of variables makes use of the monadic elimination form (since
the encoding enforces variables to always be of monadic type) combined with
forwarding to the appropriate result channel.

The mapping for processes is mostly homomorphic, using the monad con-
structor as needed. The only significant exception is the encoding for monadic
elimination which must provide the encoded monadic term [M]. with the neces-
sary channels. Since the session calculus does not support communication of free
names this is achieved by a sequence of outputs of fresh names combined with
forwarding of the appropriate channel. To account for replicated sessions we must
first trigger the replication via an output which is then forwarded accordingly.

We can illustrate our encoding via a simple example of an encoded function
(we omit type annotations for conciseness):

[(Az.z) Az Ayy)l. = (we)([heale | c({[Ae-Ay-ylw}) [e < 2]) =
(we)(e(x).y =z [y < o] | c{w(@)w(y).d < y; [d < wl}).[c & 2])
=T 2(2).2(y).d + y;[d < 2] = [Dxdyy].

3.2 Properties of the Embedding

We now state the key properties satisfied by our embedding, ultimately resulting
in type preservation and operational correspondence. For conciseness, in the
statements below we list only the cases for terms and processes, omitting those
for types and kinds (see Appendix. The key property that is needed is a notion
of compositionality, which unlike in the sketch above no longer falls outside of
definitional equality.

Lemma 3.1 (Compositionality).

1w I AE [M{N/z}]. = [M]-{{[N]y}/x} :: 2:[A{N/z}]
2. U I A [PAM/z}] o z:[A{M/a}] iff &; I'; A - [PI{{[M]c}/a} = 2:[A[{{[M]}/=}

Given the dependently typed nature of the framework, establishing the key
properties of the encoding must be done simultaneously (relying on some auxil-
iary results — see Appendix .

Theorem 3.2 (Preservation of Equality).

1. If UM = N:7 then {[¥]};;- F [M]. = [N]. == z:[7]
2. If U; I A P =Q o z:2A then {[P]}; []; [A] F [P]) = [Q] :: 2:[A]
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Theorem 3.3 (Preservation of Typing).

1. If U B M :7 then {[¥]}; -+ [M], = z:[7]
2. If ;I A Pz A then {[P]}; [T]; [A] F [P] =2 2:[A]

Theorem 3.4 (Operational Correspondence). If ¥;I; A - P i z:A and
U= M:T1 then:

1. (a) If P — P’ then [P] =T Q with {[¢];[T];[A] - Q = [P'] :: 2:[A] and
(b) if [P] = P’ then P =1 Q with {[¥]}; [I']; [A] - P’ = [Q] :: z:[A]

2. (a) If M — M’ then [M], -+ N with {[¥]};;- = N = [M'], == 2:[r] and
(b) if [M], — P then M — N with {[¥]};;-F [N]. = P :: z:[7]

In Theorem 3.4} (a) is commonly referred to as operational completeness,
with (b) establishing soundness. As exemplified above, our encoding satisfies a
very precise operational correspondence with the original A-terms.

4 Related and Future Work

Enriching Session Types via Type Structure. Exploiting the linear logical
foundations of session types, [27] considers a form of value dependencies where
session types can state properties of exchanged data values, while the work [31]
introduces the contextual monad in a simply-typed setting. Our development
not only subsumes these two works, but goes beyond simple value dependencies
by extending to a richer type structure and integrating dependencies with the
contextual monad. Recently, [I] considers a non-conservative extension of linear
logic-based session types with sharing, allowing true non-determinism. Their
work includes dependent quantifications with shared channels, but their type
syntax does mot include free type variables, so the actual type dependencies
do not arise (see [I, 37:8]). Thus none of the examples in this paper can be
represented in [I]. The work [I7] studies gradual session types. To the best of
our knowledge, the main example in [I7), § 2] is statically representable in our
framework as in the example of §[I} where protocol actions depend on values
that are communicated (or passed as function arguments).

In the context of multiparty session types, the theory of multiparty indexed
session types is studied in [7], and implemented in a protocol description lan-
guage [22]. The main aim of these works is to use indexed types to represent
an arbitrary number of session participants. The work [33] extends [27] to mul-
tiparty sessions in order to treat value dependency across multiple participants.
Extending our framework to multiparty [16] or non-logic based session types [15]
is an interesting future topic.

Combining Linear and Dependent Types. Many works have studied the
various challenges of integrating linearity in dependent functional type theories.
We focus on the most closely related works. The work [6] introduced the Linear
Logical Framework (LLF), integrating linearity with the LF [II] type theory,
which was later extended to the Concurrent Logical Framework (CLF) [35],
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accounting for further linear connectives. Their theory is representable in our
framework through the contextual monad (encompassing full intuitionistic linear
logic), depending on linearly-typed processes that can express dependently typed
functions (§ [3).

The work of [I8] integrates linearity with type dependencies by extending
LNL [2]. Their work is aimed at reasoning about imperative programs using a
form of Hoare triples, requiring features that we do not study in this work such
has proof irrelevance and computationally irrelevant quantification. Formally,
their type theory is extensional which introduces significant technical differences
from our intensional type theory, such as a realisability model in the style of
NuPRL [I0] to establish consistency.

Recently, [§] proposed an extension of LLF with first-class contexts (which
may contain both linear and unrestricted hypotheses). While the contextual
aspects of their theory are reminiscent of our contextual monad, their framework
differs significantly from ours, since it is designed to enable higher-order abstract
syntax (commonplace in the LF family of type theories), focusing on a type
system for canonical LF objects with a meta-language that includes contexts
and context manipulation. They do not consider additives since their integration
with first-class contexts can break canonicity.

While none of the above works considers processes as primitive, their tech-
niques should be useful for, e.g. developing algorithmic type-checking and inte-
grating inductive and coinductive session types based on [28/32]19].

Dependent Types and Higher-Order w-calculus. The work [37] studies a
form of dependent types where the type of processes takes the form of a mapping
A from channels x to channel types T representing an interface of process P. The
dependency is specified as IT(z:T)A, representing a channel abstraction of the
environment. This notion is extended to an existential channel dependency type
X(x:T)A to address fresh name creation [36/13]. Combining our process monad
with dependent types can be regarded as an “interface” which describes explicit
channel usages for processes. The main differences are (1) our dependent types
are more general, treating full dependent families including terms and processes
in types, while [B736JI3] study only channel dependency to environments (i.e.
neither terms nor processes appear in types, only channels); and (2) our calculus
emits only fresh names, not needing to handle the complex scoping mechanism
treated in [36/13)]. In this sense, the process monad provides an elegant framework
to handle higher-order computations and assign non-trivial types to processes.
Acknowledgements. The authors would like to thank the anonymous re-
views for their comments and suggestions. This work is partially supported by
EPSRC EP/K034413/1, EP/K011715/1, EP/L00058X/1, EP/N027833/1 and
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A Appendix — Dependently-typed Calculus

A.1 Complete Rules for Dependently-Typed System

We recall the meaning of the several judgments of our type theory:

v+ Context ¥ is well-formed.

UK K is a kind in context V.

Ukt K 7 is a (functional) type of kind K in context ¥.

VEA: K A is a session type of kind K in context V.

UEM:T M has type 7 in context W.

U, I'AFP:z:A P offers session z:A when composed with processes according
to I and A in context W.

UK =K, Kinds K; and K are equal.

UVhr=0:K Types 7 and o are equal of kind K.

VFA=B: K Session types A and B are equal of kind K.

VEM=N:T1 Terms M and N are equal of type 7.

U, I A P =Q :: 2:A Processes P and @ are equal with typing z:A.

Well-formed Contexts We write - for the empty context. We write ¥, z:7 for
the extension of context ¥ with the binding z:7. We assume that x does not
occur in ¥. We use a similar notation for the session typing contexts A and I

UE UhkT:type W+ oK YE U, AR UEA::stype
-+ U, x:T Ut K+ U, A AF
UL ;' WHE A:: stype
U, I x:AF

‘Well-formed Kinds

v v+ UVerHFK Uhkrtotype VYot K WUET:istype
U I type W stype Ut ler.K Ut ler.K
UK Ut:KFK
Uk IIt:K.K'

A.2 Well-formed (Functional) Types
Uhkrtiotype Yotk otype Uhrtiutype Yoithon K

Ut Illx:T.0 :: type Uk viroo s e K
Tbreeok WkM:o Vihi¥EAjustype W Bjstype W A:stype
UkrM: K{M/x} Uk {u;:Bj;d;:A; F e A} i type
VEK VtiKFou K wrrat:KK Who:K
Uk MN:Koo:: Itz KK' Ubkro: K'{c/t}
tKev¥ YUk

Ukt K
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A.3 Well-formed Session Types

/- UH A:stype WHEA:stype WFE B::stype
UHE1:stype WE!A:: stype UH A — B::stype
UHEA:stype UEB:stype VYhErT:itype W, z:mH A::stype

UFA® B :: stype VU Va1 A :: stype

Utritype W, x:7H A::stype Vi.W = A; i stype

U da:1. A :: stype Ut &{l;: A;} i stype
Vi.W = A; i stype Ukriotype V,oitHACK
Ut ®fl;: A;} : stype Uk A e K
UEA:llor K VEM:7 UFEA:ZK UVFK=K'
UHAM: K{M/x} UEA:K
UK Az K UhEA:It:KK WrEB:K Wk t:KcWw
Uk M:KA: Tt KK UHAB: K'{B/x} Ukt K

A.4 Typing for A-Terms

(1) (IIE)
Ubkrotype VyoorEFM:o YEFEM:HOriro WEN:7T
Uk p:m M Ma:T.o UEMN :o{N/z}
(var) {0 -
UE mTeV¥ Vi, j¥EA;,Bjstype WiuiiBjiditAiEPcA
U xiT Uk {c+ P« uj;d;}: {u;:Bj;d; - A F c:A}
(Conv)
UEM:7 UkT=0:type
UEFEM:o
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A.5 Typing for Processes

(3R) (3L)
UkMr U, IAFP:cA{M/x} Wk T:type

U AE (M3 a P o e 3w A
(VR)

Ut T type

oo I A cAFQ ::d:D

U I A ec3er AF e(x:ir).Q i d:D
(VL)

Ut I AFP A OEMr U1 A cA{M/z} - Q ::d:D
U, I Ab o(x:r).P o eVer A U I AyeNer. A o Mvera.Q o d:D

(id) (1R) (1L)
U: '+ [PF A::stype v, I'+ ;AR P d:D
U, IdAb[d<cd scA W T-F0el U0 A ¢l PidD
(IR) (L) (copy)
.- P:ax:A UL u:A; A P d:D U Lu:A; Ay x:AE P d:D
U Iy Fle(x).PealA U0 A clAF Ple/u} 2 d:D Oy uwA; AF (ve)ulx). P d:D
(®R) (®L)

U, I A EP A U TAF Py e:B U, I A)x:A,e:BFEQ ::d:D
U A A - (va)elx).(Py | Pe) nccA® B W T A,¢A® BE e(x).Q : d:D
(—R) (—L)

U, I'yAx:AF P c:B U, A QA U, 1A, ¢:BE Qs d:D
U: I Ak c(x).P::ccA— B ;I A1, Ay, c:A — BF (va)e(x).(Q1 | Q2) :: d:D
(&R)

U, I AF Py oAy ... U TAF P, i Ay
U, I AF ccase(ly = Pj) et &{l:A;}
(®R) (L)
U, AR P cA; U, I A A FQy i d:D
U AR el P {l:A;}

(&L)
U, I A A Qo d:D
U I A e &4l A Fely; Q o d:D

LU A AL Qy i diD
U I A e @ {lj:Aj} - ccase(l; = Q) = d:D

(cuT) (cut')

U, I'AMEPxA U, 1A, AFQ d:D W, I';-FPuxA U, I uwAAFQ:d:D
U A, Ay - (va)(P Q) d:D U I A (vu)(lu(z).P | Q) = d:D
({1B)
A'=d;:B; uwji:C;CI WEM:{uj:Cj;di:B; Fc:A} W, T A x:AFQ::2:C
U T A VAR 2+ M+ 153755 Q = 2:C
(Convl)
U I AN FPuzA U T AN =0T A
U, I'yAEP::z:A

(ConvR)
U, I'yAF-P:z:A W A= B ::stype
U.I'y AP :: z:B
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A.6 Definitional Equality for Kinds

(KEaR) (KEqS) (KEqT)
Uk K UK =Ky VFKy=K;3 UFK,=K;
VK=K UK =Ks VK =K,
(KEqIT) (KEgKIT)
UkEr=0utype VyoorF K1 =K, VYFK =K; U, t:Ki+FKy=K,y
Ut e Ky = Hx:0.Ks UEIIt: Ki.Ko=1It:: K3.K4

A.7 Definitional Equality for (Functional) Types

(TEgR) (TEqT)
Uk Ttype Ukr=m:type WUk 1=r73:type
U7 =r7:type U1 =713 type
(TEqS) (TEqIT)
Uhko=71:utype VYk7T=7"utype W,z 0 =0 :: type
UkT=0:type Uk Iz:r.o = Hx:7' .0’ i type
(TEgA) (TEqApP)
Uhkr=7utype V,otrhFo=0"2K Vrkr=cullxr7 K WFM=N:1
Uk piro = \v:ir ol o K UbrM=0N :: K{M/x}
(TEaB) (TEqn)
V.orhou K YEM:7 Utoo:ller K x¢ fu(o)
UE Aeimo)M =oc{M/z}:: K{M/z} VtArirox=oc: HuTK
(TEa{})

Vi,j. WE A, =D;:stype WEC;=D;:stype ¥V A=DB :stype
Uk A{u;:Cj;disAs b Ay = {u;:D;;di:B; F c:B} :: type

(TEqTA) (TEqTApp)
W"Klng gﬂt:ZKl}_T:O'Z:Kg W"leo’l ZZHtZZKl.KQ W"TQZUQZKl
Uk MK T = M:Ky.o o To: K. K3 Ut 779 =0109 : Ko{ma/t}
(TEqTB) (TEqConv)
Ut:Kkr: K Uko: K Ubr=0cu:K VYFK=K'

U (M:K.1)o=1{c/t}: K'{c/t} Ubkr=0:u:K'
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A.8 Definitional Equality for Session Types

(STEgR) (STEqQS)
U F A :: stype VU F B=A:: stype
UHA=A:stype VHE A=B::stype

(STEqQT) (STEq!)
VEFA=B:stype VFB=C:stype Wk A=B ::stype
U A=C: stype U 1A =B :: stype
(STEq—o) (STEq®)
UEA=C:stype VFB=D:stype WFA=C:stype WFE B=D :: stype
VEFA—oB=C—D ::stype VEFA®RB=C®D ::stype
(STEQV) (STEq3)
Uhkr=7utype VU,o:r-A=DB:stype Wk71=1:1utype ¥, x:7+ A= B :: stype
VU b Vao:r. A =Vao:7'.B :: stype ¥+ Jx:m. A = J1:7'. B :: stype
(STEq&) (STEq®)
ViW - A; = B; :: stype Vi.W + A; = B; :: stype
O+ &{li:Ai} = &{li:Bi} = stype W E ©{li:A;} = ©{l;:B;} = stype
(STEq)) (STEqApp)
Uhkr=7utype Vor-FA=B:K VrFA=B:Ilx1tK VFM=N:1
Uk o A= i’ .B Mo K UHEAM=BN :: K{M/x}
(STEqB) (STEqn)
VerHFA2K YEHEM:7 UEA: ot K z ¢ fo(4)
Uk (Aem A)M = A{M/z} :: K{M/z} VtE emAe=A: e K
(STEqTN) (STEqTApp)
VK =Ky, VYV t:KiFA=B: Ky VYFA=C:It:K,. Ky Y+FB=D:K,
UMK A= M:Ky.B:: [Te: K. K3 Ut AB=CD : Ky{B/t}
(STEqTB) (STEqConv)
Ut:KFA:K UFB:K VFA=B:K V+FK=K

VU (M:K.A)B = A{B/t} :: K'{B/t} UVFA=B: K
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A.9 Definitional Equality for A-Terms

(TMEQR) (TMEqS) (TMEQT)
UE-M:T WFN=M:7 WFM=N':17 W-N =N:71
VFM=M:7T VFM=N:T1 UVEFM=N:T1
(TMEgA)
(TMEqVar) Uk e:r Moo WEMr' N o' .o
Uk xreV¥ Uk Ivro=IHxr'.o :type V,xr-M=N:o
Ubkaex=x:T Uk e:r M= X\x:7'.N : [Iz:T.0
(TMEqApp) (TMEqp)
VEM=M :lrro YFN=N':7 [Wkr:utype] Y,o:r-M:0 WEN:T
UVEMN=M N":0{N/x} Uk (Ae:tM)N = M{N/z} : c{N/z}
(TMEqn)

UEM:Iero x¢ fo(M)
Ut e Mxz=M: IIx:T.o

(TMEq{}n)
UEM:{u;:B;;di:A; F c:A}
Uk {c+ (y« M;ug;di; [y < o)) < uy3d;} = M : {u;:Bj;d;: A; F A}
(TMEq{})
Vi, j.W & Bj ::stype Wi A, :stype] Wiu;:Bj;diA;FP=Q:cA
Uk {c+ P+ uj;di} = {c+ Q«uy;d;} : {u;:Bj;d;: A; F A}
(TMEqgConv)
UV-EM=N:7 UkT1=0:type
VFM=N:o




A.10 Definitional Equality for Processes

B

We use ¥ F J to signify any of the judgments ¥ - K, W - A= K,V F 7

(PEqRefl) (PEgS)

U, AR Pz A U, IAFQ=P:z:A
U, '’ AbkP=P:zA U, I AFP=Q:zA
(PEqT)

U I’ AFP=Q:zA UV;IAFQ=R: z:A
U, [ AFP=R: z:A

U, I'’ AFP:zzA P—>Q U, I;AFQ:: z:A
U, IAFP=Q: z:A

(PEqVn)

U, I dVer. A b e(z).d{z).[d < ¢ = [d < ¢ i eV A

U: AP d:B VoI A, dBFQ::cA
(PEQCCY)

U I A A (vd) (P | e(2).Q) = c(z).(vd)(P | Q) = e:Va:T. A
(PEGVR)
U, I AR z(er). P aNer A W T A 2(0:7).Q i 2V2:r'. B
U FVrr A=V .Bstype W,z [AFP=Q ::z:A
U, AR z(e:7). P = 2(0:7).Q 2 2V A

(Other congruence, 17 and CC rules)

Type Soundness
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K

and respective definitional equality judgments. We use ¥; I'; A+ 7 in a similar
fashion.

Lemma B.1 (Subderivation Properties).

NS O oo~

Every derivation of W = J has a proof of W = as a sub-proof.

Every derivation of ¥, x:7 & has a proof of ¥ F 7 :: type as a sub-proof.
Every derivation of W,t::K & has a proof of W F K as a sub-proof.
Every derivation of U, x:K & has a proof of W - K as a sub-proof.
Ifovbr-r2Kor¥k A K thenV - K

IfUFM:7 then Wk T type

IfU;I'; AE P :: z:A then W = A :: stype

Proof. By induction on the given derivation.

Case: Kind well-formedness

Straightforward by induction.

Case: Functional type well-formedness

Straightforward by induction.

Case: Session type well-formedness

Straightforward by induction.
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Case: Typing for terms
Straightforward by induction. Base-case is immediate.
Case: Typing for processes
Straightforward by induction. Base-cases are immediate.
Case: Kind equivalence
Straightforward, base case is reflexivity (from i.h. for well-formedness).
Case: Type Equivalence
As above.
Case: Session type equivalence
As above.

Lemma B.2 (Weakening). If¥tF and @'+ and W C U’ then:

1. Y+ TJ impliesW' = J
2., AR T impliesW'; T A T

Proof. Straightforward induction on the given derivation.
Lemma 2.1 (Substitution). Let W F M : 7:

1. If U, x:r, W' = T then O, W' {M/x} - T{M/x};
2. If U, x:m W', I A T then W, W' {M/x}; T{M/x}; A{M/x} - T{M/x}

Proof. By induction on the second given derivation. We show only some illus-

trative cases.

Case: TypeAppWF

U, o, W' 7 o [y:0o. K and U, 2:7, %' - M : o by inversion
U bt { M)z} Hy:o{M/x} K{M/x} by i.h.
v = M{M/z}:o{M/z} by i.h.
U - {M/x} M'{M/z}: K{M'/y}{M/x} by TypeAppWF

Case: KindConv

U, Wkt Kand ¥, o:m, W' - K =K' by inversion
U r{M/z}:: K{M/xz} by i.h.
U, - K{M/z} = K'{M/z} by i.h.
U= r{M/z}:: K'{M/x} by KindConv
Case: Var

Subcase: x =y

vEM:T by assumption
OO {M/z}FM:T by weakening

Subcase: x # y

U, o, Wy oy’ by weakening and Var

Case: TEqQ



27

V.o,V yr' o Kand ¥, x:m, W' - M . 7/ by inversion
U {M/x}, gy’ {M/x} - o{M/x} :: K{M/x} by i.h.
OO {M/x} - M'{M/z}:7'{M/x} by i.h.
W WM /x} = Ny {M/a}.o{M/x}) M'{M/z} ==U{A4/x}{ﬂ47{ﬂiffi4§%8
y TEq

Case: TEqn

U oe:r,W'to oy K and y € fu(o) by inversion
U W {M/x} b o{M/x}:: Hy:7'"{M/x} K{M/x} by i.h

2 K{M' Je}{M{M/x}/y}

UM/} b Ay’ {M/x}.(c{M/z}y) = c{M/z} : Hy:7'{M/x}. K{M/z} by TEqn

Case: PEqRed

U, o:r, W AR Piz:A, P —*Qand ¥, z:7, W I'; A Q :: z:A by inversion

U U {M/c}; T{M/x}; A{M/z} - P{M/x} :: z2A{M/x} by i.h.
U {M/x}; T{M/x}; AAM/x} b Q{M/x} :: 22 A{M/x} by i.h.
P{M/x} —=* Q{M/x} by compatibility of reduction with substitution

U {M/x}; T{M/x}; A{M/z} - P{M/xz} = Q{M/x} :: z:A{M/x} by PEqRed

Lemma B.3 (Type Substitution).

1. Ifvk7 K and O, t: K, W' = J then O, 0'{r/t} - T{7/t};

2.IfU b1 K and U, =K, W', ' AF J then O, W' {r/t}; T{r/t}; A{r/t} F
J{7/t}

3. IfYrFA:K and W, t:K, W'+ J then O, W'{A/t} - T{A/t};

4. IfO A K and Ut K, W', A T then O, W' {A/t}; T'{A/t}; A{A/t}

Lemma B.4 (Context Conversion).
Let W,o:t - and ¥ = 7 o K. IfV,o:r = J and ¥ - 7 = 7 :: K then
v = J.

Proof. Straightforward from the properties above.

U, o7 b ot by variable rule
Uk =7:K by symmetry
V. x:r' b ar by conversion
U x':itFafa [z} renaming assumption
U, 2l b oafa’ /x} by weakening
U, x:r' b afe’ fe}{x/2'} by substitution
Ut - a by definition

Lemma B.5 (Context Conversion — Processes). Let ¥, v:7; Ab, W x:r; T -
and W F 1 type. If U, o I AR T and W17 =1" i type then W, x:7; [ A+
J

Proof. Straightforward by Lemma [B-4]

Lemma B.6 (Context Conversion — Types). Let ¥, t:K F and ¥ - K'. If
Uit:K+J and P+ K =K' thenW,t:K' -7
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Proof. Identical to Lemma [B.4]

Lemma B.7 (Functionality of Typing).
Assume WM =N:7,Yb-M:7 and ¥+ N : 7:

LI e, WM 1 then W W {M/x} = M{M/x} = M'{N/x} : 7'"{M/x}
IO e, U T K then O, W {M/x} b 7'{M/x} = 7'"{N/x} :: K{M/z}
IO, W' A K then U, W' {M/x} - A{M/x} = A{N/z} :: K{M/x}

Dl W DO M~

P{N/xz} :: zzA{N/x}
5. If U, xir, W' = K then O, W' {M/x} v K{M/x} = K{N/x}

Proof. By induction on the given typing derivation.

Case: U, z:7,¥' I x:7 by variable rule

VEFM=N:T1 by assumption
VU {M/z}FM=N:T by weakening

Case: ¥, z:7, V' b y:o with y:0 € ¥ or ¥’

y:o €V oryo{M/z} eV {M/x} by definition
U {M/z}Fy=y:0{M/x} by reflexivity

Case: ¥, z:7,W' + My Ny : 0o{No/y} from ITE

U {M/x} b Mo{M/x} = Mo{N/x} : Hy:01{M/z}.co{M/z} by i.h.
U W' {M/x} b No{M/x} = No{N/x} : o1{M/z} by i.h.

IO T W T AR P 22 A then W W {M x}; T{M/z}; AAM /z} = P{M/x} =

WM/} = Mo{M/x} No{M/x} = Mo{N/x} No{N/x} : (co{M/x}){(No{M/x})/y}

by TMEgApp rule

Case: ¥, z:7, W' b \y:19.My : ITy:79.71 by II1 rule

U W' {M/x} b ro{M/x} = 1o{N/z} :: type by i.h.
U {M/x},y:mo{M/x} b Mo{M/x} = Mo{N/x}: m{M/x} by i.h.
U {M/x} b mo{M/z} :: type by substitution lemma
U W' {M/z} b ro{M/z} = 1o{M/z} :: type by reflexivity
U U {M/z} F ro{N/x} = ro{M/zx} :: type by symmetry

U W {M/x} b dy:mo{M/x}. Mo{M/x} = Ay:1o{N/x}.Mo{N/z} : Hy:7o{M/x}.71{M/x}

by TMEgA rule
Case: U, z:7,W' + {c« P« uj;d;} : {I'; At c:A} by {}]

U {M/x}; T{M/x}; A{M/z} - P{M/z} = P{N/z} :: c:A{M/x} by i.h.
U W' {M/x} - Aj{M/z} :: stype by substitution lemma
VW' {M/x} - Bi{M/z} :: stype by substitution lemma
Conclude by TMEq{} rule
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Case: ¥, z:7,¥' + My : 79 by conversion rule

U W {M/x} = Mo{M/x} = Mo{N/x} : T{{M/x} by i.h.
U W {M/z} F1o{M/x} = 7){M/x} :: type by substitution lemma
U {M/x} = Mog{M/x} = Mo{N/x} : 1o{M/x} by conversion rule

Case: ¥, z:7, V' + ITy:19.71 :: type by II formation rule

U W {M/x} b ro{M/x} :: type by substitution
U {M/x}, yro{M/x} b 1{M/x} = 1 {N/x} :: type by i.h.
U {M/x} b ro{M/z} = 10{N/z} :: type by i.h.

U {M/x} b Oymo{M/z} i {M/x} = Hy:1o{N/x}. 71{N/z} :: type
by II formation rule

Case: ¥, z:7, V' + \y:1g.0 i ITy:19. Ky by A formation rule

U W {M/x} b ro{M/x} = 1o{N/z} :: type by i.h.
U U {M/x}, y:mo{M/z} b o{M/x} = c{N/z} : Ko{M/x} by i.h.

U {M/x} b dyimo{M/x}.o{M/x} = Ay:mo{N/z}.c{N/x} : Hy:mo{M/x}.Ko{M/x}

by A formation rule
Case: ¥, z:7,¥' 79 My :: Ko{M/y} by type application formation rule

U U {M/x} b ro{M/z} = 1o{N/x} :: Hy:m1{M/x} Ko{M/x} by i.h.

U U {M/x} b My{M/x} = Mo{N/z} : m{M/z} by i.h.

U {M/x} b ro{M/x} Mo{M/x} = 1o{M/x} Mo{M/z} :: Ko{My/y}{M/x}
by type app. formation rule and def. of substitution

Case: {} formation rule
Straightforward by i.h.

Case: ¥, 1:7,¥' F 19 :: Ky by conversion rule

U {M/x} b ro{M/z} = 1o{N/z} :: K;{M/x} by i.h.
U U {M/x} b K1{M/z} = Ko{M/x} by substitution lemma
U U {M/x} b ro{M/z} = 10{N/z} :: Ko{M/z} by conversion

Case: ¥, z:7,0'; ' AF ¢(My). Py :: ¢:Fy:19.Ap by IR

W, {M/z} - Mo{M/a} = Mo{N/z} : o{ M/} by i.h.
W, W M)z} T{M/z}; A{M/a} b Py{M/z} = Py{N/z} :: e:Ao{ My /yb}{J_\i/x}
v i.h.

Conclude by PEq3R
Case: ¥, z:7, V' [, A y:Fw:0. A+ y(w:o).Py :: 2:C by IL

v, UM /z} wio{M/x}; I{M[x}; A{M/w}, y:A{M/x} & Po{M/x} = Po{N/z}

by i.h.
VW' {M/z}Fo{M/x} :: type by substitution lemma
Conclude by PEq3L

wz:C{M/x}
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Case: VU, z:7,¥';I'; A+ P :: 2:B by ConvR

U U {M/x}; T{M/x}; A{M/z} - P{M/x} = P{N/z} :: z2A{M/x} by i.h.
U W' {M/x} b A{M/x} = B{M/z} :: stype by substitution lemma
U {M/x}; T{M/z}; A{M/x} = P{M/z} = P{N/z} = zB{é\/I/x} .

y conversion

Remaining cases follow similar patterns, relying on the inductive hypothesis
and the substitution lemmata.

We omit the analogue functionality property for type substitution.

Lemma B.8 (Inversion for Products).

1. If U F zx:r.0:: K then W 7 :: type and ¥, x:7 - o :: type
2. If U Hx:m. K thenW k7 :type and ¥V, x:7 F K

Proof. (1) follows straightforwardly by induction on the given derivation. (2) is
immediate by inversion.

Lemma B.9 (Inversion for V3).

1. If U EVr:r.A:: K then W F 7 :: type and U, x:7 F A :: stype
2. If U 3de:m.A: K then W+ 7 :: type and W, x:7 - A :: stype

Proof. Straightforwardly by induction on the given derivation.
Lemma 2.3 (Validity for Equality).

IfOFM=N:7TthenW+M:7, UV N:7and ¥ F 7 :: type
Ifvbtr=c:2KthenWbt717: K, VFo: K and¥FK
IfUy-A=B:KthenVFA: K, VFB:K and¥VF K

IfY K=K thenV+ K and ¥ + K’

IfU:I'AFP=Q: zA then ;AR P = z2A, U, T AFQ i z:A and
¥ A ::stype

SARSINCIE T

Proof. By simultaneous induction on the given derivation.
Case: TMEgR

UEM:T by inversion
U7 type by subderivation lemma

Case: TMEqS and TMEqT
Immediate by i.h.

Case: TMEgA
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UEAerM: He:r.o, W E A’ N x:7'.o/, O+ Mx:m.0 = Hx:7'.0" :: type

and ¥V, x:tE-M =N :o0 by inversion
VorkEM:o,V,x:tHN:oand ¥, x:7 - o :: type by i.h.
Ut IIz:7.0 :: type, ¥ F IIx:7".0" :: type and ¥ + type by i.h.
Uk Aer M z:r.o by (II1)
U 7' N e’ 0! by (IIT)
Ut A\t N : Hx:t.0 by conversion (and symmetry)

Case: TMEqApp

UbEM=M:IxrocandP+N=N'":7 by inversion
UbbM:ero,WE M :Iz:m.o0 and ¥ - ITz:7.0 :: type by i.h.
UEN:7, N :7and ¥ F 7 ::type by i.h.
U x:T o type by inversion for products
Ut o{N/x} :: type by substitution
Ut MN:o{N/z} by (IIE)
UEM N :c{N'/x} by (IIE)
Uk o{N/x} =c{N'/x} :: type by functionality
UEMN :0{N/x} by conversion (and symmetry)
Case: TMEqp
Uk eerM:HHe:ro,WEN:Tand ¥,:7-M : o by inversion
UF Azim.M)N :o{N/z} by (ITE)
Ut Ilx:T.0 :: type by subderivation lemma
Uk 7:typeand ¥, z:7 F o type by inversion for products
Uk o{N/x} :: type by substitution
Ut M{N/x}:c{N/x} by substitution

Case: TMEqn

UEM:IllxT.o by inversion
Uk pr.(Ma): Her,o by (ITE), (var) and (II1)
Uk IIx:T.0 :: type by subderivation lemma

Case: TMEq{}

U, I AP =Q: cA by inversion
U, I AEP AU, T AFQ - c:Aand U - A :: stype by i.h.
Ub{c+ P+ ...} : {5 AF c:A} by {}I
Uk{cQ+«+ ...} :{AF A} by {}I
U;I'tand ¥; A+ by subderivation lemma
U AR c:A} by {} well-formedness

Case: TMEq{}n

UEM:{I;AF c:A} by inversion
UH{AF A} by subderivation lemma
Typing follows straightforwardly
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Case: TEqR

Straightforward by subderivation lemma.

Case: TEqQS and TEqT
Straightforward by i.h.

Case: TEqIT

Ubkr=1":typeand ¥,xz:7 - 0 = o’ :: type

by inversion

U7 type, U 7/ i type and W F type by i.h.
U, T o type, ¥, x:T F o i type and W, x:7 F type by i.h.
Ut Ilx:T.0 :: type II rule
U, 7' F o’ i type by context conversion
Ut IIz:7.0" :: type by IT rule

Case: TEgA

Ubkr=7utypeand ¥, z:rFo=0" = K

by inversion

Ut T:type, ¥ F 7/ type and ¥ | type by i.h.
UVaorhkou: K, U,zotrho' o Kand ¥, z:7 - K by i.h.
Uk ero s He:r. K by A rule
V.ot ko K by context conversion
UAp:t' .o o He:m' K by A rule

Uk ool e K
U+t K

Case: TEqApp

Uhr=culrr Kand¥+-M=N:7

by conversion
by II well-formedness rule

by inversion

Ubroler K, ko7 Kand ¥ Izt K by i.h.
UrEM:7, FN:7 and ¥ F 7' type by i.h.

UErM:K{M/x}
UkoN:K{N/z}
U.or F K

U+ K{M/z} = K{N/z}
UtoN:K{M/x}
UEK{M/x}

Case: TEqQ

Vrerko:KandWkHM:T
Uk o s e K

Ut (Aeiro)M :: K{M/z}
Uto{M/x}:: K{M/x}

U etk K

U+ K{M/x}

by app. wf rule

by app. wf rule

by inversion for products
by functionality

by conversion

by substitution

by inversion

by II rule

by app. rule

by substitution

by subderivation lemma
by substitution
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Case: TEqn
Uko:ller K by inversion
Uk Apr.(ox) = Her. K by wf rules
Ukt K by subderivation lemma

Case: TEq{}
Straightforward by i.h.

Case: (3) is identical to (2), appealing to inversion for V3 as needed.
Case: PEqRefl

Immediate 4+ subderivation lemma.
Case: PEqT and PEqS

i.h.
Case: PEqRed

U, I AFE P zzA, P> Qand ;I AFQ :: z:A by inversion
U F A :: stype by subderivation lemma
Case: PEqVR

Straightforward by i.h.
Case: PEqVL

Uk My=M :7and &; T Ay A{My/y} - Py = Qo :: 2:C by inversion
U I Ay A{My Jyt = Py 2:C, O3 T Ay A{Mo [y} = Qp i: 2:C

and ¥ + C' :: stype by i.h.
UkMy:7, W M;:7and ¥ & 7 ::type by i.h.
U, T Ay aVy:m. A (M) Py = 2:C by VL
U, A e:Vy:T. A by subderivation lemma
U Vy:T. A i stype by definition
U, y.T = A stype by inversion for v3
U= A{My/y} = A{M;/y} :: stype by functionality
U E A{M,/y} :: stype by substitution
U, Ty Ay A{My Jy} F Qo i 2:C by context conversion rule
U I Ay eVy:m. AE x(My).Q = 2:C by VL

Case: PEqConvR

U, IAFP=Q: zzAand ¥+ A= B :: stype by inversion
U, I AE Pz A U T AR Q c: z:A,

¥ A stype and ¥ | B :: stype by i.h.
U, ')A+ P :: z:B by PEqConvR

U I AFQ :: z:B by PEqConvR



34

Remaining cases are identical.

Theorem B.10 (Functionality for Equality). Assume W+ M = N : 7:

1. If Wzt Mg =M : 0 then W F My{M/x} = Mi{N/x} : c{M/z}

2. If U, x:itk oy =09 K then Wt o1 {M/x} = 09{N/x} :: K{M/x}

3. IfU,x:rk A= B :: K then W+ A{M/x} = B{N/x} :: K{M/x}

4. If W, x:m - Ky = Ko then O F Ky {M/x} = Ko{N/x}

5. If Wamy I A P =Q i z2A then O, T{M/x}; A{M/z} = P{M/x} =

Q{N/x} :: z2A{M/x}
Proof. (1)
V.ot My=M, :0 assumption
VEFM=N:rT1 assumption
UEM:7,FN:7and ¥ F 7 :: type by validity
V.ot My:0,¥,x:tH My :0 and ¥, x:7 F o :: type by validity
U E My{M/x} =M {M/z}:c{M/z} by substitution
U+ MA{M/x} = Mi{N/x}:o{M/z} by functionality
U+ M{M/x} = Mi{N/x}:o{M/z} by transitivity
(2)

Ve [ AFP=Q :: z:A assumption
VFM=N:rT assumption
UEM:7,FN:7and ¥ F 7 :: type by validity
U, I AP z2A, U T AR Q 22 A
and ¥, x:7 - A :: stype by validity

U, T{M/x}; AAM /x} = P{M/x} = Q{M/x} :: z2A{M/x} by substitutition
U, I{M/z}; A{M [z} F Q{M/z} = Q{N/z} : z2A{M/z} by functionality
U, I{M/x}; AAM /x} = P{M/x} = Q{N/x} :: z2A{M/x} by transitivity

Remaining cases are identical, appealing to validity, substitution and func-
tionality of typing.

We omit the analogue functionality property for type substitution.
Lemma B.11 (Inversion).

1. If Uk a7 then x:0 € ¥ with W F 7 =0 :: type

2. If UMy Ms:o thenWt My : Hemy .m0, VE Mo i1 and ¥ F o{Msy/x} =
To i type

S If Wt it M : o then Wt o = Ilx:T.0’ :: type, ¥ b 7 :: type and ¥, z:7
M: o'

4. If O Hx:my.m9 :: K then W K =type, ¥ b 7y :: type and ¥, z:11 F 7o =

type

Ifv - Mviro: K thenW bt K=o K',WE1:type and ¥, x:7 - o 2 K’

6. IfUF7M = K thenW b1 ey Ky, M :79 and ¥ - K = Ky{M/z}

©o
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15.
16.
17.
18.
19.
20.

35

IfotE XKt K thenW b K =It:K.K', U+ K and ¥, t:K -7 :: K"
IfYbro:KthenWbr:oItnKoK,VbFo:Kyand ¥ F K =K {c/t}
If U+l K then W7 itype and ¥, x:7 F K

If U IIt: K. Ko then W - Ky and W, t:: K1 F Ky

IfOHA{AF A} i K then W F K = type, W F I :: stype, ¥ = A :: stype
and ¥ = A :: stype

Ifo; I A ¢ z(z:7).P i 22A then W B A =Vao:r. A" and ¥ + 1 :: stype and
U I AF Pz A

Ifo; I A A s oMy a P 22C then W A = Vy:1. A" :: stype, ¥ +
Tutype, UEM 7 and U; T A, v A/{M/y} + P :: 2:C

Ifo, I A 2(M)ag.ra P 2:A then W A = 3x:m. A’ i stype, U = 7 :: type
and W, y:T; I A, v A’ P 2:C

IfU-Vor. A K then W K = stype, W I 7 :: type, ¥, x:7 = A :: stype
IfUF3dxr. A K then W F K =stype, U 71 :: type, ¥, x:7 - A :: stype
IfU oA K thenW b K=Io:r K' Wkt itypeand ¥, x:7 - A K’
Ifo-AM :: KthenWt A Herg K/, M :19 and¥ + K = K'{M/z}
IfOYEM:KA:K thenWrtK =IIt:KK'", VK and W, t: K+ A:: K"
Ifv - AB :: K then¥ F A . It:Kg.K,, Y+ B :: Ky and¥ - K =
Ki{B/t}

Proof. By induction on the given derivation. Most cases require validity.

Theorem B.12 (Equality Inversion).

1.

o

10.

11.

12.

If U1 =1x1g.m 2 type then ¥ F 7 = [lx:0¢.01 :: type with ¥ - o¢g =
70 i type and ¥, x:00 - o1 = 71 :: type

If U+ K = type then K = type

Ifo+K=Iz19.K' then W+ K = [Ix:00. K" with ¥t 0y = 19 :: type and
U, r:00F K" =K'

Ifv+ K = IIt:K,.Ky then ¥ b K = ITt::K|. K} with ¥ - K| = K, and
U, t:K| F Ky =K,

U+ A =Vx1.Ag :: stype then ¥ - A = Vx:0¢.By :: stype with ¥ + o¢ =
To :: type and ¥, x:00 - By = Ag :: stype

U F A= 3dx79.Ag :: stype then ¥ b A = Jx:0¢.By :: stype with ¥ + o9 =
To :: type and ¥, x:00 - By = Ag :: stype

Uk1=Mrit9.0 s K thenW 7= Avimi.0’ 2t Hoir Ko withW 71 =79
type and ¥, x:11 F o’ = o :: Ky, for some K
UVikEr=179M:KthenVtF71=m7N:KuwthVtmn=mrm:lzoKy,
UEN=M:0 and K = Ko{N/x}

Uhkr=M:Ko:K thenWt1t=XM:Ky.o':: [It:Kq.K" with ¥ - Ky =
K and ¥,t:Kog ko' =0 :: K", for some K"
Ubkrt=mo0y:KthenWt1t=m0,: K with¥Wtm =7 : Ilt:K,.Kp,
v+ g1 = 09 :: Kl and K = Ko{O'l/t}

Uk A=Mmg.Ag K then W A=A v A = Hoeim Ko with @ =1 =
To = type and U, x:m B A = Ap 2 Ko, for some Ky

UEA=AM :: K then¥ A=A N with¥ F A = Ay :: [Ir:0.K,
UEN=M:0 and K = Ko{N/x}
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18. V- B =M:K.A:: K' thenWt B = M:Kyg.A" :: [It:Kq. K" with¥ - Ky =
K and W,t:Kqot+- A" = A :: K", for some K"

1. VA= AyBy :: K then ¥ - A=A By : K with¥ + A, = Ay =
HtIZKl.Ko, v+ Bl = BO i K1 and K = K(){Bl/t}

Proof. By induction on the given equality derivations.

(1)
Case: TEqT
UEr=7"1utypeand ¥ + 7/ = [Tx:79.71 :: type assumption

7' = Nz with U F 7§ =719 :: type and ¥, x:7) F 7{ = 7, :: type by i.h.
T = IIx:09.01 with ¥ - 09 = 7, :: type and ¥, x:00 |- 01 = 71 :: type by i.h.

Ut og=1p:: type by transivitity
U, x:00 - 7 =71 = type by context conversion
U, z:00 F 01 =711 5t type by transitivity
Case: TEqp

U yrthko:typeand W M : 7, K{M/y} = type and

Hx:rg.m = o{M/y} by inversion
Uk (Ay:t.o) M = Hx:Tg.71 :: type assumption
o=1Ix7T.0 by definition of substitution
U oyt Ilx:T.0 :: type by def.
U (Ay:r.o) M = Hx:r.o{M/y} :: type by rule
V7 type by validity
UkT=r:type by reflexivity
UEo{M/y}:: type by substitution
U+ o{M/y} =c{M/y} :: type by reflexivity

The other cases follow similar patterns.
Lemma B.13 (Injectivity of Products).

1. If U+ Hx:t.o = Hx:m'.0’ :: type then W = 7 = 7/ :: type and ¥, z:7 - 0 =
o' :: type

2. IfUFHa:m Ky = e . Ky thenW F 1 =1 i type and ¥, x:m - K1 = Ko

8. If U Vo Ay = Vo Ay = stype then W F 11 = 75 :: type and ¥, x:1y b
Ay = Ay :: stype

Proof. By equality inversion.
Theorem 2.4 (Unicity of Types and Kinds).

1. IfUF-M:7andWtM:7 thenWhk1T=7"":type

2. Ifo b1 KandWPhk7:: K thenWhHK=K'

3. IfU; I AF P z2A and O; T A P 22 A then W A= A’ :: stype
4. IfUFA2K andV - A K then?k+ K =K'
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Proof. By induction on the structure of the given term/type/process.
Case: M is \z:1g.M’
U,omgb M 0, W, z:tg = M’ : ¢/ with ¥ 7 = IIx:79.0 :: type,

Ut 1o :type and ¥ - 7/ = [Ta:mg.0" :: type by inversion
U, x:mo b o =o' ::type by i.h.
Ut [Ix:1mg.0 = Hx:m9.0" :: type by TEqII rule
Case: M is M' N’
UEMN :7and W= M'N': 7/ assumption
UEM :Hur.op and ¥ = M : Ha:r.of with W =17 =0o{N'/x} :: type,
UEN 79, N 7 and ¥ F 7/ = g({N'/x} :: type by inversion
U+ [xmg.00 = Hx:7).0) = type by i.h.
U719 =7) :: type by i.h.
U, x:mp 09 = oy = type by injectivity
UFoo{N'/z} = o({N'/z} :: type by functionality
Case: M is {c + P+ uj;d;}
UEM:{I;AFcAyand ¥+ M : {I';AF A’} assumption
U, I AFP:cAand ;AR P A by inversion
U A=A : stype by i.h.

Conclude by reflexivity and TEq{}

Case: M isx
Direct by inversion lemma.

(2)

Case: 7 is Ilz:19.09

Ut [Ix:1g.00 2 K and ¥ - ITx:719.00 2 K’ assumption
U, x:mo b og i type and ¥, x:19 b og :: type and K = K’ = type
by inversion lemma

Case: 7 is \x:719.0¢

U+ \ritg.09 :: K and ¥ - A\x:mg.09 0 K’ assumption
U, x:mo oo = Ko, W, 219 F og it K, O F 79 :: type

with K = Ha:19. Ko and K' = Ha:19. K] by inversion lemma
U, xmo - Ko = K by i.h.
U Hurg. Ky = Harg. K| by rule

Case: Tis 19 M

UbkrgM:KandV¥+F71gM:: K' assumption
Uty IleoKyand ¥k 1 oo K, FM:ocand ¥+ M : o’

with K = Ko{M/z} and K' = Kj{M/x} by inversion lemma
Ut Iz:0.Ky = o' K| by i.h.
Ut o=o0:type by i.h.
U, x:0 - Ky = K| by injectivity

U F Ko{M/x} = Kj{M/x} by substitution
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Case: 7is {I;AF c:A}
Straightforward by i.h.
(3)

Case: P is z(z).P

U: T AF z(ximg). Py z2ZA and O T A b 2(ximg). Py o2 22 A assumption
A =Vair.Ag, A =V AL, W, ximo; Iy A F Py i 20 Ay,

U, xro; I'; A Py i z:Af, and ¥ F 79 :: type by inversion lemma
U, ximo B Ag = A by i.h.
U EVrirgAg = VoA by rule

Case: P is (M )vyz.ry. 4,-Fo

U I Ay A (M )vgir.a.-FPo  2:C and

U A A o(M).Py :: 2:C assumption
A=Varg.Ag, U M : 79, U; T Ay Ag{M /x} - Py :: 2:C

and ¥; I'; A, w:Ag{M/x} b Py 2 2:C" by inversion lemma
Ut C=C"::stype by i.h.

Case: P is z2(M)3z.70.4,-Fo

U: T AE 2(M).Py:: zzAand U Ty AE 2(M).Py 2 z: A assumption
A=3x:19. 49, A’ = Jw:79. A, Y = M : 79,
U; LA Py ziAo{M/x} and &; T A F Py i 22 Ag{ M /x}

by inversion lemma

Remaining cases follow similarly.
Theorem B.14. IfU - M :7 and M — M’ then W+ M =M': 1
Proof. By induction on — relation.

Case:
M — M

MN — M'N

UEM:Heryo0, U719 utype, P E N:mgand ¥ = M N : 0o{N/z}
by inversion lemma

UEM=M:IlxzTy.09 by i.h.
Ut ITx:1g.00 :: type by validity
UEN=N:1 by reflexivity
UEMN=M'N:oo{N/z} by TMEqIl
Case:
N — N’

MN — MN'
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UEM:Hrryo0, Uk 19utype, U E N:mgand ¥ = M N : 0o{N/z}
by inversion lemma

UFN=N:79 by i.h.
UEM=M: Ix:7.09 by reflexivity
UEMN=MN'":00{N/z} by TMEqIl

(/\xlTo.Mo) NO — Mo{No/J}}

U e:mg. My 2 Hx:m9.00, ¥ - 79 22 type, ¥ = Ny @ 19,

U (Az:19.Mo) No : 00{No/x} by inversion lemma
v x:to My : og by inversion lemma
v+ ()\l'lTo.MQ) NO = Mo{N0/$} : Uo{N/(E} by TMEqﬂ

Theorem 2.5 (Subject Reduction — Terms). If ¥ - M : 7 and M — M’
then Wt M : 1

Proof. Immediate from Theorem [B14] and validity for equality.

Theorem 2.6 (Subject Reduction — Processes). If U;I; A P :: z:A and
P — P’ then 3Q such that PP =Q and ;I AFQ :: z:A

Proof. The proof follows by Theorem and a series of lemmas that relate
typed processes and their reducts under a cut (which now crucially rely on the
inversion lemmas and validity). See [29/28]5].

Theorem 2.7 (Progress — Terms). If W+ M : 7 then either M is a value or
M — M’

Proof. By induction on typing, using the standard canonical forms-based rea-
soning and noting that monadic terms are values.

C Appendix — Embedding

Lemma C.1 (Compositionality).

W E[K{M /] iff w & [K{{[M].}/x}

v E K {r/t}] iff v = (K {D /)

v K {A/e}] iff v = [KG{ AL =}

Wk [r{M/a}] = [K{M/x}] iff @ = [P {{[M]c}/x} = [K]{{[M]c}/x}

U H [A{M/a}] = [K{M/x}] iff @ = [AI{{[M]e} /o) = [KI{IM] e}/ =}

W I A [M{N/z}]. = [M]{{[N]y}/x} = z:[A{N/z}]

U I A [P{M/x}] == z:[A{M/x}] iff &; T'; A = [PI{{[M]c}/2} = 2:[AI{{[M]c}/ =}

Proof. By mutual induction on the structure of the given kind/type/session
type/etc.

RO O oo~

Case: K = type or K = stype
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Trivial.

(1)
Case: K = ITy:T.K'

Subcase: =
[Hy:7.K'{M/x}] = [Hy:7{M/x}.K'{M/z}] = Oy:{[r{M/x}]}.[K'{M/x}] by definition
Ty A ML 2} I HA M. ) by 1.0.(3) and i.h.(1)
g (t])Yy{[[T}]}[[K’]]){{[[M]]C}/m} by definition, satisfying =
ubcase: <

[Ty K'I{{[M]e} /2 = (Ty{[7]} [K'DHIM]e}/2} =

HyA[r]H{[M]e}/2} [KT{H{[M]}/=} by definition
HyA[r{M/z}]}.[K'{M/x}] by i.h.(3) and i.h.(1)
= [[y:m. K'{M/z}] by definition, satisfying <

Case: K = IIt:K,.K>
Same argument as above, appealing to i.h.(1)

(2)

As above, appealing to i.h.(2)

(3)

As above, appealing to i.h.(3)

(4)

Case: 7= ly:7'.c

Subcase: =
[Ty:7m'.c{M/z}] = [Hy:7'{M/x}.c{M/z}] = VyA{[r'{M/z}]}.[c{M/z}] by definition
Wy (I HAIM} 2 oM ) by 1h.(3)
g (z’y{[[T’ﬂ}[[a]]){{[[M]]c}/x} by definition, satisfying =
ubcase: <

[Ty:r"o]{{[M]c}/z} = (Vy:A[r' 1} loD{H{[M]e}/2} = Vy:ﬂ[T’ﬂk{){Hfgc}éx}}~ﬂ0ﬂ{{ﬂMﬂc}/m}
y definition

Vy{[r'{M/x}]}.[o{M/x}] by 1.h.(3)
= [Hy:(7"{M/z}).(c{M/x})] = [Hy:7".0{M/z}] by definition, satisfying <

Case: 7= \y:7’.0
As above.
Case: =17 M’

[ M'{M/a}] = ['{M/x} M'{M/c}] = ['{M/x}] {[M'{]M/2}]} by definition
(1M1} 2} (1ML [MDa) o} by i
[ M{{IM]a} e} = (P THIMTD HIM]aY 2} = I IM]a} 2} (I ] 0} /o))

by definition

/

Case: 7= \y :: K.7
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[Ny :: Ko'{M/x}] = Ay «: L{M /x}.7'{M/x}] = Ay : [K{M/z}].[7'{M/xz}] by definition
[Ny = KA [{{M}e/x} = My = [K[{{M}/x}.[7']{{M}c/x} by definition
=Xy 2 [K{M/z}].[7'{M/z}] by i.h.

Case: T=171'0
Straightforward by i.h. as above.
(5)

Case: A=1
Trivial.

Case: A=A, — Ay

[A1 — Ax{M/z}] = [A1{M/x}] —o [A2{M/x}] by definition
[AJH{IM] e} 2} — [A]{{[M].}/} by i.h.
[Ar — A J{[M]c}/x} = [AJ{{[M]c} 2} — [A]{{[M]c}/x} by definition

Case: A=A;® A,
Identical to —o case.

Case: A =&{l;:A;}
See above.

Case: A= {l;:A;}
See above.

Case: A =Vx:7.Ag

Vet Ao{M/x}] = Vo {[r{M/z}]}.[Ac{M/z}] by definition
Ve {[r[{{[M]c}/x}}.[A]{{[M]c}/x} by i.h.
Vair Ao {{IM]o} 2} = Ve {71} [AG){{[M]. } /o) =
Vo { [TI{{[M]c}/}} [Aol{{[M]c} /2 } by definition
Case: A =3dx:7.Ag
As above.
Case: A = )\x:7.Ag
As above.

Case: A= Ag M’

[Ao M'{M/z}] = [Ao{M/x}] {[M'{M/x}].} by definition
([AoJ{{[M]c}/x}) {[M Ta{{[M]}/x}} by i.h.
[Ao M'I{{[M]c}/2} = ([Ao] {[M'Ta){{[M]c}/x}

= ([Aod{{[M]c} /=) {[MTaf{[M]c}/2}} by definition

Case: A=Ay A,

Straightforward by i.h.
Case: A=\t :: K. Ay

Straightforward by i.h.

(6) W [ A+ [M{N/a}]. = [ML{{IN], }/x} = =[A{N/a}]
Case: M = \y:1.M
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[My:7.Mo{N/x}], :: z:[Hy:T.0{N/x}]

[My:m Mo{N/x}]. = [My:m{N/x}. Mo{N/x}]. = Z(y)~[[Mo{N/I{)]]z(¢ii EIVyf{[[T{N/I}]]}[[U{N/x}ﬂ
v definition

2(y)-[Mo{N/x}]. = 2(y).[Mo] AL[N]c}/x} = 2:Vy:{ [7T[{{[N]c}/=} ). [o]{{[N]c}/x} by ih.

[My:7. Mo A{[N]e}/2} = 2(y).[Mo] - {{[V]}/x} by definition

Case: M = My M,

[My MoAN/a}]. = z:(0{ Ma/y}){N/2}]

= () (M {N/z}]y | y({[MaA{N/2}]y})-[y < 2]) by definition
= () (IMi]y {{[N]e} /=) | y({IMa], {{[N]e}/2}}) [y < 2]) by i.h.
[My M]{{[N]e}/2} = (vy)([Mi]y | y{[Ma]y})-ly < 2){{[N]}/x}

= (vy)([Mi], {{IN]e} o} | y({IM2]y {{[N]e}/2}}).[y > 2]) by definition

Case: M = {z + P+ u;;d;}

[M{N/z}]. = z(ug)..... z(uj).2(do). . ... z(dy).[P{N/z}] by definition
z(ug). ... z(u;).2(do). .. .. 2(dy). [PI{{[N]c}/x} by i.h.
IM].A{[N]:}/x} = 2(uop). - . - z(u;).2(do). .. .. 2(dy,). [PJ{{[N]c}/x} by definition

Case: M =y withy #«

[y{N/x}]. = w < y; [w <> 2] by definition
[yl-{{[N]e}/2} = w < y; [w > 2] by definition

Case: M =y withy ==z

[z{N/z}]. = [N]. by definition
[2]:{{[N]c}/2} = w + {[N]c}; [w > 2] by definition
w < {[N]:}; [w < 2] =T [N]. by reduction semantics
w = {[N]c}; [w > 2] = [N]. by PEqRed
(7) &; T A F [P{M/x}] = z:[A{M/z}] iff ;1A F [PI{{[M].}/z} =
z[AJ{{[M]c}/x}
Case: P = (vy)(P | P)
[(wy) (P | Po){M/x}] = (wy) ([P {M/x}] | [PAM/2}]) by definition
(wy) ([P [M]e} /2 | [PI{{[M]e} /2 }) by i.h.
[(wy) (P | P)J{{IM]e}/ 2} = (vy) (IAI{{[M]c} 2} | [PoI{{[M]c}/x}) by definition
Case: P = z(My).Py by IR
[2(Mo). Po{M/x}] = 2({[Mo{M/x}]a}).[Po{M/z}] by definition
2({[Mo]a{{[M]c}/x}}).[Po]{{[M]c}/x} by i.h.

[(Mo). Pol{{[M]c}/x} = z({[Mola{{[M]c}/=}}).[Pol{{[M]c}/x} by definition

Case: P =z <+ My <+ u;;7i; P



43

[P{M/z}] = (ve)([IMo{M/x}]e | &(vr)-(uilar).lar <> o] | -]

o{d). ([ < di] | -+ | &ldu)-([gm < do] | [Po{M/2}])...) by definition
we) ([Mole{ {[M]c} /) | 2lvr)-(wr(an) Jay ¢ o] | - |

&{d)-([y > di] |-+ | eld)-([ga ¢ da] | [PJ{{IMI}/2})...) by ik
= [PI{{[M].} )} by defintion

Remaining process cases are straightforward by i.h.

Lemma C.2 (Compositionality — Reflection in Equality).

NS T oo~

v [K{M/z}] = [K]{{[M].}/x}

v E K {7 /t}] = [Ka {71/}

v [Ki{A/z}] = [Ki{[A]/=}

U E [r{M/x}] = [r]{{[M]c}/} : [K{M/x}]

v [A{M/x}] = [AJ{{[M]c}/2} = [K{M/x}]

Ui I Al [M{N/z}]. = [M]{{[N]y}/x} :: 2:[A{N/z}]
U I A E [P{M/x}] = [PI{{[M]c}/x} : 2:[A{M[x}]

Proof. (1-3) is identical to corresponding statements in Lemma

(4) U F [r{M/a}] = [7I{{[M]c}/x} = [K{M/x}]

Case: 7= IIy:7'.0

[Ty .o{M/z}]| = [Hy:7'{M/z}.0c{M/z}] = YyA{[r'{M/z}]}.lo{M/z}] by definition

Uty (M1 /2) = Gl TPV ) =Vl IV ) oML o)
y definition

VAT {M/x}]} = {[~'[{{[M]c}/x}} = type by i.h. and TEq{}

C,y{[r'{M/z}]} - [o{M/x}] = [o]{{[M].}/z} :: stype by i.h.

vy {[F{M/x}]} [of{M/2}] = VyA [ I{{[M]c} /2t [o]{{[M].}/x} :: stype by STEQV

Case: 7= \y:7'.o

y:7".c{M/z}] = My:{[7'{M/z}]}.[o{M/x}] by definition
[Ny ol {{[M]c}/a} = Ay{[7'TH{[M]e} /23 ) [o]{{[M]c}/x} by definition
U A{[r{M/2}]} = {[7[H{[M]c}/x}} = type by i.h. and TEq{}

O,y Al {M/a}]} - [o{M/x}] = [o]{{[M].}/x} :: [K{M/x}] by i.h.
U E Ayl {M/x}]}[o{M/x}] = Ay:{[[f’ﬂ}{{[[M]]c}/x}}-[[U]]{{[[J\i]]c}s/TxE} :):\Hz:{[[T’{M/w}]]}-[[K{M/SC}ﬂ
y STEq

Case: T=717 M’

[7 M'{M/x}] = [7'{M/x}] {[M'{M/z}]a} by definition
[~ MI{IM] e} ) = ([FI{IM e} /e }) { 1M a{{[M].}/=}} by definition
Wk [ {M/z}] = [ I{{[M]c}/=} = Dy{[7"{M/x}]}.[K{M/x}] Dby ih
M {M/x}]a} = {[M'Taf{[M]c}/x}} : {[7"{M/2}]} Dy i.h. and TEq{}
U [r{M/x}] {[M{M[x}]a} =
(I TH{IM e} ) {TM Ta{{[M]c} /2y } o= [EAM /23 [{{[M'{M/x}]a}/y} by STEqApp

Case: =M K'.7/
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[At:: K'7'{M/x}] = M = [K'{M/x}].[7'{M/x}] by definition
[At:: KA {{[M]e}/x} = At [K'{{[M]c}/ =} [7'1{{[M].}/x} by definition
v [K{M/x}] = [K'T{{[M]c}/=} by i.h.

Wtz [K'{M/x}] & [r'{M/z}] = [7'[{{[M]c}/a} = [K"{M/x}] Dy ih.
W F Az [K{M 2] [ {M/2)] =

A KM e} 2} TP 1 {TM ) e} 2} = Tt [K'{M/«}].[K"{M/x}] by STEqQTA

Case: T=17'0

[ o{M/z}] = [7'{M/x}] [o{M/z}] by definition
[ ol {{[M]c}/x} = [7'[{{[M]c}/} [o]{{[M].}/x} by definition
UH [ {M/z}] = [T {{[M]c}/x} = IOt : [K{M/x}].[K'{M/z}] by ih.
W [of{M/z}] = [o[{{[M]c}/a} = [K{M/x}] by ih.

Remaining cases are identical.
Lemma C.3 (Preservation of Equality).

IfU b1 =1 K then {[P]} F [11] = [=] = [K]

Ifv - A=B: K then {[¥]}+ [4] = [B] :: [K]

If U+ M =N :71 then {[¥]}; ;- F [M]. = [N]. :: z:[7]

IfU; I A P =Q :z:A then {[@]}; [1]; [A] + [P]) = [Q] :: 2:[A]

Grds fo b =

Proof. By induction on the given judgment.

Case: KEqR, KEqS, KEqT and KEqll,
Immediate by i.h.

Case: KEqIl;
UhEr=0:typeand ¥, x:7 - K1 = Ky by inversion
{[#]} + [7] = [o] :: stype by i.h.
{[¥1} EAl7]} = {lol} = type by TEa{} {[¥]}, z:{[7]} - [K:1] = [K2] by i.h.
{WI} b HaA{[r]}[KA] = Ha{[o]}.[K>] by KEqll;
(2)

Case: TEqR, TEqT, TEqS
Immediate by i.h.

Case: TEqIl
Ukr=7"typeand ¥,z:7 o = o’ :: type by inversion
{[w]} F [7] =[] =: stype by i.h. {[¥]} = {[r]} = {[7]} :: type Dby TEq{}
{121}, z{[7]} F [o] = [o'] :: stype by i.h.
{[#1} b Va:A{[r]}.[o] = Ve:A{[7']}-[67] :: stype by STEqV

Case: TEgA
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UVktr=7utypeand ¥, z:7rFo =0 K by inversion
{[@]} + [7] =[] :: stype by i.h.
{191} = A7} = {I7']} = type by TEq{}
{[@]}, 2]} = [o] = [0'] :: [K] by ih.
{[Z]} F Ae{7]}-[o] = Ae:A{[7']}-107] =+ Ha:{[7]}-[K] by STEgA
Case: TEqT A
VFK=K andV¥,t: KF-7=0: K" by inversion
{[¥]}tF [K] = [K'] by i.h.
{[#]},t = [K] F 7] = [o] == [K"] by i.h.
{[Z]} = Mt [K).[7] = At [K']).[o] :: It = [K].[K"] by STEqT' A

Case: TEgApp

Uhbr=cuHer KandW+FM=N:71 by inversion
{I¢1} F I7] = [o] = Hz:A[7']}-[K] by i.h.
{HWH};-;-" [[M]]z: [[N]]z ::Z:[[TIH by i.h.
{[vI} = {IM].} = {INT =3 - DT} by TEq{}
{1} = [71{1M]-} = [o] {[N]-} = [K]{{[M].}/=} by STEqApp

{IZ1} F [71{IM]:} = [e] {IV]:} == [K{M/x}] by compositionality and conversion

Case: TEqTApp

Ubr=7 It : Ki.KyandV¥to=0:K; by inversion
{[¥]} & [7] =[] = 11t = [ KA ][ K] by i.h.
{[w]} + o] = [0'] == [K4] by i.h.
{[#]} =[] [o] = [7'] [o'] = [Ka]{lo]/t} by STEqTApp
{[Z1} F [7] Me] = 171 1e'] :: [K2{c/t}] by compositionality and conversion
Case: TEqp
VerhFo: Kand¥+H-M: 7 by inversion
{1#1}, A7)} F [o] = [K] by type preservation of the encoding
{[#1}; - F [M]e == e[ 7] by type preservation of the encoding
{[w]} EAIM]e} - {71} by {}/

{1} = Qe{[r]3-[o]) {IM] e} = [ol{{[M]c}/a} = [K]{{[M]c}/x} by STEqS
(w1} B e[ ]}-[o]) {IM]e} = [o{M/z}] = [K{M/x}]

by compositionality and conversion

Case: TEqTS
Ubto:KandVW,t: K711 K’ by inversion
{[¥]} F [o] = [K] by type preservation of the encoding
{[#1},t = [K] F 7] = [K7] by type preservation of the encoding

{[w]} £ (s [KDr]) [o] = [7]{lol/t} = [K'){[o]/t} by STEqT3
{IZ1} F (At (K [7]) [e] = [r{o/t}] :: [K'{o/t}] by compositionality and conversion
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Case: TEqn
Ut o Ier.K and x € fu(o) by inversion
{[]} + [o] = Hax:A[ 7] }.[K] by type preservation of the encoding
{IZ1} F Ax{7]} Mol = = [o] = Hxe:A{[7]}-[K] by STEqn

{[¥]} F Ax{[r]}-To] {c < (y < a3 [y <> c])} = [o] = Ha{[r]}.[K]
by STEqT, STEqApp and TMEq{}n

Case: TEqTy
U7t K1.Kyand t € fu(r) by inversion
{[@]} + [7] == It [KA].[K2] by type preservation of the encoding
{IZ]} F At [K].[r] t =[] == It = [K].[K'] by STEqTn

Case: TEq{}

Vi, j W A; = B; i stype, ¥ = C; = Dj :: stype and ¥ - A = B :: stype by inversion

{[Z]} F [Cy] = [D,] = stype by i.h.
{[¥]} F [A:] = [Bi] :: stype by i.h.
{[¥1} + [A] = [B] :: stype L by i.h.
(@]} F1C;] —o [A] — [A] = '[D,] —o [Bi] — [B] :: stype by STEq — and STEq!
(3)
All cases are identical to those of (2).
(4)

Case: TMEgR
UEM:T by inversion
{[@]}; ;- F [M]s = z:]7] by type preservation of the encoding
{191} -+ M) = [M]: = 2:]7] by PEqR

Case: TMEqS TMEqT

Immediate by i.h. and the corresponding definitional equality rules for pro-
cesses.

Case: TMEgA

Ut p:m.M: oo, U E Ao’ N : Ha:t' o', W+ [x:r.0 = [Tz:7.0" :: type

and¥,x:t-FM=N:0 by inversion
{[#1}, A{[7]}; 5 -+ [M]. = [N]2 = z:[o] by i.h.
{[@]} + Va:A{[r]}-[o] = Va:{[7]}.[07] :: stype by i.h.
{[Z]} F 2z(2).[M]. = 2(z").[N], :: 22V {[7] }.[o] by PEqVR

Case: TMEqApp

Ur-M=M  :[HxrocandP+N=N'":1 by inversion
{[21}; 5+ M) = [M']s 22 a:vVa:{[7]}.[o] by i.h.
{[¥1}; - = INTy = [N']y = w:l7] by i.h.

{13 FAIVD = IV Dy} - AI7]} by TMEq{}
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{I#1}; - F (va)([M] | 2({[N]y}) [z < 2]) =
) ([M'Te | 2({IN"]y}).[z > 2]) = 2:[o]{{[N]y}/2} by PEqeut, PEqVL, PEqID
{1} - = (va)([M]s | =({[N]y})-[z < 2]) =

(va)([M']e | ({[N']y}).[x <> 2]) :: z:[0{N/x}] by compositionality and conversion

Case: TMEqp
Uk e:m.M: e:toand WEN @ 7 by inversion
{I#1}; - F y(2).[M]y, : y:¥Yx:{[r]}.[o] by type preservation of the encoding
{[¥]}; - F [N]w :: w:7] by type preservation of the encoding
(%]} EAIN]w} < {l]} by {}

To show: {[¥]}; ;- F [(Aa:m.M) NJ, = [M{N/z}]. :: z:[c{N/x}]
STS AL} 5+ (o) (@) [MLy |y INTu}) [y © 21) = [MAN/2}]. = =0 {N/2}]

{1} 5 F (wy)(y().[M]y [ y{[N]w})-lv < 2]) = 2 [0l {{[N]w}/2}

by above, id,VL and cut
== [M]{{[N]w}/z} by operational semantics
{11} F IM]A{IN]w}/2} = 2z:[o]{{[N]w}/x} by type preservation
{11} 5 = (wy)(y(@).[M]y | y{ [N }) [y < 2]) = [M{N/2}]. = z:[0{N/z}]

by above, PEqRed, compositionality and conversion
Case: TMEqn

Uk M:xr.oand x & fo(M) by inversion
{1} -+ [M]y = z:Ye{[7]}.[o] by type preservation of the encoding
{01} () we)([M], |yl ly =) =
2(2)-(wy)([M]y [ y({c  (y < i ly & d) « }).[y © 2]) = z2Va{[r]}.[o]
by PEqCut, PEqvL, PEqID, TMEq{}7 and PEGR
To show: {[7]}; - F =(2).(ww)(IM]y | ylte & (v a1 [y ¢ ) ¢ Py ¢ 2)) =
[M], = z:¥x:{[7]}-[o]

{1035 - F 2(2).(vy)([M]y | yla)-ly « 2]) = wy)([M]y | 2(2).y(z) [y < 2]) = 292:{[7]}.[o]

by PEqCCY

{11} 5 B (wy)([M]y | 2(z).y(2).ly <> 2]) = wy)([M]y | [y <> 2]) 2 2V {[r]}.[o]
by PEqVvn
(vy)([M]y | [y < 2]) = [M]. by the operational semantics
{[#]}; - F [M], = z2Ve{[7]}-[o] by type preservation
{1} 5 B (wy)([M]y | [y < 2]) = [M]: = z:Vz:{[r]}.[0] by PEqRed

{12} 5 b 2(2).(wy)(IM]y | y({e < (y a5y < o) « }).ly < 2]) = [M]. == z:va{[7]}.[0]
by the above reasoning and PEqT

Case: TMEq{}

W,m,m FP=Q:cA by inversion
(121} w1531 deTA - [P] = [Q] = e[ A] by i.h
{I&1}; 5 F e(ug). . .. c(uj).c(do). . . . c(dy).[P] =

c(ug). ... c(uj).c(do). . .. c(dy).[Q] :: c:![B;] — [As] — [A] by PEq—R, PEq!L




48

Case: TMEq{}n

U M :{u;:Bj;d;:A; F A} by inversion
(w1} 5 F [M]= : [By] —o [Ai] — [A] _
To show: {[@]}; ;- F c(uo). ... c(u;).c(do). ... cl(dn).[z  M;u;;di; [z <> c]]
= [M]e :: ¢:![By] — [Ai] — [A]
ST.S: {[¥]}; -+ c(uo). . .. c(uj).c(do). ... c(dyn).(v2)([M] |
Z(v1).(ui{ar)-lar <> vi] |-+ [ Z(da).([y2 <> da] | -+ [ Z(dn)-([yn <> dn] | [z > €]) .. .)
= [M]e :: e![B;] — [Ai] — [A]
by PEqCC — and PEqCC! and PEq — 1 and PEq!n, PEqR and PEqRed

Case: PEqR

U, Iy AR P z:A by inversion
{IZ1}: 10T 1A F 1P] = 2:[A] by type preservation of the encoding
{1 [A) F 1P] = [P = 2 A] by PEqR

Case: PEgS and PEqQT
Straightforward by i.h.
Case: PEqRed

U, IAFE P 2z2A P—=>*"Qand U; I AR Q :: 2:A by inversion
{[@15 00T A E 1P = 2:[A4] by type preservation of the encoding
{[@1}500T; 1A F Q] :: 2:[4] by type preservation of the encoding
[P] —* [Q] by operational correspondence
{13 [0 1AL = [P] = (@ = 2:[A] by PEqRed

Case: PEq{}F

UkM=N :{u;:B;;di:A; F cA}, O T A cAFQ=Q :: 2:C, uj:B; C I and d;:A; = A’
by inversion

{[¥]}; - [M]y = [Ny = g:![B] —o [Ai] — [A] by i.h.

{1} 107 14D, e [A] F [Q] = [Q'] :: 2:[C] by i.h.

We conclude by PEqCut, (repeated) PEq—L, PEq!L and PEqID.

All other process cases follow fairly straightforwardly by i.h.

Lemma C.4 (Preservation of Typing).

If U+ then [P] + and {[¥]} F.

If v+ K then {[¥]} F [K]

If Ot 7 K then {[Z]} F [7] == [K]

If U+ A K then {[¥]}+ [A4] :: [K]

If U= M: 1 then {[¥]}; -+ [M], :: z:[7]

Ifo, 'y AE Pz A then {[P] 1 [ [A] F [P] = 2:[4]

S G Lo do =

Proof. By induction on the given judgement. (1) is immediate by induction.

Case: 7= IIz:7'.0



U1’ type and ¥, x:7' F o type
{[w]} F [7'] == stype

{[@]}, z:{[7']} - [o] :: stype

{[#]} b Va:{[7']}.[o] :: stype

Case: 7 = {u;:B;;d;:B; F c:A}

Straightforward by induction.

Case: 7= \x:7'.0

U7’ type and ¥, x:7' F o type
{[¥]} + [7'] :: stype

{[@]}, 2{[r']} - [o] :: stype

{[Z]} F Aae:{[7']}-[o] :: stype

Case: T=7M

Ukt wlrioKand¥EM:o
{1} + 7] = He:{o]}-[K]
{[¥]}; - F [M]e = e:o]

{[#]} FA{IM]e} = e{lo]}
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by inversion

by i.h.

by i.h.

by {} and V rules

by inversion

by i.h.

by i.h.

by {} and A rules

by inversion
by i.h.
by i.h.
by {}1

{1} F [ 14IM]e} = [K]{{[M].}/x} by application well-formedness rule

{1} = [PT{IM]e} = [K{M /2]

Case: 7= M K.7/

Ut K7 Ky

{[#1},t = [K] F [7] = [ K]
{[#]} B At e [K][7] = It [K].[K']

Case: T=7'0

Uk oIt K. Ky and ¥ F ot Ky
{[Z1} '] = Tt [ KL ] [ K]

{[¥]} F [o] = [K4]

{11} =[] [o] = [K){[K1]/t}
{[wI} F [7T[o] = [KoAK1/tH]

Case: 7 = 7’ by conversion rule

Uk K
VK=K

{[@]} F [7] = [K]
{1} - [K] = [K']
{1} E [7] = [KT]

Case: A=1

Immediate from the definition.

by compositionality

by inversion
by i.h.
by T'\ well-formedness rule

by inversion

by i.h.

by i.h.

by Tapp well-formedness rule
by compositionality

by inversion

by inversion

by i.h.

by preservation of equality
by conversion rule
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Case: A=14'
Immediate by i.h and ! well-formedness rule.
Case: A=A, — Ay

Immediate by i.h. and —o well-formedness rule.

Case: A=A, ® Ay

Immediate by i.h. and ® well-formedness rule.

Case: A =V:1.Ap

U7 type and W, z:T - Ag :: stype
{[w]} F [7] :: stype

{[@]}, =:A{[7]} + [Ao] :: stype

{[¥]} F Va:{[7]}-[Ao] :: stype

Case: A =3dx:7.Ap

U E7:type and ¥, z:7 F Ag :: stype
{I¥]} F [7] :: stype

{[#1}, :{[7]} F [Ao] :: stype

{[@]} + Fx:{[7]}-[Ao] :: stype

Case: A =&{l;:B;}

by inversion

by i.h.

by i.h.

by V well-formedness rule

by inversion

by i.h.

by i.h.

by 3 well-formedness rule

Immediate by i.h. and & well-formedness rule.

Case: A =®{l;:B;}

Immediate by i.h. and & well-formedness rule.

Case: A = \z:7. A’

Ukraotypeand U, it H A 2 K
{[w]} F [7] :: stype

{11}, z{[r]} F [A] = [K]

{1} F AxA{[7]}-[A] 2 Hz:{[7]}-[K]
{[@1} F Ax:{[7]}-[A] :: [Hz:7.K]

Case: A=Aq M

UhkAy:HHer KandW M : 7

{[¥]} - [Ao] = T[]} [K]

{[¥1}; - - [M]e = e]7]

{11} = {[M]e} - {1}

{[¥]} F [Aol {[M]e} : [K]{{[M]c}/=}
{I¥]} - [Ao] {[M]e} = [K{M/z}]

Case: A=)\ K.A

Ut KFA 2 KyandVF K,

{[@1},t = [K] F [A] = [K2]

{[¥]} - [KA]

{[@]} B At e [Kq].[A] == IOt o [ K] [K2]
{[Z]} = At [Kq].JA] = [ITt = K. K9]

by inversion

by i.h.

by i.h.

by SA well-formedness rule
by compositionality

by inversion

by i.h.

by i.h.

by {}

by Sapp well-formedness rule
by compositionality

by inversion

by i.h.

by i.h.

by SII well-formedness rule
by compositionality



Case: A=A'B

UFA It Ki.Keand ¥ F B: K,
{[¥]} F [A] = It [ K] [K2]

{[¥]} = [B] :: [K4]

{[¥]} + [A'][B] = [K2]{[B]/=}
{[¥]} = [A'][B] :: [K2{B/z}]

Case: A = A’ by conversion rule

VA KandVF K=K’
{2} - [AT] = [K]
{[]} - [K] = [K]
{[w]} F[AT] = [K']

Case: M = \z:.M’
V.o:tTHM : 0

{11}, z{lr]}s 5 - = [M]- : 22]o]
{[@]}; ;- F 2(x).[M], :: z2:Vz:A{[7]}.[o]

Case: M =M'N

UM :HOuroand WHN:T
{1} 5 B [M']y 2 Vo] }.[0]
{71} 5 B [N]y = yilr]

{[r]} = {INDy} - {I7]}

{01} 5 = wa)([M'] | 2({[NTy })-[x < 2]) : 2:[o]{{[N]y}/x} by cut, VL and id
{I#1}; 5 F (we)([M']5 | «{{N]y }).[x <> 2]) 2 z:[o{N/z}] by compositionality

Case: M ==z

U ot aT

{21}, o:{l7]}; - Fy x5y < 2] 2:7]

Case: M = {c+ P+ uj;d;}

Uk {c+ P« uj;d;}: {u;:Bj;d;:A; A}

Lp,m,ml— P:cA
{I¥1}; wj:[Bj]; di:[A:] F [P] == e:[A]
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by inversion

by i.h.

by i.h.

by Sapp well-formedness rule
by compositionality

by inversion

by i.h.

by preservation of equality
by conversion rule

by inversion
by i.h.
by VR

by inversion
by i.h.
by i.h.
by {}

by assumption
by {} E and id rules

by assumption
by inversion

by i.h.

{[¥]}; ;- F 2(ug). . ... z(uj).2(do). .. .. z(dyn).[P] = 2:![B;] — m —o [A]

Case: M = M’ by conversion rule

by IL, copy and —R (repeated)
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VM :0o by inversion
VEo=rt:type by inversion
{121} - F [M] =2 2:[o] by i.h.
{[#]} + [o] = [7] :: stype by preservation of equality
(&1} - = [M7] = z:[7] by conversion rule

Case: P = z(M).P; by 3R

UEM:7Tand ;T AR Py oz A{M/x} by inversion

{1215 = [M]y = yefr] by i.h.
{1} = M]3 - {I]} by {}1
(T T [AL F [P o 22 [A{M /2 }] by i.h.
{l@1}; ] 1AL F [A] = 2 [A{{[M]y } =} by compositionality
{[@]}: [T [A] F 2({[M ]y })-[P1] = z:32:{[7]}.[A] by 3R

All other process cases follow straightforwardly by i.h. (and compositional-
ity /preservation of equality when needed).

Theorem C.5 (Operational Correspondence — Completeness).

1. Let W;T; A& P 22A. If P — P’ then [P] —1 Q with {[¥]}; [I']; [4] =
=[P]:zA
2 Let W+ M:7. If M — M’ then [M]. — N with {[#]}; -+ N = [M']. =
z:[[7]

Proof. By induction on the reduction relation.

Case: (vz)(z(M).P | x(y).Q) — (va)(P | Q{M/y})

[(va)(z(M).P | 2(y).Q)] = (va)(x({[M]}).[P] | (y).[Q]) by definition
= (va)([P] | [QI{A{TIM:]}/v}) by operational semantics
[(va)(P | Q{M/y})] = (wz)([P] | [R{M/y}]) by definition

(P |
O I A (va)([P] [ [QIHIM} /y}) = (va)([P] | [Q{M/y}]) = 2:C

by compositionality, type preservation and PEqCut

Case: ¢+ M + uj;d;;Q — ¢+ M’ « uy;d;; Q with M — M’
Straightforward by i.h. o
Case: ¢+ {c< P+« u;;d;} < u;;d;;Q = (ve)(P| Q)

[c < {c+ P« w55 d;} < uj;di; Q] =T (ve)([P] | [Q])

by definition and operational semantics

[(we)(P | Q)] = (vo)([P] | [Q]) by definition
We conclude by PEqR.

Case: (\x:7.M)N — M{N/x}

[ M) N]. = () (y(@).IM]y | IV Jy > 21) by definition
— (vy)(IM],{{[N]c}/z} | [y < 2]) = [M].{{[N]c}/z} by operational semantics
{I71}; - B [IMDA{IN] e} 2} = [M{N/z}]. = 2:[o{N/z}]

by compositionality and type preservation
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Case: M N — M'N with M — M’

[MN]. = wz)([M]s | {{[N]}).[x ¢+ 2]) by definition
[M]. — My with {[]}; ;- F Mo =[M'], :: z:A by i.h.
(wo)([M. | s{INL )2 4 2]) = (o) (Mo | 2({IN] ) [o  2])

by the operational semantics
= (vz)([M']s | z{{[N]c}).-[x ¢ 2]) :: 2:A by type preservation, PEqCut and PEqR
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