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Abstract. A precise (sound and complete) subtyping relation < spec-
ifies that 7" is a subtype of T if and only if a program of type 7" can
always safely replace a program of type 1" without compromising the
safety of a larger program. This paper formulates and proves precise-
ness of subtyping for mized choice multiparty session types with session
delegation, creation, and interleaving. We prove soundness by developing
the first general type system for a full mixed choice multiparty session -
calculus. To prove completeness, we introduce the three-party lock, which
is a minimal and general form of liveness error for handling interleaved
sessions, and we establish a new proof technique based on a construction
of scheduler processes which enable exhaustive detection for all failures
of the subtyping relation. We then extend the preciseness results to a
family of mixed choice multiparty session types. Algorithms for checking
(1) subtyping and (2) safety, deadlock-freedom, and liveness of typing
contexts are fully implemented and optimised to run in quadratic time
with respect to the size of the state space and typing context, and have
been evaluated with (mixed choice) case studies from the literature.

1 Introduction

Precise Subtyping. Liskov and Wing’s substitution principle [40] defines the
notion of subtyping by specifying when one type safely substitutes for another,
i.e., if type T" is a subtype of T' (denoted by 77 < T), then a program P of type
T’ can always be used in place of P’ of type T'. This principle is integrated into
a typing system usually with a subsumption rule: if program P is typed by T’
and T" < T, then P is typed by T. We then wish our type system to be maz-
imally expressive, while remaining sound. Larger subtyping relations empower
the subsumption rule, enlarging the set of typable programs, but adding too
many relations to the subtyping relation makes the type system unsound. For
instance, if we let bool < int, then we mistakenly type the expression true + 5,
which fails to evaluate and causes a run-time error.

For a type system (), write Cp for a context such that {X:{c: T}} F Cp[X] :
() for channel ¢ and variable X. Subtyping relation (<) is precise if:

1. (sound) using < for subsumption ensures that typed processes are correct:
T’ < T implies that if = P : {c:T'}, then Cr[P] does not behave badly;
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2. (complete) it cannot be extended without becoming unsound: 7" £ T implies
that for some Cr and P, we have + P : {c¢:T'} and Cp[P] behaves badly.

Preciseness is used to test the canonicity of subtyping with respect to the
operational semantics of a target language. The problem of determining pre-
cise subtyping relations has been widely studied for various typed A-calculi
[4,56,33,58,20,39], and later for session types [28,27,54], where subtyping plays
an essential role in their integration into programming languages, beginning with
the initial work on Java [32]. Preciseness was first studied for synchronous and
asynchronous binary session types [13] for a calculus with session delegations.

Mixed Choice Multiparty Session Types. Multiparty Session Types (MPST)
[29,30,60,15] are a typing disciple for message passing processes that are dis-
tributed across multiple participants. Typing ensures adherence to a specified
protocol, used to guarantee communication safety (type and choice safety),
deadlock-freedom (no process becomes stuck during execution) and liveness (a
communication, which is ready, eventually happens) of concurrent and distributed
systems. MPST has been integrated in over 26 programming languages, adapted
to static or dynamic checking, type inference and code generation [59].

An extension of MPST, mized choice multiparty session types [48] provide
non-deterministic choices between sets of inputs and outputs directed to multiple
participants. Mixed choice in MPST strictly increases the expressivity of typable
protocols [48]. Although the original m-calculus [43] included non-deterministic
choice, the study of mixed choice MPST is a recent development, and its need
is growing. Recent work on mixed choice multiparty session types include prob-
ability [7], modelling federated learning protocols [51], automata-based analyses
[21], and integration into a functional language [26] and Erlang [8].

Precise Mixed Choice Multiparty Session Subtyping. Preciseness of
subtyping has been studied for synchronous and asynchronous MPST [23,24],
but two constructions remain untreated: (1) [23,24] are limited to calculi without
session delegation, creation, or interleaving; and (2) [23,24] do not treat mixed
choice. This paper tackles these two key constructions, determining the precise
subtyping relation < for mixed choice multiparty synchronous session types with
session delegation, creation, and interleaving. We consider the subtyping first
presented in [48] and its restrictions to a family of subcalculi.

While soundness immediately follows from type safety, proving completeness
with these two extensions is non-trivial since the previous methods in [13,23,24]
are not applicable. To explain this problem, we give a general strategy (in a
contrapositive form) for proving completeness.

— [Step 1] For each type T, define a complementary typing context Ar to
schedule the execution of T'.

— [Step 2] Define a T-typed characteristic process Pr and a characteristic
context Cp which behaves well when filled with T-typed processes.

— [Step 3] Characterise the negation of the subtyping relation.

[Step 4] Show that if 7" £ T', then Cp[P] behaves badly.
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The first challenge is to define what “behaving badly” means. In the binary
case [13], simple error rules are sufficient because each characteristic process is
composed with a characteristic context which has a dual channel type. “Bad
behaviours” in [23,24] are “deadlock” and “livelock” for a single multiparty ses-
sion, neither of which are useful for a full session w-calculus since there is no
standard typing system which can ensure deadlock-freedom or liveness for inter-
leaved sessions. In this paper, we solve this issue by introducing a minimal but
general liveness error, called a three-party lock. Here “minimal” refers to the num-
ber of participants engaging with a lock, and “general” means that it captures
all livelock patterns induced by the complementary typing context’s scheduling.
Thus interactions between characteristic processes and contexts of incompatible
types, induce noticeably “bad behaviour”. A three-party lock occurs when each
participant is prevented from communicating with another participant due to
circular dependency. Process P below is a simple example of a three-party lock:
P = slpy][p,]?(2).0] s[p, |[p]7(2).0] p,[p,)? (x).0 where s[p] denotes session s
with participant p and ? denotes input. In P, p, is dependent on p,; to commu-
nicate, p; on p,, and p, on p,. Later we prove that the 2-party lock used in [13]
is insufficient as an error to prove completeness for multiparty mixed choice,
highlighting the difference between binary and multiparty.

The second challenge is to define characteristic processes and contexts. Mixed
choice allows subtyping to fail in many more ways than with separate choice
(where choice is either input or output) in [13,23,24]. Resultantly, the size of
characteristic contexts grows exponentially in the size of their types. To capture
these failures and avoid the complexity of reasoning, we build complementary
contexts, Als, T| for each type T, with a scheduler process to monitor all possible
failures of subtyping non-deterministically. The scheduler keeps track of the ex-
pected shape of T during execution, and non-deterministically controls the other
participants to execute 7' and test for incorrect behaviours, forcing errors and
three-party locks if any are found. We use complementary contexts to construct
characteristic processes and contexts (see Ex. 4.1 and Ex. 4.2).

Contributions. In this work, we study the preciseness of the mixed choice
multiparty subtyping relation < (Def. 3.2). First, we introduce three-party locks
for both processes (Def. 2.4) and typing contexts (Def. 3.5). We show that < in
[48] is a canonical subtyping for mixed choice multiparty session types, proving
operational (Thm. 4.6) and denotational preciseness (Thm. 4.7) with respect to
safety and three-party lock-freedom in the mixed choice multiparty w-calculus
(Def. 2.1). This is the first preciseness result involving, not only mixed choice,
but also session delegation in a multiparty session m-calculus.

We base our typing system on the bottom-up approach [52] instead of using
the top-down approach starting from global protocols [23]. A key technique to
prove completeness is constructing complementary contexts (Def. 4.2), which
exhaustively check for the greater variety of failures of subtyping.

Our approach is generalised to a family of calculi defined in [48] (Def. 5.3
and Thm. 5.5), including the calculus in [23] (Thm. 5.4), demonstrating exten-
sibility of our approach to various MPST calculi with/without mixed choice.



4 Jake Masters and Nobuko Yoshida

Further, we provide new and efficient algorithms with implementations, to
decide safety, deadlock-freedom, and liveness of typing contexts. Their com-
plexities are quadratic in the state space and context, an improvement over the
exponential algorithm [55, Theorem 6.20] and model checking approach [52, § 6].

We have identified and corrected small but crucial errors in several existing
work [48,52,23]. Additionally, to our best knowledge, this paper offers the first
typing system which guarantees communication safety, deadlock-freedom and
liveness in the presence of mixed choice and session delegations.

Full proofs and further explanations are found in [42]. An implementation
of the algorithms and benchmarks in §6.1 is provided in the repository [1].

2 Mixed Choice Multiparty Session Calculus

This section defines the mixed choice multiparty session m-calculus (MCM),
extending the calculus with delegation and hiding in [52] with mixed choice [48].
After defining properties of processes, we introduce the notion of a three-party
lock for processes, which plays a key role in the proof of preciseness.

Syntax and Semantics. We first define the syntax of the MCMm-calculus.

Definition 2.1 (Mixed Choice Multiparty n-Calculus). The syntax of
the mized choice multiparty 7-calculus (MCMm) is defined by:

vi=x ’ n ’ true | false (variable, nat, bools)
ex=v | e=¢ ‘ e<e | succ(e) ’ neg(e) (value, expressions)
cu=vy | s[p| (chan variable, chan with role p)

m = c[p]!m{c’) ‘ c[p]'m{e) ‘ clp]™m(y) | c[p]?m(x) (output to/input prefix from p)
P:=0 ’ (vs) P ‘ X ‘ uX.P ’ P|P (nil, hiding, proc var, recursion, par)

‘ if ethen Pelse Q ‘ Y iermi-Pi | err (sum with I # 0, error)

Values (v,v',w,...) are expression variables (x,z',...), integers, or booleans.
Ezpressions (e,€’,...) are values, comparisons (= and <), successors, or nega-
tions. Channels (c,c,...) are channel variables (y,y',...) or channels with roles
s[p], representing endpoints whose users plays role p in the session s. The prefiz
clp]'m{c’) (resp. ¢[p]!m(e)) denotes sending a message through subject ¢ with label
m towards role p with the channel ¢’ (resp. the expression e) as the payload. The
prefixes ¢[p]?m(y) and c[p]?m(x) denote receiving messages, dual to the above
prefixes. subj(7) denotes the subject of w. Other constructors are standard.

In processes (P,Q, R, ...), the only non-standard constructor is the sum con-
structor, which implements mixed choice. Sum } ., 7;.P; denotes the non-
deterministic choice of the actions {m;};c; with continuation processes {P;}er,
where received payloads are substituted into the continuation. Given two sum
processes, we often write their sum, >, 7. Pi+) ;™. Pp = Y1y ™ P
We write t for ! or ? and | = ? and ? = !. Session restriction (hiding), (vs) P,
creates a new session s with scope P. Process variable, X, and recursive process,
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Rl elo = (sllpl?n(2).Q + Q) | (slpllalimle) P+ P) > Q{e/i} | P
mon  (slallp)?n(y).@ + @) | (s[pllal'm(s' B -P + P) — Q{BYu} | P
[R-Conp] el v A v € {true,false} = if ethen Pirye else Pra1se — Py

[R-CTX] P=2P AP Q' NQ=Q = C[P]— ClQ]

[E-Conp] el v A v ¢ {true,false} — ifethen PelseQ — err

[E-Evat] el err = c[p|!m(e).P + P’ — err

B (s[gp)n(2).Q + Q)| (spllalm(c). P+ P) — err

Eacn (slallpl?a(y).Q + @) | (slpllal'me). P+ P') - err

E-M-111] (s[p]la]!lm < P A s[q]p]?m < Q A s[d[p]’Tm £ Q) = P|Q — err

Fig. 1: Semantics of the Mixed Choice Multiparty m-Calculus

uX . P, represent recursion. We assume P is guarded, i.e., pX.X is not allowed.
Other processes are standard. err denotes the error process.

Restriction, branching, and recursive binders, act as binders. fpv/chan is the
free process variable/channel functions. We assume the Barendregt convention
where all bound sessions and variables are assumed pairwise distinct, and distinct
from any free sessions or variables. We assume the existence of capture-avoiding
substitution operators on processes and expressions. We define reduction contexts

by C[] == 1] | (¥s1,..-,8n) ([]| P) and the prefix notation: ¢[p]!m < ¢[p]'m(d),
c[p]?m < c[p]?m(2), clpltm < Do, mi. P if cp]im < 7y for some k € I, and
similarly for ¢[p]f. We write m A 7’ etc. if 7 < 7’ is not true.

We now introduce our running example, the leader election protocol from
[48, Example 2.2], extended with session delegations.

Ezample 2.1 (Leader Election with Delegation,).
Five participants elect a leader in three stages of vot-

ing. The first round is indicated by blue, the second by
red, and the third by green. In round one, the ith par-
ticipant either votes using the token s;[p] or is voted
for. In round two, if a participant is voted for, then it
either votes or is voted for again. In round three, the
participant with two votes receives a final vote from the remaining participant.
After taking part in the election, the participants redeem their tokens.
= 5[] [P(iay%5]'elect(si[p]) + s[p;][P(i11)%5] Telect (). P (y)+
s[Pil[P (i1 5)%s5) elect(si[p])
Pi(c) = s[p;][P(i12)%s) elect(si[p]) .c[s]! token(i)+
[
[

s[p,)[Peiy3)%sl7elect(y’).s[p][Piy0yos] Telect(y”). P (¢, 9, y")
P{(c,c, ") = si|p|[s]!token(i).c[s]!token(i).c [s]!token(i).c"[s]!token(i) (0 < i < 4)
Q = Io<i<asi[s][p]7token(z)  Peaa = Po| P P2 [ P3| Pa|@Q

Definition 2.2 (Operational Semantics). We use a reflexive and transitive
structural precongruence on processes, written P = P’, defined by the standard
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rules, including uX.P = P{#X-P/x}. We write P = P’ if P = P’ and P’ = P.
Reduction rules on processes, —, are defined by the rules in Fig. 1 where we
assume the standard expression evaluation relation, e | v from [23]. We say
that P has an error iff P = Clerr] for some context C[]. We define reduction
of contexts, written C[] — C'[] iff VP: C[P] — C'[P]. We define —* to be the
reflexive and transitive closure of (— U =). P — denotes 3P’. P — P’.

Most rules are standard [61]. [R-var] and [R-Cuan] allow for the communication
of values and channels across parallel components, with the received payload
being substituted into the receiver’s continuation. [E-Conn] says that conditioning
on a non-boolean value causes an error. Similarly, [E-Evai] says that expression
errors are errors. [E-M-T] (resp. [E-M-11]) says that using a channel (resp. value)
as the payload when a value (resp. channel) must be received causes an error.
[BE-M-111] is the standard label mismatch error; it says that if two endpoints can
communicate but the sent label is not expected, then an error occurs.

Definition 2.3 (Properties). Let P be a process. We say that P is:

— deadlocked iff P 4 and P % 0; and
— livelocked /has a livelock iff P = (C[Ziel 7Ti.Pi] and it is not the case that:

C[] = (C’[[] DT } and there exist s, p, q, f, m,7 € I, and j € J

such that s[p][q]tm < 7; and s[q][p]fm < .
— safe iff for all P —* P’, P’ has no error;
— deadlock-free iff for all P —* P’, P’ is not deadlocked; and
— live iff for all P —* P’, P’ is not livelocked.

A process is deadlock-free if it only stops reducing at 0. Process s[p][q]!'m(5).0
is deadlocked but safe. Liveness means that if P is waiting to perform an ac-
tion, the rest of processes always move to a point where the action in P can
be performed. All deadlocked processes are livelocked. Process s[r][p]?m(z).0
|uX.(s[q][p]’m(x).X) | uX.(s[p][q]'m(0).X) is deadlock-free, but not live.
Three-Party Locks (3-plocks) are small and detectable livelocks. Intuitively,
(vs) @ has a 3-plock if: exactly one component can use s[p|; it is being used in
a choice; and every endpoint that it could communicate with, must first com-
municate with another endpoint, which must first communicate with s[p]. This
ensures that the endpoint s[p] can perform no actions.

Definition 2.4 (Three-Party Lock (3-plock)). We define the predicate
top(P, s[p;][po]t) by the inductive rules:
top(Q, s[p,[p.]1)

top(0, s[p, |[p,]1)  top(X, slp,|[p,]T)  top((vs') @, s[p,][p,]t)

top(s[p,][p,]m(2).Q, s[p,][p,]?)  top(slp,][p.]!m(w).Q, s[p,][p,]!)
top(Q, slp,][p.]1) c#s[py]  top(Q,slp,lp.lt) c#slp] w# slp]
top(cla] Tm(2).Q, s[p,][p.]1) top(c[p;]!m(w).Q, s[p,][p,]1)

top(Q, s[p,][p.]1) top(Qi, sp,][p.]t) (i=1,2) Vi€l top(mi.Q,spllp,]T)
top(uX.Q, s[p,][p,]1) top(Q1 | Q2; s[p,][p.]t) top(X,e; mi-Q, s[p,][p]1)
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We say that C[(vs) Q] has a three-party lock (3-plock) from s[p]if @ = >, _; 7;. Qi
P, s[p] € chan(P), and there are q;, r; and {; for i € I such that s[p][q;]; < 7,
top(@Q, s[q,][r:]1}), and: (1) if r; = p then {; # 1;; and (2) if r; # p then there is
t7 such that top(Q, s[xi][p]17).

We say that P is 3-plock free iff for all P —* P’, P’ has no 3-plock.

If s[p,] & chan(P) then top(P,s[p,][p,]t) is vacuously true. All 3-plocks are
livelocks, but not all livelocks are 3-plocks. P..q (Ex. 2.1) is 3-plock free. This
is verified in Ex. 3.7 using typing. Chen et al. [13] introduced similar error
conditions for an input/output session calculus without mixed choice, which we
generalise to two-participant locks (2-plocks). The negative result Thm. 4.3 shows
that 2-plocks are insufficient to define ‘bad behaviour’ for multiparty sessions.

Ezample 2.2 (Three-Party Lock). Consider the following processes:
Ry = (vs) slp][a]'m(1) Rz = (vs) (s[p][a]'m(2) | s[a][p]'m(2))

Ry = (vs) (s[plla]'m(3) | s[q][r] 7m(x).0 | s[r][p]'m(3))

R1, Ry, and Ry all have 3-plocks: R; because s[p] wants to communicate with
s[q], which is not present; Ry because s[p] wants to send a message to s[q], which
must first send a message to s[p]; and Rz because s[p] wants to communicate with
s[q], which must first communicate with s[r], which must first communicate with
s[p]- R1, R2 and Rj are deadlocked, but three participant locks can be deadlock-
free: e.g. for R € {R1, Ra, R3}, R | uX.s[a][b]'m(true). X | uX.slb][a] ?m(x). X is
deadlock-free, but has a three-party lock.

Proposition 2.1 (3-Plocks). If P has a 3-plock, then P is not live.

3 Types, Subtyping and Typing System for Mmcmm

This section first introduces types (Def. 3.1), subtyping (Def. 3.2) and proper-
ties of typing contexts (Def. 3.4), together with the three-party lock for typing
contexts (Def. 3.5). We then define the typing system (Def. 3.6) and prove its
type soundness (Thm. 3.2).

Syntax and Subtyping. A session type is an abstraction of the communica-
tions that occur over a channel. A typing context is a partial map from channels
to closed session types, which mirrors the behaviour of processes.

Definition 3.1 (Types and Typing Contexts). The syntax of basic types
(B, B, ...), session types (T, T',...) and types (S,S5’,...) are defined as:
Bi=bool | int S:=B | T T:=Xic{p;timi(S;).T;} | end | ut.T | t

where I # 0, 1; € {!,7} and {p,T:m; }:er are distinct, and payload types are closed,
and all recursive types are guarded. fv is the free variable function, roles(7) is
the set of participants in 7' and unfolding is defined by unf(ut.T) = T{»t-T/¢}
and unf(T) = T otherwise. Typing contexts are partial functions from channels
to closed session types, and their syntax is defined as: A == 0 ’ A c:T. For
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context A, Ay is the restriction to a session s, A\ s is the context with channels
over s removed, and A\ ¢ is the context with channel ¢ removed. For T =
Z‘iel{pihmi(Si).Ti}, write kakmk(Sk).Tk < T, kakmk(Sk) < T, kakmk < T,
pite < T fork € I, and pim(S)T” A T if —~(ptm(S)IT’ < T). |T|/|4] is the number
of constructors in T/A. We assume that all session types are well-formed.

Definition 3.2 (Mixed Choice Subtyping). The subtyping relation < be-
tween closed types is coinductively defined as:

|[K|>1 Vke K T, <T]

[B] [SEND] [SX]
B < B end < end ZkeKTk EkEKT}C
Viel T;<T] S;<S; Ty {mtTi/t} < T
[SS]] =——————————— [Sul)
Sier{pmi(S:).Ti} < Sierus{pmsi(S]). 17} L <h
Viel T,<T/ S;<5. Ty < To{ut-Toft}
——— [SBr] =————————— [SuR)
Yieros{ptmi(S:).Ti} < Xier{p™mi(S]). T} Ty < ptTh

We write A < A" iff dom(A) = dom(4’) and Ve € dom(A), A(c) < A'(¢); and
end(4) if Ve € dom(A), A(c) < end; and A\ end for {c: T € A: T £ end}.

Subtyping 7" < 7 means that a process implementing T is “less demanding
of its channel” than one implementing 7" [23,48,18]. Rule [sx] from [48] states
that subtyping is componentwise; the side condition |K| > 1 prevents degener-
ate derivations. Other rules are standard: in [ss1], fewer internal choices is less
demanding; in [sBr], more external choices is less demanding; and in [SExp], termi-
nated types are subtypes of themselves. [suL] and [suR] are the standard recursion
rules. < is a preorder on types and typing contexts.

Semantics and Properties. The LTS semantics of session types given below
defines behaviours of typed channels. Then the LTS for typing contexts represent
behaviours of typed processes, and will be used for typing processes.

Definition 3.3 (The LTS semantics). Let us define actions (a,o,...) as:
o = pim(S) | s[p][a]:m(S). The labelled transition relations on session types and
typing contexts are defined as:

kel e iy T4TAST
Yier{pstimi (S;). T}MTk pt. 75T
1, P g < g
T [LCNT]
slp

A, s[p] : Ty, sq] -Tq—~>A p:1},q: Ty

p'm(S) denotes sending with label m and payload of type S to p; the label p?m(S)
is its dual; and s[p|[q]m(S) a communication from p to q using session s with
label m and payload typed by S. A subject of an action subj(a) is defined as:
subj(ptm(S)) = {p} and subj(s[p][q)m(S)) = {s[p], s[a]}. Rule [Lx] chooses one

branch, rule L] is for a recursion; and rule [L¥] is for a communication between
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dual actions. A% (resp. T%) denotes A" A% A’ (resp. IT'.TT"). We often
write — by omitting an action. —* is the reflexive and transitive closure of —.

The correctness properties in Def. 2.3 correspond to typing context proper-
ties, which are parameters to our typing system.

Definition 3.4 (Properties). The following are common correctness proper-
ties: for typing contexts:

— Safety. We say that A is safe, written safe(A), iff for all A—*A/,

A (s[p]) 2™ and A'(s[q]) T, implies 4P,

— Deadlock-freedom. We say that A is deadlock-free, written df(A), iff for
all A—*A’ end(A) or A" —.
— Liveness. We say that a path {A, }hen is:

o fair iff for all n € N, if Anm, then there exist k, a such that
n< ke N, {spl,s[al} Nsbi(a) £ 0, and A %A1
o live iff for all n € N, if A, (p)—, then there exist k,a s.t. n < k € N,
s[p] € sbj(a) and A} .
We say that A is live, written live(A), iff every fair path starting at A is live.

We say that a property ¢ of typing contexts is reduction closed (rc) if p(0), and
o(A) and A— A’ implies p(A’). If  is rc and ¢ C safe, then we say that ¢ is
rc-safe e.g. safe, df, and live are rc, and safe, df N safe, and live N safe are rc-safe.

These properties mirror those for processes (Def. 2.3). We say safe typing
contexts are error-free. We say a typing context A has: a label mismatch if
A(s[p])im(i)%7 A(s[q])M, and for all S”, A(s[q]) %; and a payload

mismatch if A(s[p])q!m—(s)>7 A(s[q])w>7 and S’ £ S.

A context is safe if no errors ever occur; it is deadlock-free if the only reachable
contexts with no further transitions are end-valued; and it is live if, assuming
fair scheduling, all participants that want to communicate will be a subject of
some potential communication. A fair scheduler ensures that if p and q can com-
municate along s then eventually either (1) p and q is scheduled to communicate
along s, or (2) one of them communicates with another participant r along s,
disabling a communication. See Ex. 3.2 for why the fair scheduler is needed.

These properties are decidable. See [52] and §6.1.

Lemma 3.1 (Downwards Closed). For ¢ € {safe,safe N df,safe N live}, if
A" < A and o(A), then p(4A7).

Ezample 3.1 (Simplified Sum Subtyping Rule is Incorrect). If we use the follow-
ing [s=Ban], as discussed in [48], it violates the subject reduction theorem:

Viel T;,<T/ iff;=7, thenS; < S} else S; <5,
Zier{p; 1imi (S:). Ti} < Ziervs{pitimi (S;). 17}

Consider the types: T, = (q’m + q’m’), 7; = q’m’ and Ty = p!m and contexts:
A = {slp]: Ty,sla] : Ty} and A" = {s[p] : T}, s[q] : T, }. Using [sxBan], T} would
be a subtype of T,. But A is safe while A’ is not. Hence, unsafe processes typed
by A’ become typable with A after applying the subsumption rule ([Sus]).

[SYBAD]
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Ezample 3.2 (Weak Liveness is not Downwards Closed). Fair paths are neces-
sary in Def. 3.4. Say that A is weak live if VA—*A" and Ve € dom(A), if A'(¢)—
then A'—*A”% with ¢ € sbj(a). Weak liveness is not downwards closed. Con-
sider: Ty = pt.qm.t < T, = pt.X{qm.t, gm’.rlm}, T = pt.X{p™m.t, p?m’}, and
T. = p™m. The context A = {s[p]: T}, s[q] : Ty, s[r] : T1-} is weak live, but the
context A" = {s[p] : T}, s[q] : Ty, s]r] :T } < A is not. Downwards closedness is
important for typing (with [Sus]) to guarantee process liveness (Ex. 5.3).

Ezample 3.3 (Leader Election with Delegation). We give a typing context for the
leader election process in Ex. 2.1: A, = Uo<i<a {si[p] : T, si[s]: 1", s[p,] : T3}
where for 0 <4 < 4, T = sltoken(int), and

T = E{p(i+4>%5!elect(T), p(Hg)%F,!elect(T), p(L-H)%F)?elect(T).T»'},

7

U

T, =X p<i+4)%5!elect(T)7 p(,i+3)%5!e1ect(T), p<i+1>%5?e1ect(T).Ti}
T} = X{p(iro)%s'elect(T), p(i+3)%5?elect(T).p<i+2)%57elect(T)}
Observe that T < T” = X{s!token(int), s!token’(int)}, thus
T & X{p,ylelect(T), py?elect(T”).p,?elect(T")} < T
Ty < X{p,lelect(T"), py?elect(T).p,elect(T) }

As with the calculus, A,.,, is safe, deadlock-free, and live.
Three-Party Locks in typing contexts are defined below.

Definition 3.5 (Three-Party Lock (3-plock)). A has a three-party lock (3-
plock) iff unf(A(s[p])) = Zier{a;Tim:(S;).T;}, and for all i € I, if s[q;] 6 dom(A)
either: (1) unf(A(s[q,])) = end; or (2) unf(A(s[q,])) = Xjec, {rlT m; (i) Tij}
and if s[r;] € dom(A) then either: (a) r; = p and 1} = 1;; or (b) unf(A(s [rl])) = end;
or (¢) unf(A(s[r])) = 7€Jl{pT w's (57 ;) Tl’j} The context A is 3-plock free
iff for all A—*A’; A’ has no 3-plock.

These mirror the conditions in Def. 2.4. top(P, s[p|[q]T) says that the only ac-
tion that p can take on channel s, if there are any, is 1 towards q. The equiv-
alent for types is s[p] € dom(A), or unf(A(s[p])) = end, or unf(A(s[p])) =
Yier{aimi(S;).T;}. Def. 3.5 corresponds to Def. 2.4 with top(P, s[p][q]T) replaced
by its equivalent for types.

Ezample 3.4 (Three-Party Lock). We provide typing contexts for Ex. 2.2:
Ay ={slp } g'm(int), s[q] : end} Ay = {s[p]: g'm(int), s[q] : pm(int) }
= {s[p] : q!m(int), s[q] : ?m(int), s[z] : pm(int)}
All three have 3—plocks. Aj has a 3-plock by Def. 3.5(1) since A;(s[q]) = end.
Participant p cannot communicate along s since it can only communicate with q,
which has no further behaviour. Similarly, Ay and Az have 3-plocks by Def. 3.5(2-
a) and (2-c), respectively.

Typing System and its Type Soundness. We define the typing system
and prove subject reduction and error-freedom.
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I''X:A+P:A dom(A\end) C chan(P,I) - I''X:AtE XA [Vag]
TFuX.P:A [Rec) rHo:0 (N
I'te:bool I'EP:A FI—P/:A[IF] I'-P:A I'EP A (Par]
I'+ifethen Pelse P’ : A I'+P|P: AN o
IFP:A (A IFP:A A<A end(A")
[RES] YR [SuB]
I'(vs)P:A\s I'-P:AA
c#cd am(A()).T" < A(e) qm(B).T" < A(c)
'kP:(A\c\c),c:T" I'te:B T'kP:(A\¢),c:T"
1C !
T eqmd).P:a o] T elqim(e). P: A [vax]
q™m(T").T" < A(c) q™m(B).T" < A(c)
'EP:(A\c¢),c: T y: T I'x:BEP:(A\c¢),c:T"
[ ?CHAN | [ ?VAL |

I''lF c[q]?m(y).P: A I'lF c[q]?m(z).P: A

V.GI< T'lFm;.Pj: AA(c=subj(m;) = )
J Vaim(S).T < A(c). claltm < 32, mi. Pi)
I+ Zielﬂ—i'Pi : A

[ Sum |
Fig. 2: Typing Rules. Parameterised by typing context property ¢.

Definition 3.6 (Type Judgements). Let I" denote a typing environment (I,
I',...) defined by I' :== 0 | I',X : A | Iz : B. Judgement I" - e : B is
standard for typing expressions [23, Table 4]. Let ¢ in [Res] in Fig. 2 be rc-safe.
We define chan(P, I') = chan(P)UU x ¢goy p) dom(I'(X)), the channels appearing
in P with reference to an environment. We define the process typing judgement,
written I' = P : A, inductively by the rules in Fig. 2.

The new typing rules (highlighted in yellow ) are [Ric], [Sum], [ICuan], [IVAL], [?Cran],
and [?vai]; [Rec] handles recursion, and the others handle mixed choice. [Rec] types
recursive processes with a context. [Sum] consists of two parts: (1) if the channel
¢ occurs in a sum, then each choice in A(¢) must occur in the sum; (2) each
choice over ¢ in the sum must occur in A(c¢), which is checked by the judgement
'k m.P : A. The judgement I' IF w.P : A is defined by the rules [ICuan],
Ivad], [7Cnan], and [?var]. [!Cuan] and ['var] handle sending channels and values,
respectively; and [?cuan] and [?var] dually handle receiving. Note that in the
session delegation ([lcuan]), after ¢ delegates session endpoint ¢’ to its receiver,
P can no longer hold ¢ (A\ ¢\ ¢) since ¢ must be used linearly.

Ezample 3.5 (Typing Leader Election). Recall P, from Ex. 2.1 and A,.,, from
Ex. 3.3. Derive ) - Py.q : A,.q by: [Nu] at 0 then [Sus] to introduce end typed
channels; [Sum] at each sum subterm; and [pPar] at each composition subterm.

Our typing system satisfies subject reduction, yielding error-freedom.

Theorem 3.1 (Subject Reduction). Let ¢ in [Res| in Fig. 2 be rc-safe.
Suppose that I' + P : A and safe(A). 1. If P= P’, then ' P : A. 2. P — P’,
then either I' = P’ . A or there exists A’ such that A—A' and I'+ P’ : A'.
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Corollary 3.1 (Error-freedom). Let ¢ in [Res|] in Fig. 2 be re-safe. If I' -
P : A with safe(A) and P —* P’, then P’ contains no errors.

Theorem 3.2 (Correctness). Let ¢ in [Res] in Fig. 2 be re-safe. If T'H P : A
with safe(A), then P is safe. If ¢ C live, then P is 3-plock free.

Recall that safe N live is re-safe (Def. 3.4) and safe N live C live. Using safe N live
in [res] in Fig. 2, typable processes are 3-plock free. This does not guarantee
liveness of typed process P, since P might contain interleaved sessions. See § 5.

Ezample 3.6 (Interleaving). Let P = s[q][p]?m.s’[p][a]'m|s'[q][p] ?m.s[p][q]!m and
A = s[p] : qlm, s[q] : p?m, §'[p] : q!m, ’[q] : p?m. We derive the judgement: + P : A.
Although safe(A) Ndf(A) Nlive(A), P is neither deadlock-free nor live.

Ezample 3.7 (Leader FElection with Delegation). From Ex. 3.5 and Thm. 3.2,
P,.., is safe and is 3-plock free.

4 Operational and Denotational Preciseness

This section defines and proves soundness and completeness (hence preciseness)
of subtyping both operationally (Thm. 4.6) and denotationally (Thm. 4.7).

4.1 Operational Preciseness

We first define operational preciseness following [40,13,23,24]: a subtyping is
sound if all its instances are sound; a subtyping is complete if it contains all
sound instances; and a subtyping is precise if it is sound and complete.

Definition 4.1 (Operational Preciseness). Let ¢ = live N safe in [Res] in
Fig. 2. We say that a subtyping instance (77,7 is sound iff for all roles p ¢
roles(T"), sessions s, contexts C[], processes P, and typing contexts A:

if VQ.0FQ :{slp]: T} = 0+C[Q]:0)
then (0 P:{s[p]:T'} = C[P)] is safe and 3-plock free.)

Let < be a preorder on closed session types. We say that <l is sound if T/ 1T
implies that (77, T) is a sound subtyping instance; < is complete if for all sound
subtyping instances (77, T), T’ < T; and < is precise if it is sound and complete.

Theorem 4.1 (Operational Soundness). The subtyping < is sound.

Proof. Suppose that 7" < T and for all roles p & roles(T'), sessions s, contexts

C[], processes @, and typing contexts A, if ) - Q : {s[p]: T} then 0 - C[Q)] : 0.
By [sun), if @ - P : {s[p]: T'} then @ - P : {s[p]: T}. By assumption, () -

C[P] : 0. Thus by Thm. 3.2, C[P] is safe and 3-plock free. O

We prove completeness in four main steps.
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[Step 1]: We construct live contexts for every type, T', which check for every
disallowed behaviour. The detailed construction is described in Def. 4.2. The
contexts without 7" are called complementary contexts.

[Step 2]: Using Step 1, we construct characteristic processes for every type
T and channel ¢ (Def. 4.4).

[Step 3]: We show that the negation of subtyping has an inductive definition
(Thm. 4.4).

[Step 4]: By induction on Step 3, the constructions in Step 2 and Step 1
provide contexts witnessing completeness.

Complementary Contexts. Step 1 has a subtle point since we must be able
to check for every disallowed behaviour. However, types can only encode finitely
many choices. Therefore, we must limit the tested types with a known and finite
set of labels, payloads and roles.

Let 7 be a finite set of session types such that for all '€ T, if T appears in
T as a payload then 7" € T. Let L/R be the set of labels/participants appearing
within 7. We say that a type T is T -valid iff all payload session types in T" are
in T, all labels in 7" are in L, and all participants in 7" are in R. We use T -valid
types to handle all possible mixed choices that may appear.

Definition 4.2 (Complementary Types). Fix a finite set of session types,
T. We use T to enumerate the possible messages, m(.5), and construct a collection
of message sets, Act.

We define wait(q) to be the type of q in a complementary context; and sch(7’)
for T-valid types T to be the type of the scheduler in a complementary context
for . We write A[s, 7] = s[sch] : sch(T), U ¢ s[d] : wait(q), the complementary
context for 7" and s, for T-valid T'. The full definition is given below:

Fix a finite set of session types 7 such that for all T € T, if T’ is a payload
type in T then T” € T. Let L be the set of labels appearing within 7. Let R be
the set of participants appearing within 7. Enumerate:

R = {ri}OSiSn {m(S) melL,SeTU {int, b00|}} = {mi(Si)}OSiSNfl
Let Act ={I C{0,...,N—1}:Vi# j € I.m; #m,}, the set of all message sets,
where messages have distinct labels. Let p and sch be fresh roles, and m” be a
fresh label i.e. p,sch ¢ R and m” ¢ L. We first define type wait(q):
wait(q) = ut.(EleAcme{m}{sch?m(I,T) .pfm(q, I, ]L,t)} + Zieq,23{schm’; .det(},t)}

+ X er\ {q} {sch?m;.sync?(x;, t) } 4 sch?mena)
with sync?(q,7) = q'm.T sync! (e, T) = wm....oe—ilmoiIme. .o Im. T
det(f,7) = schlm.T + ptn”  pfm(q, I, 1,T) = Yicr{pmi(S;).sync!(q, schlm;.T)}
Next we define sch(T") for T-valid types T, by the following recursive definition:
sch(end) = rplm.q - . . T, Imepg sch(t) =t sch(pt.T) = pt.sch(T)

sch (E(qu)EJv i€l(g,1) {afmi(S:). Ti g }) =

D (e herx {171\ test (CL T2 2 (g e trigger(a, L., T, {sch(Tiq,1) }i€1<q,n))

with trigger(q, I, T,{Ti}ier) = alm(z,3).sync(q, Zier{qa?m; . T;}) test(q,1,7) =qm’y.q™m.T
sync(z, T) = ro'mg .. . tp—1!mp . T 1 g - .. 5 Im, . T
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— The information in 7 is used to restrict the possible payloads, labels, and
roles, that the complementary context must account for.

— Our live context for T is A[s,T], s[p] : T.

— For all g € R, wait(q) responds to commands from sch to either: terminate;
check if p erroneously contains the action qf; communicate with p with f
and the message set {m;(S;)}ier; or synchronise with another participant.

— In wait(q), syncl(q,T") sends a message from q to the other participants;
sync?(q,T) is a dual receiver; pfm(q, I, ,T) allows q to communicate with p
with action f, and det(f, 7)) allows q to test for the action of qf in p.

— sch(7) is the scheduling type. It tells other participants how to communicate
with p to check erroneous actions and to make any all acceptable actions.

— In sch(T), sync(q,T’) lets sch command all p € R \ {q} to receive a syn-
chronisation from q; test(q,t,7") lets sch command q to test qf at p; and
trigger(q, I, T,{T; }icr) lets sch command q to communicate with p with f.

Ezample 4.1 (Complementary Types). Consider the types T = g'm(end) and
T" =rlm(end). Let T = {T',7",end} so that 7" and T" are T-valid, R = {q,r},
and Act = {{m(end)}, {m(int)}, {m(bool)}}. We have that:

sch(T) = X{qm’y.q'm.T", rlw'y.x™m.T", rlm'>.xm.T"}

T" = qm(fn(end)},?) - T'mg.q7m.q'me,q. Tlm,, g

The scheduler will first choose an action not present in 7T i.e. not a prefix of
unf(T) (q!, r!, or r?), and tell its participant to test for it. If p implements the
chosen action, then a label mismatch error occurs. Otherwise, the participant
returns back to the scheduler, which continues with T7”. The scheduler tells q to
receive the message set {m(end)} from p, and tells r to synchronise with gq. Once
q receives a message from p and synchronises with r, q informs the scheduler of
the outcome of the communication. The scheduler now believes that p should
have the type end, so tells q and r to terminate.

Note that this differentiates 7" and T, since 7" contains the action r!. The
scheduler may tell r to check for r!, inducing a label mismatch.

Characteristics Processes. For Step 2, we introduce characteristic processes
for types and contexts. For this purpose, we introduce the following helper values
and processes to check the types of values. Below vg is a value of type B and
Pp(x) is a process that is unsafe iff 2 is not of type B and terminates otherwise.

Definition 4.3 (Basic Type Characteristics). Let Upoo = true, vt = 0,
Ppi(x) = if succ(z) then O else 0, Poooi(x) = if 2then Oelse 0.

The characteristic process of a session type T', as defined below in Def. 4.4,
is a process that: 1. behaves as specified by T'; and 2. checks that received values
and channels behave as expected in T'.

Definition 4.4 (Characteristic Processes). For channel ¢ and type T, with
T -valid payload types, we define the process Ple,T] by recursion on T.
For a context A, we write P[A] = II.c AP]c, A(c)].
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Ple,end] =0  Ple, ut.T] = uX¢.Ple, T Ple, t] = X¢
Ple, Yier{a;timi(S;).Ti} = (vsi: i € I') (Zie] 7. Py | Hiep/’P[A[shSi]])
where I' ={i € I: 1, =1,5; & {int,bool}}, I" ={i e I': S; # end}
cla]ms (silpl)- (Ple. T | P [Ujern oy 591 55])  t = LSi & {int, bool}
cla]tm(vs,). (Ple, T | P[User 5il5): 5] ) f: = 1.5; € {int, bool}

T R =
(e )| Ply, S| P[Ujers 5:[5] sj%) ;= 7,5 ¢ {int, bool}

clg;]™msi(y). (P
cla)7ms(2). (Ple, T | Ps, (@) | P|Ujer silp): S5]) i = 2.8: € {int, bool}
Characteristic processes are designed to mimic semantics of a type and a com-
plementary context whenever a session endpoint is created for using a payload.
Characteristic process P[c, T] follows the structure of 7" along channel c¢. To
output values of type B, the characteristic value v is used. To output channels of
type T", a new session, ', is created with channel s'[p] having type T” as enforced
by the introduction of characteristic process of a complementary context of 7".
Received values are verified at runtime by the characteristic processes of basic
types. Received channels are verified at runtime by characteristic process of their
expected types. Leftover channel endpoints, created for sends that did not occur,

are used by characteristic processes of their expected types.

Proposition 4.1 (Characteristic Processes). For channel ¢ and type T,
with T -valid payload types, the recursive definition for Plc,T] is terminates.

Proposition 4.2 (Complementary Context). If T is T -valid and closed,
then (safe N live)(A[s,T], s[p] : T').

A session type can be used to type its characteristic process.

Theorem 4.2 (Characteristic Processes). Let T be T -valid.
Write fv(T) = {t1,...t,} and let Ty, ..., T, be closed and T -valid.

{Xe,{c:Ti}i<n F Ple, T : {e: T{T/t:} .. . {Tn/tn}}

Specifically, @ = Plc, T] : {c: T} for closed and T-valid T. By subject reduction,
this says that T' captures the behaviour of its characteristic process P[ec, T]. The
reverse is also true: Lem. 4.1 states that P[c, T'] captures behaviours of T

Ezample 4.2 (Characteristic Process). Consider the type:

T = X{qg!m’(end), g'm(int).q?m(r!m(bool)) }
We construct its characteristic process by performing the specified behaviour
and handling the received channel:

Plslpl, T] = (vs') (s[p][a]'m'(s[p]) + s[p][a]!'m’(0).s[p][a] ?m(y).y[r]'m(true))
Observe that: @ - y[r]!m(true) : {y: r'm(bool)} O+ P[s[p],T]: {slp]: T}
We use [N at 0, [sus] to introduce end-valued channels, [sum] at all the sum
processes, and [Res] at (vs) since live({s'[p] : end}).
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T {mT'/t} AT . gm<T" qmAT L qQ?<T" q? AT 7L
wr ar T 4T ' AT .
T 4 T{#t-T/t} qQ'm < T qg’m A T’ q!<T ql 4 T
: LR] - [’R] ———— ['R]
T 4 .7 T 4T AT
m(S) < T qm(S)<T S 48
q m( ) q/ m( ) ﬂ [LR?] ——————— [end-1) 5 ?é B [B-L]
T 4T end 4 YierT;
gm(S) <T" qm(S)<T S#AS
/ [LR] —————— [end-R| [B-R]
T 4T YierT; 41 end S4B
Ain(S).T" < T _afa($).T<T TVAT
T 4T ‘

Fig. 3: Negation of Subtyping Rules

Theorem 4.3 (Two-Party Locks are Insufficient). There are types T' &
T such that for all A, if A, s[p]: T is live, then A, s[p|:T" is 2-plock free.

Proof. A has a two-participant lock (2-plock) iff unf(A(s[p])) = Yier{a; timi(S;).T:}
and, for all i € T if slq;] € dom(A) then, unf(A(s[q,])) = end or unf(A(s[q;])) =
Yies, {melJ i) u}
Let T' = (q?m. r7m +r?m.q?m’) and 77 = q?m.r?m’. Suppose that A, s[p]: T
is live. If A—*A" and A, s[p]: T S[qj lpl:m ——— A", then A,s[p]: T—*A", so A" is
live and is 2-plock free. A, s[p] : 7" has no two-participant locks: A’(s[q])—*T"

without p s.t. T" %, by following a fair transition sequence of A’, s[p] : T until
s[p] terminates; so unf(A’(s[q])) # end and unf(A’(s[q])) # Xier{p™mi(S;)}. O

Note that the proof of Thm. 3.2 shows that if a context has no 2-plocks, then
neither does any process that it types. Thus, Thm. 4.3 also proves that 2-plocks
for processes are insufficient for preciseness.

Negation of Subtyping. As for Step 3, recall that subtyping is defined
coinductively (Def. 3.1). The negation of coinductive relations are inductive,
suggesting that we can find inductive rules for €. Indeed, Thm. 4.4 proves this.

Theorem 4.4 (Negation of Subtyping). Define the binary relation T 4T
on closed session types inductively by the rules in Fig. 3, then T' AT iff T" £ T.

Ezample 4.3 (Negation of Subtyping). Consider the types T = glm(end) and
T =rlm(end). TV 4T by: 1] as r'm < T’ and r'm £ T'; or by [Rr] as q! < T and
q! £T". Thus, q’m'(T") ¢4 q™m'(T") by [LR?].

A similar theorem is crucial in [23,13] where preciseness was proved by induction
on ‘failing derivations’ of subtyping.

Operational Completeness. To proceed with Step 4, we observe that the
semantics of characteristic processes derive from the semantics of their types
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(Lem. 4.1). Also observe that complementary contexts fully explore their types,
in the sense that every transition of T is used within the some path from
Als,T], s[p] : T. From this, we deduce operational completeness.

Lemma 4.1 (Characteristic Fidelity). (1) If A—A', then P[A] —* Q |
PlA; (2) If am(T) < A(s[r]) and r’m(T") < A(s[q]), then P[4] =" Q |
(vs")PIA[s', T],s'[p] : T'] if T # end and P[A] =" Q| (vs') P[s'[p], T"] if T =
end; (3) If A has a label or payload mismatch, with one being a basic type, then
P[A] —* Clerx]; and (4) If A has a 3-plock on s, then so does (vs) P[A].

The behaviours of a type T' (up to subtyping) are precisely those making
A[s, T) safe and live i.e. if T" does not behave according to T (is not a subtype),
then A[s, T] can detect this, causing an error in the characteristic process.

Theorem 4.5 (Characteristic Strictness). If 7" £ T are T-valid and
closed, then there is P such that (vs) (P[A[s,T]] | Pls[p], T']) —=* P and P has
an error or a 3-plock.

Proof. Induction on the derivation of TV «4 T', using Lem. 4.1. O
Theorem 4.6 (Preciseness). The subtyping < is operationally precise.

Proof. Let T' € T and fix T making 77 and T T-valid. If § - Q : {s[p]: T},
then 0 = P[A[s, T]] | Q : (A[s,T],s[p]:T), hence 0 - (vs) (P[A[s,T]] | Q) : 0.
0 F Pls[p), T'] : {slp] : 7"} and (vs) (P[A[s,T]] | Pls[p],1"]) is not safe or is not
3-plock free by Thm. 4.5. Therefore, (77, T) is not a sound subtyping instance.
Therefore, < is complete. By Thm. 4.1, < is sound, so < is precise. a

4.2 Denotational Preciseness

We define the interpretation of closed type T to be the set of processes which T’
types: [T] ={P: 0+ P:{y:T}}. We say that a preorder < is denotationally
precise if for all 77 and T, T/ < T iff [T'] C [T].

Theorem 4.7 (Denotational Preciseness). The subtyping < is denotation-
ally precise.

Proof. It T" < T, then [T'] C [T by (sus]. If [T'] C [T], then fix T with 7" and
T T-valid. By [sun], Ply,T"] € [T], so 0 - (vs) (P[A[s, T]] | Plslp],T"]) : 0, thus
(vs) (P]A[s, T]] | P[s|p], T"]) is safe and 3-plock free. By Thm. 4.5, 7" < T. O

5 Extensions to Mixed Choice Multiparty Subcalculi

We define a typing system (Def. 5.1) for processes without session interleaving
and delegation (Prop. 5.1) and show that type checking guarantees liveness and
deadlock-freedom (Thm. 5.3). Using this typing system, we define preciseness
with respect to liveness (Def. 5.2) and show that the subtyping, <, is precise with
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respect to liveness (Thm. 5.4). We conclude this section with further extensions
of our preciseness result (Def. 5.4) to four multiparty session subcalculi of mixed
choice given in [48] (Def. 5.3).

Session Fidelity, Deadlock-Freedom and Liveness As in the previous work,
deadlock-freedom and liveness of typed processes are not generally guaranteed.
We limit the calculus to one without session delegation and interleaving by using
the following restricted type judgement.

Definition 5.1 (Restricted Type Judgement). We define the typing judge-
ment, I' =* P : A, inductively by the rules in Fig. 2, replacing [Sum] by:
Vj € IVqim(S). T < T (end(A) AT IF 7. Py : (A,c: T) Aclalim < 3,0, i Bi)

>y cmi P (4A,c:T)

[Sum™]

[sum*] differs from [Sun] since it disallows non-deterministic choice over distinct
channels and the only channel whose reducts are hidden by a communication
involving c is c itself. Therefore, we minimally remove session interleaving and
non-trivial session delegation. This is less restrictive than the ‘plays role’ restric-
tion in [52], and retains all the same guarantees.

Proposition 5.1 (Session Delegation). IfI'F* P : A, then all instances
of session delegation in the derivation are trivial i.e. if I" F* P’ : A’ is a
subderivation and ¢ [p]'m(c) < P’, then end < A'(c).

Ezample 5.1 (Unbounded Leader Election wihout Delegation). Let ¢ = safenlive
in [Res] in Fig. 2. Recall P, from Ex. 2.1. This process contains non-trivial
session delegation (sent channels are used once received), thus it is not typable
with the restricted type judgement (Prop. 5.1). We remove delegation to reattain
typability. This restricted typed calculus is still interesting, as it can type a
revised leader election with unbounded session creations. Consider an extension,
where the elected participant spawns a new session running the protocol.

Qread = 11X .(18) (Qo | Q1] Q2| Q3] Q4) where, for0 <i <4
Qi = s[pi}[p(i+4)%5]!elect<i) + 3[P¢][P(z‘+1)%5}?eleCt(x)«Q; + S[pi][p(i+3)%5}!eleCt<i>
Qi = s[pi}[p(i+2)%5]!elect<i> + s[pi][p(i+3>%5}?elect(ml).S[pi][p(HQ)%d?elect(x”).X
We derive ) F* Qo.q : 0.

Theorem 5.1 (Subject Reduction). Let ¢ in [Rus] in Fig. 2 be re-safe. Sup-
pose that I' +=* P : A and safe(A). 1. If P= P', then ' -* P' : A. 2. P — P’,
then either I' =* P’ : A or there exists A’ s.t. A—A" and I'+* P/ : A,

Theorem 5.2 (Session Fidelity). Let ¢ in [Res] in Fig. 2 be rc-safe. Suppose
that P is guarded, safe(A), and 0 =* P : A. If A—, then there exist P' and A’
such that A—A', P —* P, and ) -* P’ : A’.
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Theorem 5.3 (Properties). Let ¢ in [Res| in Fig. 2 be rc-safe. Suppose that
P is guarded, D F* P : A, and o(A): (1) If ¢ C df, then P is deadlock-free; (2)
If ¢ C live, then P is live.

Ezample 5.2 (Leader Election without Delegation). From Ex. 5.1 and Thm. 5.3,
we deduce that the process Q,..q is live.

Ezample 5.3 (Fairness is Necessary for Liveness). Due to [sus] in Fig. 2, the
fact that safe N live is downwards closed (Lem. 3.1) is crucial. Safe and weak
live (liveness without fairness) is not downwards closed (Ex. 3.2), so it can type
processes that are not live. Recall A" < A from Ex. 3.2, where A is weak live,
A’ is not, safe(A), and safe(A’). Consider the process

P = X0 sl oD X [ (PN | selploaco).0

P is not live; the reduct s[r|[p]?m’(y).0 can never be used. However, § -* P : A’
so by [sus], D H* P : A (independent of ¢ in [Res] in Fig. 2).

Preciseness of a Familiy of Mixed Choice m-Calculi. @ Without session
delegation, the subtyping < is precise w.r.t. liveness.

Definition 5.2 (Operational Preciseness w.r.t. Liveness). We say that a
subtyping instance (T",T) is sound w.r.t. liveness similarly to Def. 4.1 but with:
¢ = live Nsafen {A: A contains no session payloads}; I' H* P : T"; T and T"
only having basic typed payloads; and requiring process liveness.

Let < be a preorder on closed session types. We say that < is: sound w.r.t.
liveness if (T" < T and T” and T only have basic typed payloads) implies that
(T",T) is a sound w.r.t. liveness subtyping instance; complete w.r.t. liveness if
for all sound w.r.t. liveness subtyping instances (T',7T), 7' < T; and precise
w.r.t. liveness if it is both sound and complete w.r.t. liveness.

Remark 5.1 (Precise w.r.t. Liveness). The terminology ‘precise w.r.t. liveness’
is taken from [24]. It is used as in Def. 5.2, where the typing system is sound
only if typed processes are live. Although safety/error-freedom is not mentioned,
it is still required for soundness.

Theorem 5.4 (Preciseness w.r.t. Liveness). The subtyping < is opera-
tionally and denotationally precise w.r.t. liveness.

Proof. Thm. 5.3 implies soundness. Replace the end valued payloads in Def. 4.2
by int and remove all I € Act s.t. Ji € I s.t. S; is a session type. Following the
proof in §4.1, we derive completeness since 3-plocks are livelocks. a

We now extend our result to the family of multiparty subcalculi in [48]:
Definition 5.3 (Subcalculi of Mixed Choice).

1. Mixed Separate Choice per Participant (MS). Each participant in a sum
type cannot be both send to and received from i.e. in X;cr{q;Tmi(5;).T;},
VZ,] (S IqL = q} — Ti = Tj'
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2. Separate Choice (SC'). In a sum type, either every choice is a send, or every
choice is a receive i.e. the sum syntax is given by X;cr{aq;m:(S;).T;}.

3. Directed Mixed Choice (DM ). All choices in a sum type are with the same
participant i.e. the sum syntax is given by X;c;{qf;m;(S;).T;}.

4. Separated Choice (S). Sum types are either a sum of outputs to one partic-
ipant, or a sum of inputs from one participant i.e. X;c;{qim;(S;).7T;}.

Note that these subcalculi allow session delegations unless specified.

For each F € {MS, SC, DM, S}, the subtyping <, restricted to types in F, is
precise w.r.t. F. If we further restrict < to types without session-typed payloads,
the subtyping < is precise w.r.t. F and liveness.

Definition 5.4 (Operational Preciseness with respect to Subcalculi).
Let F € {MS,SC,DM,S} be a subcalculus of mixed choice. We say that a
subtyping instance (T7,T) is sound w.r.t. F similarly to Def. 4.1 but with: ¢ =
liveNsafeN{A: Aisin F}; and T and T” are the type syntax defined in F. Let
< be a preorder on session types. We say that < is: sound w.r.t. Fif (T QT
and T, T" are in F) implies that (7”,T) is a sound w.r.t. F subtyping instance;
complete w.r.t. F if for all sound w.r.t. F subtyping instances (77,7, T’ < T}
and precise w.r.t. F if it is both sound and complete w.r.t. F.

Theorem 5.5 (Preciseness w.r.t. Subsystems). ForF € {MS,SC, DM, S},
the subtyping, <, is operationally precise and denotationally w.r.t. F and opera-
tionally and denotationally precise w.r.t. F and liveness.

For MS, it is immediate since complementary contexts (Def. 4.2) are MS. For
F e {MS,SC, DM, S}, remove the disallowed syntax from Def. 4.2 and proceed
as in §4.1.

6 Implementations of Subtyping and Properties

This section first gives the algorithms for checking properties and their complex-
ity results, and then explains our tool implementation and benchmark results.

6.1 Deciding Context Properties

For a context A, let: barb(A) = dom(A\ end), the set of barbs; obs(A) =
{sbj(a): A%}, the set of observations; and R(A, A, ¢) be true iff there is a path
from A to A’ where c is never observed i.e. R(A, A’ ¢) iff there exists a path
{Ai}o<i<n such that A = Ay, A" = A,,, and for all i < n, ¢ ¢ [Jobs(4,).
Similarly to [55, Lem. 6.17], we can rewrite fair and not live paths as a finite
cycle; we can divide this cycle into smaller cycles. From this we derive Prop. 6.1.

Proposition 6.1 (Liveness). A is not live iff there exists A" s.t. ¢ € barb(A’)
and A—* A" and for all X € obs(A’) there exist A" % A" s.t. R(A', A" ¢),
R(A”, A',¢), and X N sbj(a) # 0.
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Deciding subtyping is necessary to construct the LTS ([Lcnt] in Def. 3.3). We
apply the subtyping algorithm in [55, Thm. 3.13], extended with mixed choice.

Theorem 6.1 (Deciding Subtyping). Let T and T’ be type graphs ([55,
Def. 3.6]). Checking T" < T has worst-case complezity O (|T"| - |T)).

Theorem 6.2 (Deciding Properties). Let A be a typing context with |A] =
n, m = [{A": A=A}, and |[dom(A)| = r. Safety, deadlock-freedom, and live-
ness can all be decided in either: (1) time O (rn2m2) and space O (n2 + rm2);
or (2) time O (rn*m?logn) and space O (n? + rnm).

The time complexities are achieved by enumerating the state space as it is gen-
erated, recording obs(A’), barb(A’), and the states adjacent to A’, as A’ is ex-
plored. (1) is achieved by using adjacency arrays; and (2) is by using adjacency
sets. Safety and deadlock-freedom are decided by checking each state for label/-
payload mismatches and termination while having barbs, respectively. Liveness
is decided by checking the LTS against the predicate in Prop. 6.1 directly.

6.2 Implementation and Benchmarks

We implemented the session type and typing context syntax and semantics,
from this paper, in Scala 3.82. For typing context semantics, we implemented
the subtyping algorithm in Thm. 6.1. Using these, we implemented the liveness
predicate from Prop. 6.1 as well as safety and deadlock-freedom. First, we con-
struct an LTS from a typing context; during the construction, we infer whether
the context is safe/deadlock-free. Then, we compute the reachability relation. Fi-
nally, we loop over all roles, p; for each one we compute the ‘reachability without
observing p’ relation, and loop over all contexts to check if the inner predicate
is satisfied. This decides if the predicate is satisfied in time O(rn?m?), where r
is the size of the domain, n is the size of the context, and m is the size of the
state space. The optimisation of using type graphs, instead of syntactic types
that are manually unfolded, is provided, and is used during benchmarking.

Our machine configurations are: Windows 11 Home Version 25H2; AMD
Ryzen 7 4700U @ 2.00 GHz; 16 GB RAM. Each benchmark is run multiple
times before recording 20 benchmarks, from which we calculate a mean.

Benchmarks evaluating our tool are given in the Table 1. For each example we
report: which subcalculi the example is within; the parameter used if applicable;
the number of states in the LTS; the mean time to determine safety in ms; the
mean time to determine deadlock-freedom in ms; and the mean time to determine
liveness in ms.

Our implementation is nearly instant on all handwritten examples. While
property checking is not instant on our large parameterised examples, it is still
practical with the largest mean being checking liveness of the leader election
protocol from [26] with 8 participants. This context’s LTS has 18350 states and
the property checker terminates in 31 seconds. Larger examples, taking longer,
exceed the memory capacity of personal computers for both this work and mpstk
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Example [MC[MS]SC|B]| #N [#states] safe || df live
OAuth2 [52] N/A 5 0.9 0.9 0.9
TwoBuyer [52] N/A 7 0.1 0.1 0.1
MapReduce [52] 3 20 1.1 1.1 1.25
5 42 0.75 0.75 1.05

10 132 5.35 5.35 9.85

50 2652 | 5065.15| 5065.25| 13786.5

MPWorker [52] 3 156 5.65 5.65 11.05
5 3906 | 3219.75| 3219.85| 8005.5

BinaryCounter 3 125 1.85 1.85 3.3
5 3125 1000.0 | 1000.05| 1991.55

BadBinaryCounter v 3 1375| 157.65 157.65| 186.25
LeaderElection [48] v N/A 22 0.15 0.15 0.3
ServerRequests [34] v 2 5 0.05 0.05 0.05
10 21 0.2 0.2 0.55

100 201 181.25 181.25| 237.75

LoadBalancing [41] v 2 4 0.1 0.1 0.1
10 12 0.1 0.1 0.25

100 102 57.8 57.8 74.45

Calculator [31] v [|IN/A 5 0.05 0.05 0.05
SMTP [31] v |IN/A 8 005 0.05]  0.05
CircuitBreaker [35] v N/A 14 0.15 0.15 0.2
DistributedLogging [35] v [|IN/A 4 0.0 0.0 0.05
TravelAgent [32] v |IN/A 6 0.0 0.0 0.0
OnlineWallet [44] N/A 10 0.05 0.05 0.05
LeaderElection [26] v 3 40 1.25 1.25 1.35
5 467 16.45 16.55 27.45

8| 18350(14428.35(| 14428.6| 30586.9

Running [7] v N/A 6 0.0 0.0 0.0
ClientServerWorkers [3] v N/A 11 0.1 0.1 0.1
TimeOut [3] v N/A 6 0.05 0.05 0.05
Fire [3] v N/A 13 0.05 0.05 0.05
LeaderElection (Ex. 3.3) v N/A 17 0.1 0.1 0.2
Cycle (77) v 2 3 0.05 0.05 0.05
3 33 0.2 0.2 0.25

4 125 2.0 2.0 2.85

5 359 12.9 12.9 14.4

10| 10743| 15640.3|/15640.45|17455.35

Table 1: Benchmarks for liveness algorithm implementation. MC denotes that full
mixed choice is necessary; MS, mixed separate choice per participant; SC, separate
choice; B, binary (2-party) sessions; and #N denotes the parameter for the example,
if applicable. Mean times are given in ms.
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(a tool used in [52]) before time becomes a practical issue. Benchmarks for mpstk
are omitted as the non mixed choice benchmarks are available in [52,5,50] and
are around 100 times slower than our implementation.

Notice that the average times for checking safe and df are similar, but lower
than the times for live. This is because safe and df can be immediately inferred
during construction of the LTS, whereas checking live requires constructing the
LTS and performing further processing.

7 Related Work and Conclusion

Preciseness of Subtyping. The canonicity of subtyping relations in functional
calculi has been assessed by denotational soundness and completeness, defined
by interpretations of types. Denotational completeness of the A-calculus was
first considered in [4] for arrow and intersection types, followed by [56,33,58]
extending to union and pair types. Operational preciseness was first defined
by Ligatti et al. [39] for the call-by-value A-calculus with iso-recursive types.
Following this work, Dezani and Ghilezan [20] show operational preciseness of
subtyping for a concurrent A-calculus with arrow, intersection, and union types.

The first work on preciseness for session types [13] has shown that the syn-
chronous [11] and asynchronous subtyping relations for binary session types with
session delegation are precise with respect to safety and ‘co-channel duality’ in
their m-calculus. Their paper [14] summarises the current state of the art on pre-
cise subtyping. The technique developed for binary session types is insufficient
for multiparty communication (Thm. 4.3): we require 3-plocks to take the place
of ‘co-channel duality’ (2-plocks).

Ghilezan et al. [23,24] proved preciseness with respect to safety and liveness,
for synchronous and asynchronous subtypings in multiparty session calculi. The
top-down approach for precise asynchronous subtyping is proposed in [49]. The
proof strategy in [23,24] follows the steps given in § 1. There are, however, sig-
nificant technical differences from the proofs in this paper. In Step 1, we use
a scheduler that has a collection of possible messages (Def. 4.2) in contrast to
[23,24] which use cyclic communications to give participants control over their
communications. Cyclic communications do not work in mixed choice as multi-
ple participants may act simultaneously. Related to Step 2, [23,24] leave session
delegation and creation and interleaving in characteristic processes as an open
problem, which has been closed in this paper (Def. 4.4). In Step 3, we directly
characterise the negation of subtyping instead of using an intermediate algo-
rithm as in [23]. In Step 4, the use of a full m-calculus with interleaving required
us to introduce 3-plocks (Def. 2.4) instead of simply using errors or referring to
processes getting ‘stuck’. This allows us to have a more general type system and
requires us to handle delegation and manipulation of 3-plocks in our lemmas
(Lem. 4.1). Additionally, mixed choice causes the negation of subtyping to have
more cases than in [23], adding comprehensive proof cases which do not occur in
separated choice. Furthermore, we have discovered that [23]’s operational sound-
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ness is flawed because their subject reduction theorem fails for their projection.
The full merge coinductive projection from [55] might fix this issue.

Li et al. [37] propose a decidable subtyping relation for communicating au-
tomata [9] which is sound and complete with respect to subprotocol fidelity and
deadlock-freedom. This work considers correctness w.r.t. implementing global
types, which is not related to either process correctness or typing systems.
Padovani and Zavattaro [46] propose a subtyping for binary session types with
asynchronous semantics that is complete with respect to fair termination, and
Padovani et al. [10] propose one that is complete with respect to a convergence
relation. Both completeness results are w.r.t. type semantics not their typing
system; hence it differs from our preciseness.

Bottom-Up Mixed Choice and Tools. The non-deterministic sum syntax
originated with the m-calculus [43], and has since incited work analysing its ex-
pressive power. Palamidessi [47] showed that there is no ‘good’ encoding of the
m-calculus with guarded mixed choice into the m-calculus with guarded separate
choice. This was followed by [48], giving the expressiveness hierarchy of session
calculi with various restrictions of choice. The subtyping in [48] is the first exten-
sion of the standard subtyping to mixed choice and, by fixing rule [s¥], is equal
to our subtyping. Prokié et al. [51] have formalised and typed federated learning
protocols with asynchronous separated choice. Their subtyping is the restriction
of our subtyping to separated choice types, which is precise under synchronous
semantics but not asynchronous semantics. Hinrichsen et al. [26] introduced
‘Mixtris’, a separation logic for multiparty message-passing programs. Mixtris is
used to reason about functional correctness using dependent binders, and nei-
ther formulates nor guarantees either deadlock-freedom or liveness. While their
functional correctness is intrinsically undecidable, we have: proved decidability
for deadlock-freedom and liveness; implemented an algorithm to decide these
properties; and provided its complexity. Blechschmidt et al. [7] use a probabilis-
tic mixed choice multiparty session m-calculus; this additionally has probabilistic
selections but excludes session delegation and only allows choice over a single
channel. They introduced the ‘refinement subtyping’, which permits replacement
of channels by several channels implementing the same behaviour. This differs
from the standard approach of defining a subtyping on session types and extend-
ing to typing contexts pointwise.

The tool mpstk [52] and its extension [6] decide typing context properties
for bottom-up MPST systems. They encode properties as p-calculus formulae
[52, Figure 5] to use mCRL2 for model checking. This has two main limitations:
mpstk does not support mixed choice; the formula for liveness in [52, Figure 5]
is not applicable for mixed choice liveness; and the correctness of the formulae
has been left unproven. We instead propose algorithms to check typing context
properties, which are more efficient than the approach in [52]. Our algorithm has
no external dependencies, thus it is more extendable for a future adaptation.

Typing systems for m-calculi often fail to guarantee deadlock-freedom and
liveness due to interleaving and delegation (Ex. 3.6). Work to overcome this is
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inapplicable to this paper: [16] relies on global types, [45,57] use binary session
types and none of them use mixed choice.

Top-Down Mixed Choice. The first work providing a top-down approach
with mixed choice is [19], where they explore a relationship between communi-
cating automata [9] and multiparty session types. Later, Lange et al. [36] studied
a synthesis algorithm which builds a global choreography with mixed choice from
communicating automata. Castagna et al. [12] provide a semantic description of
well-formedness for asynchronous mixed choice global types and a semantic no-
tion of projection with a decidable approximation. Jongmans and Yoshida [34]
extended global types with mixed choice, existential quantification, and unre-
stricted parallel composition. They verify well-formedness by checking bisimi-
larity between projected contexts and global types. Majumdar et al. [41] and
Li et al. [38] provide projection algorithms for sender-driven global types under
asynchronous semantics. This is a restriction of mixed choice where each global
choice has the same sender. The algorithm in [38] is complete for deadlock-free
communicating automata [9]. Hamers and Jongmans [25] implemented mixed
choice session types in ‘Discourje’, for run-time verification of Clojure programs.
Cruz-Filipe et al. [17] consider flexible choice for choreographies, but as ‘multi-
coms,/multisels’ instead of mixed choices.

Realisability of mixed choice global types in asynchronous semantics with
respect to deadlock-free communicating automata [9] has been proven undecid-
able in [53]. Bocchi et al. [8] propose new global syntax and semantics, which
allow for the transient inconsistencies that may occur during non-deterministic
communications. Di Giusto et al. [22] approach realisability without projecting.
They provide algorithms, for both synchronous and asynchronous (p2p) seman-
tics, that decide whether a global type is realisable, given a complementary
global type. These cannot be found in general for mixed choice types. Barbanera
and Dezani have considered mixed choice global types, synchronously [2] and
asynchronously [3]. They introduced notions of coherence between sets of global
choices and local contexts to deconstruct sessions into modules. This differs from
standard projection algorithms as it relates a global type to an entire context at
once, and the algorithm is parameterised by a partition of the participant set.
This causes issues with scaling, since components cannot be considered individ-
ually and useful partitions are non-trivial to provide. They use a session calculus
(similar to local types), which lacks session interleaving and delegation.

None of the above works prove the preciseness of subtyping relations.

Conclusion and Future Work. The preciseness result of this paper shows
that the mixed choice multiparty subtyping < (Def. 3.2) is the canonical notion
of subtyping for the full synchronous multiparty session calculus in §2; it is both
operationally precise (Thm. 4.6) and denotationally precise (Thm. 4.7).
Establishing preciseness requires the introduction of new machinery and
proof methodologies, together with detailed analysis and technically involved
proofs. Two of our main technical contributions are 3-plocks (Def. 2.4) and com-
plementary contexts (Def. 4.2). 3-plocks are minimal patterns of livelocks and
is the part of context liveness that is maintained by typing processes with dele-
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gation and session interleaving (Thm. 3.2). Complementary context A[s,T] for
each type T, monitors all possible failures of subtyping non-deterministically
and forces errors or 3-plocks if any incorrect behaviour is detected. These proof
techniques are not required for two-party or separated choice, shedding light on
the expressiveness of multiparty mixed choice.

We proposed a new typing system for a mixed choice multiparty session
calculus which ensures safety (Thm. 3.2), and deadlock-freedom and liveness
(Thm. 5.3). Our third main technical contribution is the representation of live in
Prop. 6.1. This substantially improves the complexity of deciding live (Thm. 6.2),
making it tractable in the size of the state space and context. The benchmarking
of our implementation (§6.2) has shown that this approach is efficient in practice.

Our future work includes: preciseness for asynchronous mixed choice multi-
party session types; and the top-down approach with mixed choice, building a
limited but practical projection algorithm along the line of [8].
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