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Distributed systems increasingly rely on randomisation; yet, verification techniques for such systems remain
separate from the programming abstractions used to build them. This paper proposes the first probabilistic
extension of general multiparty session types — typing sessions bottom-up, with no global specification —
deriving quantitative properties of a multiparty session from its session types alone. Our types combine
probabilistic choice with nondeterministic choice that abstracts data-dependent control, and allow separated
choices, where each branch of a selection or branching may involve a different participant — a combination
beyond previous probabilistic multiparty session type systems. To achieve this, we develop a novel probabilistic
subtyping relation and merge operator, using which we prove type soundness and session fidelity. The
semantics of typing contexts separates nondeterministic resolution, probabilistic choice, and synchronisation,
so that every typing context induces a finite Markov decision process. On it, we derive sound lower bounds,
holding under every fair adversarial scheduler, on the probability that a session is deadlock-free and live —
the first behavioural property guarantees, partial or otherwise, for a probabilistic session calculus. To connect
session types with probabilistic model checking, we introduce the first translation from session types into the
PRISM modelling language, and prove it sound and complete with respect to our operational semantics. We
implement the framework in the toolchain PrRoSE, which translates probabilistic multiparty session typing
contexts into PRISM and checks safety, deadlock-freedom, and liveness.
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1 Introduction

Probabilistic model checking. Concurrent components have been deployed in many computing
systems, from multicore architectures to web services to autonomous systems. Ensuring their
safe and reliable execution is an essential requirement for the design and specification of system
components, but it creates additional demand for verification, as components operate in uncertain
environments. Probabilistic model checking [5, 6] aims to automatically check whether components
that exhibit uncertain (probabilistic) and nondeterministic behaviours satisfy given requirements,
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Fig. 1. Overview of the probabilistic property verification procedure. In (a), given T; and P; (i € {1..n}) (1a)

infer local type T} from process P;; (1b) check T; < T;; (2) translate T; to PRISM and (3) model check whether
{T;}ier satisfy the desired probabilistic property P. In (b), directly verify the inferred types.

usually specified by probabilistic extensions of temporal logics. Probability is used to quantify envi-
ronmental uncertainty or randomisation, nondeterminism to represent decisions or concurrency.
Over the last two decades, probabilistic model checking tools (e.g., [3, 25, 26, 38]) have been actively
developed and used for quantitative verification in a broad spectrum of application domains [39].
Our aim is to lay the first groundwork connecting probabilistic multiparty session types to prob-
abilistic model checking, so that session-typed systems benefit directly from advances in model
checking techniques. Through a precise behavioural correspondence between probabilistic session
types and a model checker’s input language, we analyse a spectrum of probabilistic properties of
multiparty sessions, developing a static typing system that yields sound bounds on the probability
of “good” behaviour — such as deadlock-freedom and liveness.

Multiparty Session Types (MPST) [30, 31] are an extension of binary session types [29, 55],
facilitating specification and verification of complex many-party interacting components. Histori-
cally, the MPST theory has been developed based on the top-down approach where the chief system
architect first writes a multiparty protocol (called a global type) between participants. This protocol
is projected to a set of end-point (local) types against which conformance of each component
(participant) is checked. A collection of typed components then automatically satisfies qualitative
properties such as type-safety, deadlock-freedom and liveness [64].

More recently, Scalas and Yoshida [52] proposed generalised multiparty session types that do not
require global types, but can enforce a desired property ¢ by directly checking that a set of local
types satisfies ¢. The bottom-up approach types a strictly larger set of processes: protocols beyond
the reach of any global type — with asymmetric or emergent interaction structures that projection
cannot express — as well as type-safe processes that may deadlock, run forever, or fail to progress.
This “partial” nature is a natural fit with probabilistic model checking: rather than demanding the
outright absence of deadlock or non-termination, tools such as PRISM and Storm quantify such
behaviours — e.g., computing the probability of reaching a deadlock or of termination [3, 28].

Overview
We give an overview of the workflow in Fig. 1 and explain each step below.

Step (1): Type checking. Following the bottom-up approach [52], the first stage of our frame-
work abstracts each process as a finite probabilistic session type T. This abstraction is necessary:
communication safety of untyped session processes is undecidable, as we prove by encoding
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Fig. 2. An infinite-state session (left; one column per counter value) and its finite typing context A; (right).
The data-dependent decision by if becomes a nondeterministic choice over its two alternatives, while the
probabilities of flip are preserved as edge annotations. Processes are shown bottom-left and their local types

)

bottom-right. “i” denotes recursion, !/? output/input, and ®/& internal/external choice (see §2 and 3).

two-counter Minsky machines into sessions (Prop. 2.3). After inferring local types our toolchain
supports two modes; either model check the types directly (Fig. 1b), or type check them against a
type specification via subtyping before model checking (Fig. 1a).

Fig. 2 shows a session (bottom-left) in which a worker u drives a counter held by s up or down,
switching mode depending on its state. Following [20], our calculus distinguishes data-dependent
conditionals (if) from probabilistic choices (flip). Switching down fails with probability 0.1, resulting
in a deadlock, while switching up terminates successfully with probability 0.2.

The unbounded counter gives rise to an infinite state space (left, with one column per counter
value), preventing direct finite-state model checking. We instead infer local types that soundly
over-approximate communication behaviour, following existing approaches that model check
behavioural types as abstractions of processes [52] and programs [7, 42, 53].

Typing replaces data-dependent conditionals with nondeterministic choices, accounting for
the possible outcomes of tests whose values the types do not track, while retaining probability
information from flips. In Fig. 2, this removes the need to track the unbounded counter: the types
describe a finite model of the communication modes instead.

The resulting model is a finite Markov decision process (MDP), combining probabilistic choices with
nondeterminism arising from both abstracted data and participant scheduling. We analyse it under
the least favourable (adversarial) resolutions of nondeterminism, subject to our fairness assumptions.
This accounts for the information lost through abstraction and yields sound lower bounds on the
probabilities of properties of the original session. Type checking is decidable (Thm. 3.14), and the
finite abstraction enables probabilistic model checking. For instance, this analysis establishes that
the session in Fig. 2 is deadlock-free with probability at least 9/14 =~ 0.64 under every fair scheduler.

Step (2): Precise translation from session types into PRISM. To verify type-level properties
automatically, we employ the PRISM [38] probabilistic model checker, a well-established tool which
has been used to study a diverse range of applications [39]. Other popular probabilistic model
checkers such as Storm [58] and the Modest Toolset [25] also support the PRISM language as input
(the latter by converting first into the JANI [11] format).

To fill a gap between types and models, we encode session types into the PRISM modelling
language and prove a precise (sound and complete) behavioural correspondence. Building on earlier
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approaches to model checking behavioural types [7, 42, 52, 53], we verify the translation itself by
developing new bisimulation and operational correspondence relations for the PRISM semantics,
precisely relating type-level behaviours to those of the generated models.

Step (3): Probabilistic property analysis and model checking. As the final step, we express
the properties of typing contexts (§4.3) as specifications in Probabilistic Linear Temporal Logic
(PLTL) and run PRISM to verify them. For deadlock-freedom and liveness this establishes lower
bounds (§4.3), while for safety we get a yes/no answer.

There are two main challenges, both rooted in the nondeterminism of the type-level MDP. First,
the probability of a set of paths is well-defined only relative to a scheduler: both the resolution of the
abstracted data-dependent choices and the scheduling of parallel roles can change the probability
of satisfying a given property. We define the probability of a set of paths under a fixed scheduler by
standard means, using cylinder sets (Def. 4.7), and obtain lower bounds by taking the minimum
over all fair schedulers (Def. 4.6); these minima then transfer to well-typed sessions (Theorems 4.26
and 4.27). The second challenge is that probabilistic deadlock-freedom and probabilistic liveness are
quantified over fair schedulers only, while model checkers impose fairness on all nondeterministic
choices uniformly—including the internal nondeterminism, which must remain unconstrained.
We therefore characterise probabilistic deadlock-freedom as a safety property over finite paths
that PRISM checks without any fairness constraint. Characterising liveness in this manner is
more challenging: to do this, we introduce the notion of a weak almost-sure livelocked region, and
prove that the maximum probability of reaching this region corresponds exactly to the minimum
probability that the typing context is live (Theorem 6.5).

Contributions and Outline. To the best of our knowledge, this work is the first to propose
a probabilistic extension of generalised (bottom-up) multiparty session types, to prove that a
typing context yields sound lower bounds of probabilistic properties of typed session processes,
and to translate session types into a probabilistic modelling language with proofs of soundness
and completeness with respect to operational semantics. § 2 proposes a probabilistic multiparty
session calculus (promT) as a conservative extension of synchronous multiparty session processes
in [22], with a single probabilistic construct flip(p){H= P | T= Q}, and proves that safety of
sessions is undecidable (Proposition 2.3). § 3 proposes a probabilistic multiparty session typing
system, introducing probabilistic subtyping (Def. 3.2), which widens data-dependent choices into
nondeterministic sums, and the probabilistic merging operator (Def. 3.8), which reconciles the two
outcomes of a flip. We further demonstrate that type checking is decidable (Theorem 3.14). §4 proves
subject reduction (type safety) (Theorem 4.1) and session fidelity (Theorem 4.4), interprets typing
context reductions as finite MDPs with path probabilities relative to schedulers (Def. 4.6), and proves
the main results: a typing context induces lower bounds on the probabilities of deadlock-freedom
(Theorem 4.26) and liveness (Theorem 4.27) of the sessions it types, with their non-probabilistic
counterparts as special cases. §5 proposes a translation from session types to the PRISM language
and proves sound and complete operational correspondence (Theorems 5.6 and 5.7). § 6 expresses
safety, deadlock-freedom and liveness as PLTL specifications, reducing liveness to reachability of
weak almost-sure livelocks (Theorem 6.5), benchmarks our toolchain PROSE on case studies from
the PRISM homepage and related literature, and outlines a prototype implementation of steps (1a)
and (1b) of Fig. 1. § 7 concludes with related work. Detailed proofs and additional examples are
available in the full version of this paper [36]. Our artifact is explained in §8 and available in [35].

2 Probabilistic Multiparty Processes and Sessions

This section introduces the syntax and semantics of a probabilistic multiparty session calculus (PromT-
calculus). Since our focus is probabilistic verification, we base our calculus on the simplest multiparty
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Model Checking Probabilistic Multiparty Session Types 5

session calculus [22] extended with a branching construct (external choice) which receives a message
from different participants [51] and add a single new construct, flip(p){a= P | T= Q}.

Probability and nondeterminism. The calculus separates two sources of branching behaviour.
Probability is introduced operationally by flip(p){a= P | T= Q}, whose two continuations are
taken with complementary probabilities p and 1 — p; the reduction relation tracks these as explicit
weights. Nondeterminism arises at the process level from the scheduling of parallel roles. The typed
account of how nondeterminism is abstracted is deferred to §3.

Expressions (e, €', ...) are variables (x,y, z, . . . ), a value v, which is either a natural number n, an
integer i, or a Boolean true/false, or expressions built by applying operators such as neg, = and +.
e n=true|false|n|i|x|eVe|—e|e+e]|succ(e)]|nege)|e>c¢e

Processes (P, Q, R, ...) and multiparty sessions (M, M’, . ..) are defined by the following syntax:

P,Q == 0]|p!t{e).P|Zicip;i?ti(x;).P; | if e then Pelse Q|  (nil, selection, branching, conditional)

flip(p){u=P[ 1= 0} | pkX.P| X (flip, recursion, proc variable)
MM == p<P| M|M |error (role, parallel composition, error)
p,q,T,s,... are participants (roles) from a countably infinite set. The nil 0 denotes termination;

process p!f{e).P denotes the selection of label ¢ and expression e communicating with participant p
and continuing with behaviour P. Process X;erp; ?f(x;).P; is branching (external choice): for any
i € I # 0 it can accept label 4 with a value bound to x; from participant p;, continuing as P;. The
sender p; may vary across branches, allowing a single external choice to await messages from
different participants. This follows the external choice in [50, 51], which can represent protocols in
which a server accepts client updates in arbitrary order, as in session-typed models of federated
learning. On the sending side, as p!¢{e).P names its own target p, a role may also direct the branches
of a flip or if statement to different participants. We often write p?¢(x).P for a singleton branching,
expand it as, e.g., p; 21 (x1).P1 + p?£(x2).P,, and omit the payloads, e.g., p;?¢1.P1 + p?4,.P2, when
they are not needed. Conditional processes if e then P else Q and recursive processes uX.P are
standard. We assume recursive processes are guarded, i.e., every recursive variable occurs under
a prefix containing at least one input or output. Thus e.g. pX.X and pX.if e then X else Q are
not valid, whereas pX.p?¢(x).X is. We let p, p’, p”’ range over probabilities and introduce the flip
construct flip(p){HE= P | T= Q} which continues as P on heads and Q on tails; we syntactically
constrain p € (0, 1) to the open unit interval, so that neither outcome of a flip is excluded.

Process P plays the participant p (denoted p <P) and can interact with other roles through parallel
composition |, which we assume to be commutative and associative; we write [[;c; p; < P; for
pi<Pi| - - | p, <P, withl ={1,...,n}. error denotes an error session.

Remark 2.1 (promt probability constructs). The probabilistic behaviour of promt only originates
from flip(p){H= P | T= Q}, inspired by the flip of [17] and close to the top-level probabilistic
internal choice P 8, Q of [34]. promT has no primitive probabilistic output choice as in [1, 2, 60],
but simulates one:

P = flip(p){u= p;!t1{e1).P1 [ T= py!t(es).Po}
emits £1{e;) on heads (probability p) and £,{ez) on tails (1 — p), which in [1, 2, 60] would be written
as the explicit probabilistic output choice p;! p:t1{e;).P; 8, py! (1~ p):f2(es).P,. Nesting flips
extends this construction to probabilistic output choices over any finite number of alternatives.

Example 2.1 (Calculator service). A user u submits integers to a server s, which forwards the
request to a calculator c; the calculator may (depending on the size of the integer) occasionally
produce an error. The three roles realise the session M = u<P, | s <Ps | c <P, where Ps, P, P, are:
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[R-HEAD] [R-TAIL]

paflip(p{p=Pt=Q} | M=, p<P| M p<flip(p){s=P1=Q} | M=, p<Q| M

e | true e | false
[R-T-1F] - [R-F-1F] -
p<ifethenPelse Q| M—;p<P| M p<ifethenPelse Q| M—;p<Q| M
jel t=4 P = p; elv
[R-comm]

p<alt{e).P|q<X;crpi?b(x:).0i | M—>1p<P| q<Qi{v/x;} | M
Jjel:p=p;, Biel:pi=pAb={ M= M;] M{—, M, M= M,

[R-ERR] [r-sc] -

p<qléfe).P|a< X pi?t(x;).Qi | M —> error M, —, M,

Fig. 3. Reduction rules for promT-calculus

P, =slincr(1).uX. c?res(x).slincr(x).X Ps = pX.(c?error(x).clincr(x).X + u?incr(x).clincr(x).X)
P. = pX.s?incr(x).if x < 28 then ulres(succ(x)).X else flip(0.8) {H= u'res(succ(x)).X | T= s'error{(x).X}

The user loops, sending incr(e) and then awaits a result res(x) from c, binding the result of the
computation to x before recursing. The server waits for one of two external choices: (1) incr from
u, after which it sends incr{e) to c and loops; or (2) an error(x) from the calculator c on a previous
computation upon which it retries the calculation by sending incr(x) to c again. The calculator
is accurate up to a certain integer size — if the input from s is smaller than 28, ¢ successfully
increments x and forwards it to u, on the other hand if the number is greater than or equal, it has a
0.2 probability of sending error to s before recursing (and 0.8 probability of succeeding as before).

Reduction relations. We write e | v when fully evaluating a closed expression e (one with
no free variables) yields value v; the rules are standard [22, Table 1]. The reduction relation for
sessions is given in Fig. 3; reductions —, are annotated with a weight that tracks probabilistic
reduction paths. The probabilistic rules are [r-neap] and [r-tamn], taken when a flip(p){a= P | = Q}
resolves—heads (weight p) continuing as P, tails (1 — p) as Q; all other rules carry weight 1 and
coincide with the non-probabilistic MPST calculus of [22, 59]. Rules [r-1-1¥] and [r-r-1¥] fire once the
guard e has evaluated to true or false. In [r-comm], a participant p selecting label ¢ to q synchronises
with q’s matching branch (the one whose sender is p), binding v to x; in the continuation Q;;
the weight is 1, as the communication surely happens. Rule [r-rrr] is enabled when p and q can
communicate but there’s a label mismatch, i.e. p sends a label ¢ not expected by q. Rule [r-sc] closes
reduction under the structural precongruence =, defined by p<pX.P | M = p <« P{uX.P/X} | M
and [T,y p; <P; = [1jey p; < Pj when I is a permutation of J; we write = for (= U =1). We use
— , for the reflexive and transitive closure of —,, where p is the cumulative probability of that
path, eg. if M —p—,» M" then M—7, M.

Example 2.2 (Reductions). We trace a reduction of the session M from Ex. 2.1. We abbreviate
P = pX.c?res(x).slincr(x).X for the loop of u, and unfold recursion silently by [r-sc]:

[R-comM] . . incr(1)
— u<c?res(x).slincr(x).P} | s «clincr(1).Ps | ¢ <« P, (u -'"s)

[R-comMm] . , 3 3 incr(1)
— u < c?res(x).slincr{x).P) | s «Ps | c <if 1 < 2° then ulres(2).P. else ... (s —> ¢
R-T-IF

[—>1] u < c?res(x).slincr{x).P, | s <« Ps | ¢ <ulres(2).P, (since 1 < 28)

[R-comm] . , res(2)
— u<slincr(2).P) | s<Ps | c <P, (¢ = u)

and the value loops back incremented. For larger inputs the calculator may error and the edges
would carry a probability p # 1.

, Vol. 1, No. 1, Article . Publication date: November 2026.



Model Checking Probabilistic Multiparty Session Types 7

However, our processes are too expressive to analyse directly. Indeed, the following result tells
us that safety of (untyped) processes cannot be established in a sound and complete manner.

PRroPOSITION 2.3. It is undecidable to check safety of (untyped) sessions: no algorithm exists that,
given an arbitrary session M, can decide whether M /- error.

Proor. We reduce the halting problem to the problem under consideration. A two-counter
Minsky machine M is encoded as a session ((M)) that simulates it and reaches error exactly
when M reaches its HALT instruction; hence {(M)) is safe iff M does not halt. As halting is
undecidable [47], so is safety. Full proof in [36, App. A.1]. O

This motivates a type system for promt: typing provides a decidable, sound criterion for safety
(well-typed = safe), and safety alone forces incompleteness (safe =& well-typed), irrespective of any
further properties (deadlock-freedom and liveness) we wish to analyse. The abstraction by types
allows us to check safety and other probabilistic properties in a tractable manner.

3 Probabilistic Multiparty Session Types and Typing System
3.1 Probabilistic Multiparty Session Types

We start by defining probabilistic multiparty session types, subtyping and merging. We then define
their labelled transition relation, and properties of typing contexts. Proofs of statements in this
section can be found in the full version [36, App. B.3].

Probabilistic Multiparty Session Types (T, T',...) define a probabilistic communication specifi-
cation for each participant. Sorts (or base types) are ranged over by B,B’, ...

B ::= bool | nat I int T = end I Zie]®j€fi pij: pJ'4<Bj>T,’j | &igj pi?t’i(Bi).Ti |[1tT It
Sorts are boolean, naturals and integers; probabilistic multiparty session types are: type end denot-
ing termination; type &;cs p; ?4(B;).T; denoting branching (external choice) for each i offering
label 4 to pi. For branching to be well-formed, we require each p;?¢ be distinct and I # 0. Type
YierDjes pijip;i!6(B;).T;; denotes selection (internal choice) as a two-step resolution; the outer
sum );c; represents a non-deterministic choice over its summands @ ey, p; j:p;!6(B;).T;, that
each denote a discrete output distribution with a fixed probability p; ; € (0, 1] assigned to out-
putting £(B;) to p; and continuing as T; ;. For selection to be well-formed we require I # 0, each
p;j!4 j € Ji be distinct and 3’ ;¢ pi; = 1 for all i. We sometimes write @ ey p1,:p;!6(B;).T1; +
Ziel\{l}®j€]i pi,j: pj '{3<B]>TU for ZiEI®j€]L‘ pi,j: pj!{’j<Bj>.T,-,j and often omit ZiEI when |I| =1.
ut. T and t are recursive types and type variables, where T is guarded: every type variable occurs
under a branching or selection prefix (so pt.t is excluded), ensuring contractiveness. We often omit
end, base types B and the probability 1. We denote ftv(T) as the set of free type variables in T, and
call T closed if ftv(T) = 0. Hereafter we assume all types are closed and well-formed.

Example 3.1 (Calculator service continued). Consider again the user-server-calculator session from
Example 2.1. Letting p : T denote that participant p has type T, the session is typed as:

u: Ty =put. &slincr(int). &c?res(int). t
s: Tg = put. &{ c?error(int). @ clincr{int).t, u?incr(int). @ c!incr(int).t}

c: T = pt. &s?incr(int). Z{ dulres(int).t, ©{0.8: ulres{int).t, 0.2: slerror{int).t} }

x <28 else, flip(0.8){s=> ... [ T= ...}

Note that the condition in the if-statement of P, depending on the size of the input x, is abstracted
to a non-deterministic choice over the two output distributions — rendering safety, deadlock-freedom
and liveness, undecidable at the process level (Prop. 2.3), decidable. Observe also that the choice of
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8 Aleksander Junge, Leo Seojun Lee, Joseph Paulus, Nobuko Yoshida, and David Parker

c is separated: within one distribution, the res branch answers u while the error branch targets s —
expressible because our selections fix a participant per branch, not per choice.

Probabilistic subtyping. Subtyping T < T’ allows a process typed by a smaller type T to stand in
wherever one typed by T’ is expected (the substitution principle [44]): it narrows selections (fewer
nondeterministic options) and widens branchings (more offered inputs), as the rules make precise.

Definition 3.2 (Probabilistic subtyping). Probabilistic subtyping < is the largest relation on session
types (taken up to unfolding), coinductively defined by the rules below:
[suB-&] [suB-&]
Viel: T;<T; Viel: T;<T;  {pitieruy = {Pi}ier

Dicr pi P16 (Bi).Ti < Dicr pi:pi6(B:).T;  &Kicruy Pi?6(Bi).Ti < &Kicr pi?6(B;).T;
[suB-END] [suB-3]

end < end Zier®jes i P3!(B;).Tij < ek ®jegy P Pi6(B1) Ty

The rules adapt the multiparty subtyping of [22] to fit our probabilistic types. [sus-Enp] relates
end only to itself. [sus-&] is contravariant: the subtype may offer more inputs (I U J) than the
supertype (I), as a process handling extra messages is safe where fewer are expected. As in the input
subtyping rule [s-iv] in [51, Def. 5], we require the set of participants {p; };cr be identical to {p; };eruy
for downward-closure for typing context properties ([36, Lemma C.2, Cor. C.18]). [sus-@] relates
two selection distributions only when targets, labels, sorts, and probabilities coincide (changing
any would be observable and break substitutability). Rule [sus-Z] is less restrictive in comparison:
every summand of the subtype must embed (via [sus-e]) into some summand of the supertype, so
the supertype’s non-deterministic options cover the subtype’s; the premise |I| - |K| > 1 prevents
degenerate derivations (closing coinductive derivation after 1 step of [sus-3]).

LEMMA 3.3 (<-PREORDER). < is reflexive and transitive.

Example 3.4 (Subtyping). Consider the following subprocess of some larger session:

>

Peona = if x > 3 then plhi(true).0 else q!bye(1).0, where the types for the “then” and “else’
branch are Tipen = ®plhi(bool).end and Tese = @q!bye(int).end. Then by [sus-3], we have
Tihen < 2, {Tthen, Te|5e} and Tejse < 2 {Tthena Telse}- Thus, by [r-sus] and [1-conp] (both introduced

later), we are able to type P.onq With the common supertype Teong = 2, {Tthen, Telse}.
PROPOSITION 3.5 (<-DECIDABLE). Given Ty and T,, checking T1 < T, is decidable.

Definition 3.6 (<-least upper-bound). -L1- = - is a partial relation on session types with Ty UT, =T
defined exactly when Ty < Tand T, < Tand VT’ : (T; S AT, <T) =TT

We write T; LI T, for any T such that T; LT, = T and note that T is unique up to mutual subtyping.
Definition 3.7 (Unfolding). We define unf(-) as unf(ut.T) = T{#t-T/t} and unf(T) =T otherwise.

Probabilistic merging. Subtyping allows us to type if-statements by widening the type sufficiently
to accommodate both possible behaviours. Analogously, merging will allow us to reconcile the
behaviour of both head and tail branches of a flip(p){e= ... [T= ...}.

Definition 3.8 (Probabilistic merge). The merge is the largest relation on session types, such that
whenever T; M, T; = T the clauses below hold, with other cases being undefined:

[m-EnD] If unf(T;) = unf(T;) = end then unf(T) = end
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[w-&] Ifunf(T;) = &ier 9;26(B;).T; and unf(Tz) = &je; a;26(B)).T) with K = {k € In JI3T: T, UT, =T}
and {d; }ier = {d;}jey = {ak}kex then unf(T) = &gex a?4c(Br). (T UTY)

[m-@] If unf(Ty) = @iejpi: qi!t’i(Bi).Ti and unf(T,) = ®j€] p; qJ't’J(B])T; withVk e INJ : 3T : Ty |_|T;< =T
then unf(T) = ®reruy py: A b(Bk).TY and for every k € TU J:

kel\J] = pi=p-pe AT =Tk
keJ\I = p/=0-p) p AT’ =T,
kelIn] =  p/=p-pe+1=p) - p AT, =T UT;
[(m-2] If unf(Ty) = Xie; Ti and unf(T2) = Xje; T} with [I| - |J| > 1 then unf(T) = X; j)erxy Tij where
Timy T; =Ty forall (i, j) € Ix ]

The above merging operator is analogous to the binary session operator T, &, T of [34], but
extended to multiparty session types. By [m-end] type end is mergeable only with end. Merging of
external choice [v-&] must preserve the participant sets and drops any branches indexed by p; 74
when i ¢ I N J (analogous to the contravariance of [sus-&]), or whose continuations T; and T; have
no common supertype — continuations are then typed by their least supertype Ty LI T;. Rule [m-@]
merges two selections, assigning to p;!4(B;).T; ini € I\ J (resp. i € J \ I) probability p - p; (resp.
(1-p) - p;), while the probability for i € I'N ] is given by the convex combination p - p; + (1 - p) - p;
with continuations typed by the least upper bound Ty U T, . Finally, the rule [u-3] merges every
selection combination, the product I X J ensures every possible resolution of non-determinism is
preserved; the side-condition |I| - |J| > 1 prevents degenerate derivations.

Notation 3.9 (Multi-way merge). We define [ |;c;(T;, p;) inductively as: T; if p; = 1 and |I| = 1;
[Mier(Ti i) =T Ty, [ ien gy (Tis lf—;j) if j € I A pj # 0; undefined otherwise.

Example 3.10 (Probabilistic merging). The non-deterministic choice in the type T, of the calculator
(Ex. 3.1) contains the selection distribution T¢_ese = ®©{0.8: ulres(int).t, 0.2: slerror{int).t},
which is the merge T; Mog T2 of Ty = ®1: ulres(int).tand T, = ®1: slerror(int).t (with t of type
Tc). Since the label-role pairs ulres and s!error are disjoint, a single application of [u-@] suffices (as
0.8=0.8-1,0.2=0.2-1andt =t, by the disjoint case of the statement).

PROPOSITION 3.11 (DECIDABILITY OF MERGE). For Ty, Ty and p € (0,1) it is decidable whether
Ty My Ty is defined in time O(|T1||T2|), and when defined the witness is computable in time

O((max{2, d})2MlTl og (T, To| + 1)) where d is the max out-degree of the type graphs of T1, Ts.

A typing context (A, A’,...) is a mapping from a participant to its type, representing behaviours
of a multiparty session M. Its behaviour (semantics) are defined by a labelled transition relation
labelled with actions (a, ', .. .). Typing contexts and actions are defined as:
Auz=p:T|AN a == p:qle(B) | p:q?¢(B) | (p,q)¢ | p:7 | p:p

Action p:q!¢(B) is a selection from participant p to q with label £ and type B; action p:q?¢(B) is
branching at participant p from q with label ¢ and type B; and action (p, q)¢ is a communication be-
tween dual actions. p:7 and p:p denote nondeterministic and probabilistic internal choice respectively.
We write A; < A, if dom(A;) = dom(A,) and Vp € dom(A;) : A1(p) < Az(p).

Semantics (Labelled Transition System) of typing contexts is defined in Fig. 4. We note that
emitting a message decomposes into up to three steps: [cr-np] resolves an internal non-deterministic
choice among the summands of a 3; [cr-pros] is an internal probabilistic reduction, resolving a
participant p at a proper output selection p : @;ey p;: q; 14 (B;).T; to the singleton selection of branch
k, with probability pg; this enables [ct-out], emitting the message to qx with label 4, sort By, and
probability 1. Rule [cr-in] inputs label £ with sort By at participant p with probability 1; rule [cT-7]
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[cT-REC] [cT-ND]
p:T{tT} S, p: T te(0;1]U{n} kel |I|>1
a , p:T
p: ,thT —: P T p: 2i€]®j€]i p,)]qJ’fKB])Tl,] —n P ®j€]k pk’]qj‘{JJ(B])Tk’]
kel pr € (0;1)
[cT-PROB] PP [cr-out] p:q!f(B)
p: Bicr iz i 6(Bi).Ti —p, P : D 1 qi! i (Br). T p:®1:q(BY.T ——;p:T
[cT-IN] [eT-7] [cT-sc]
:q!¢(B :p?t(B
kel Ay PEERL A p, T A A A te (01U {n)
k74 (B ,4) ¢ . o .
p: &ier q:?6(B;).T; qu—k(k)n p:Tg Ay, A; ﬂ’l AL A, Ap:T—,N,p:T

Fig. 4. Labelled transition system for typing contexts

synchronises a singleton selection with its dual branching; [cr-rec] is the standard rule for recursive

types; and [cr-sc] is a context rule. We write:

o AP N (p=1AAL2Y Ayor3a A D, A anr U5 A

o Ao, A iff 3a € {p:r,pip, (p,a)f | p.a, €} : A S, Ayand A— A iff 3t € (0;1]U{n} : A—y A
and A S, iff AN A S, A (same for —; and —). These conventions also apply to i»p.

e Ay —>; A, for the transitive closure: a sequence Ay - - - —,, A, withm > 2andp = H,'C":_ll Dk
The reflexive and transitive closure —, additionally admits the empty path (A —7 A).

Safety property. In a general typing system [52], we type-check that a multiparty session M
satisfies a safety property: whether its typing context only exchanges compatible labels.

Definition 3.12 (Safety). [52, Definition 4.1] ¢ is a safety property of A iff, whenever ¢ (A): (1) ¢ (0);

:q!(B :p?t’ (B’ X
@ A PO, and A D, sty A PP (3) A— A’ implies p(A") We write safe(A) if

¢(A) holds for some safety property ¢.

Def. 3.12(1) above states the empty context is considered safe, (2) defines that if A contains the
entries for selection at p to q and branching at q from p, then branching at q supports all of p’s
labels. Def. 3.12(3) states that a safety property must be preserved under reductions.

Example 3.13 (Semantics of types and safety). Consider the typing context A =u: Ty, s : Ts,c: T
of Example 3.1. We consider two runs starting from A:

(u,s)incr (s,c)incr ar (c,s)error (s,c)incr (4 (c,u)res
1 T 1 T /7n T %02 T 1 T 7n T 1

(u,s)incr (s,c)incr [ 4 (c,s)error (s,c)incr [ 4 (c,s)error (s,c)incr [ 4 (c,s)error
AN——>1 ——  —p  ——— P ——— Dy M~ ————M

The first run fails once then succeeds when the [cT-np] step commits ¢’s non-deterministic choice to
the selection sending res to u with probability 1. The second fails indefinitely, a run of probability

lim, 0 0.2" = 0 (§4). Note the i steps carry no probability, and instead abstract over the
x < 28 test in Example 3.1.

3.2 Probabilistic Multiparty Session Typing System

We introduce the probabilistic multiparty session typing system. We define typing environments
(T,I',...) as a mapping from a variable to a sort for typing expressions and a process variable to a
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LX:TrFP:T T'+P:T TLKT
[T-REC] —————— [tvaR] ———— [TsuB] ————————
F'rpXP:T LX:TEX:T THP:T
TrP:T; iE{l,Z}
[T-0) ————  [1-FLIP] -
I'+0:end Tl—fllp(p){H:>P1 |]T:>P2} : Ty |_|P T,
I'rte:B THP:T Viel I,x;j:Bj+rP;:T;
[T-sEL] [T-BRA]
J p!{’(e).P D1 p!{’(B).T T+ ZieIpi?fi(xi).Pi : &ieI pi?l’i(Bi).Ti
Tre:bool THP:T THP:T safe({pi : Ti}tier) Vi€I:+P;:T;
[T-conD] [B-sEss]
T'rifethenPielse Py : T FITicrpi <P {pi : Titier

Fig. 5. Probabilistic multiparty session typing system

session type for typing recursive processes: I' := @ | I, x : B | I', X : T. The judgements for typing
expressions, processes and sessions are writtenasI' e : B,I' - P: T, and - M : A, respectively.

We omit the typing rules for expressions as they are standard and identical with the rules in
[22]. Fig. 5 defines the typing rules for processes and a session. With the exception of [t-rrip], [1-sEL]
and [s-sess], the rules are standard and identical with the corresponding rules in [22]. Rule [r-rrre] is
the main rule for assigning probabilities with respect to p to types using the probabilistic merging
operator in Def. 3.8. Rule [r-se1] types a single selection with probability 1. Rule [s-sess] is identical
with the bottom-up rule [s-sess] in [59, Figure 5] where session M is typed by a safe typing context
(note: [22] uses the top-down typing system).

THEOREM 3.14 (DECIDABILITY). Given session M and typing context A, + M : A is decidable.

Proor. The proof is similar to [52, Thm. 4.11] with <, M, and safe(A) decidable by Props. 3.5
and 3.11 and [36, Prop. B.2]). (Full proof in [36, App. B.3]). )

4 Properties of Probabilistic Multiparty Sessions

This section studies a range of probabilistic properties of probabilistic multiparty session types and
processes, after proving subject reduction and session fidelity. See [36, App. C] for proofs.

4.1 Subject Reduction and Session Fidelity Theorems

Without probabilities, subject reduction states that each process reduction is matched by a context
transition. Flips complicate this: contexts have no flip transitions, since M, compiled each flip into
new distributions at typing time, so a single probabilistic step cannot preserve typing alone. Instead,
we look at the weighted pair of outcomes, recombined through the merge (case (3) below).

THEOREM 4.1 (SUBJECT REDUCTION). Supposet+ M : A. If M —, M, then depending on the
top-level rule used to derive M —,, M; we have:
(1) [r-1-1¥] or [r-F-1¥] implies: + My : A
(2) [r-comm] implies: AA; such that+ M : Ay and either A—1 A or A —,, - —1 Aq.
(3) [r-uEaD] or [r-tar] implies 3p, T, {T;, M;}icq12}, A" such that A =p : T, A andM—)l_p M, with
FM;:(p:T,A) fori€ {1,2} and (p: Ty M, Ty, A') < A

Proor. By induction on the derivation of M —, Mi; see [36, App. C.2]. O

Case (1) covers data-dependent control-flow steps. In case (2) the context matches the communi-
cation, possibly after first committing its nondeterministic choice via—,. In case (3), as no context
transition matches a flip, the statement instead mentions both outcomes, whose residual typings
recombine into T; M, T, < T. Case (3) is illustrated in Fig. 6: merging the typings at each frontier of
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M'A/* (p,r)t M:A"
M 3 T Fig. 6. Subject reduction: The session M reduces probabilis-
\ A (p,q)t : A, tically to one of Ms, ..., Mg before p sends a message to q or

My ————— L
4(( r. Both My, M5 (and likewise Mg, My) are typed by the same

A (p,q)s . A, context. Thm. 4.1(3) states that merging the typings T1, T,
%M T My of a participant p across both outcomes of its flip always
\? :As (b, r)e . A, Pproduces a subtype of its type in A (T; M, Tz < T). Under

M 45{']\410 the merged context (bottom), p holds a distribution over its
v’ﬂ(\ QAA(J sends.

Ay (A3 Mo.5 A4)

A >Ths > Mo.g 7 robability as the total weight of the flip paths exposing that
A, (As M5 As) wj‘ P y & . posing

Session fidelity (Thm. 4.4(3)) recovers the resolving step’s

send: for (p,q)f, 0.8 - 0.5+ 0.2- 0.5 = 0.5 (bold edges). The
resolved context mirrors A4, which types both M, and Ms.

a flip tree yields a context that is a subtype of A (the composed chain follows by monotonicity of
merging Lemma 4.20).

COROLLARY 4.2 (COMMUNICATION SAFETY). If+ M : A, then M —-»* error.

Session fidelity states the converse: typing context reductions must be matched by the process.
,a)¢
Notation 4.3 (Annotated session reductions). We write M Lpi)—n M’ when M —; M’ is derived by
top-level rule [r-comm] exchanging label ¢ from p to q.

THEOREM 4.4 (SESSION FIDELITY)

(1) Ifv M : A then A —————>1 A" implies 31 : {M—}, M; —(p—q—)—n}lel with e pi =1

2) Ifl—P-Tthenp-T—>n implies 3T’ : p'T—>n p:T and3l: {p<P—} qu | p<P; = }ier
with 3er pi = 1 anda set of types {T; |+ P; : Ti}ier such that |_|,€I(Tl,p1)

(3)IfrP:Tthenp: T —>p p: @ 1:q1¢(B).T implies 31 : {p <P—} p < q[((el>.pi}iel with
Yierpi=pandr P;i: T foralliel

(2) and (3) are easily lifted to + M : A through [cT-sc].
Proor. Corollary of a strengthened statement, proved by induction; see [36, App. C.2]. O

Case (1) states that a context communication of probability 1 is realised by weighted paths
M— 7 M;, each arriving where the communication fires surely, with ;c; p; = 1. Case (2) states
that when the context commits its nondeterministic choice, the process resolves its flips down to
leaves {P;};es that reduce no further, and merging the leaf types at their path weights, [ 1;c;(T;, pi),
recovers a subtype of the committed type. Analogously, case (3) guarantees that p’s probabilistic
transition to p : € 1: q!£(B).T’ in the typing context corresponds to the probability of reducing to a
leaf in {p < q!¢{e;).P; }ie1, and that the continuation P; is typed by T’. This is illustrated in Fig. 6,
with the bold paths representing (p, q)£, with weights 0.4 + 0.1 = 0.5.

4.2 Paths and Probabilities

To take probabilities into account, we formalise the notion of paths and the probability of obtaining
a set of paths. Since typing contexts combine probabilistic choice with nondeterminism, such
probabilities are well-defined only relative to a scheduler that resolves the nondeterminism. We
therefore interpret a typing context as a finite Markov Decision Process (MDP), define the probability
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of a set of paths under a fixed scheduler by standard means [37], and obtain lower bounds that
transfer to well-typed sessions by taking the minimum over all (fair) schedulers §4.4.

A typing context can be seen as inducing a finite MDP — an

LTS with nondeterministic and probabilistic state transitions. We

(r’%g%ﬁ AL (a,p)go distinguish between two sources of nondeterminism: (1); internal
N

> resolutions p: ;¢ T; ﬂn p:T;, and (2); scheduling of parallel

(r’p)smpi) enabled roles — as separated choice means that a participant p
Ay, —A may be simultaneously waiting to receive from both q and r, and
(deadlock) both being enabled, the scheduler must choose which pair gets to

communicate, consider for instance Fig. 7 — if r is scheduled to send
Fig. 7. A deadlock dependent there is a 0.5 chance of deadlocking (r sends stop to p and both quit,
leaving q hanging), scheduling g on the other hand sends go to p
and recurses. Thus scheduling of concurrently enabled participants
may affect the probability of satisfying a property. Later, we will work with a restricted class of fair
schedulers that cannot starve persistently enabled actions.

on scheduling.

Definition 4.5 (Path). A path ¢ is a (potentially infinite) sequence of contexts Aj; Ay;- -+ such
that for all i < |£] we have A; —, Ajq or A; —, Ajyq. A path £ is complete if it is either infinite or
Ag . We write Z(A) for the set of all complete paths starting from A.

Definition 4.6 (Scheduler). A scheduler ¢ € ®” for typing context A is a function mapping each

finite path Aq;--- ; A, of A with A, — to a pair (p, A), of a participant and an optional typing
context, such that: (1) if ¢(Ay;--- ;Ay) = (p, 0), then either A, ﬂp for some p, or A, Ml for

some q and ¢; and (2) if $(Ay;- -+ ;An) = (P, Apst1), then A, E>n Aps1.

Fixing a scheduler ¢ € ®” resolves all nondeterminism in the MDP of A, inducing a Discrete-
time Markov chain (DTMC) in which every transition carries a probability (the scheduler induced
transitions can be seen to carry probability 1). The probability of a finite path is then the product of
its transition probabilities; we write Z4(A) for the set of complete paths induced by ¢ from A. To
lift finite-path probabilities to a measure on complete paths, we follow [37] and take cylinder sets
as our basic events.

Definition 4.7 (Cylinder set). The cylinder set Cyl(&) of a finite path & = Ay;- - ; A, of the DTMC
induced by a scheduler ¢ is the set of all complete paths in Z¢4(A;) with prefix &; in particular, if
& is itself complete, then Cyl(§) = {&}. We write Pil for the unique probability measure on the

o-algebra generated by the cylinder sets with Pil (Cyl(&)) = 1% pi, where each A; —p DNigrs
measurable sets of paths are events.

For a predicate f on paths, we write Pi f) = Pﬁ({f € E4(A) | f(&)}) for the probability of
obtaining a path satisfying f under ¢ from A. For state predicate g we define < g to be the event
“eventually ¢”, where (O ¢g)(§) < 3Ti < |€] : g(&€[i]).

4.3 Probabilistic Deadlock-Freedom and Liveness for Typing Contexts

In this section we define two properties of typing contexts, deadlock-freedom and the slightly stronger
property of liveness. We first define the non-probabilistic version of each before introducing their
probabilistic counterparts. A context A is deadlocked if it has no transitions and some participant
has a pending action. A context is deadlock-free if no deadlocked state is reachable.

Definition 4.8 (Deadlock-freedom).
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(1) A context A is deadlocked, written deadlock(A), if A -+ and 3p : A(p) # end.
(2) A context A is deadlock-free, written df (A), if A —* A’ implies —~deadlock(A’).

Before introducing the concept of liveness, we define what it means for a path to be fair, as our
notion of liveness depends upon the scheduler being fair.

Definition 4.9 (Fair path). A complete path ¢ is fair, written fair(&), if the following hold:

,q) ¢ ,q) ¢
(1) ¥p,a, £ :ifViTj 2 i A 225 thenVidn > i: Ay 225, Apny

(2) VpVi:if A; —>, then3n > i: Ay —5, Apy

(3) Vp Vi :if A —2> then Tn > i,p : Ay —op Apss

Intuitively, a path is fair if a participant p cannot be denied sending an enabled communication
action indefinitely; and if p has an internal step to take then it will eventually do so.

A path is then live if any p with a pending input or output action along it eventually communicates
— note that this does not require the communication partner to be immediately available.

Definition 4.10 (Live path). A path & is live, written live(&), if for every A; € &

:q!t(B ,q) ¢
(1) lfAl Ml» then3dn >i: An Lpi)—)l An+1
q:p?¢(B) (r,q)t

(2) if Ay ———,then3In > i, r, ¢’ : Ay ——1 Apyq

Definition 4.11 (Live contexts). Given a context A, A is live, written live(A), if every complete
path & € Z(A) that is fair is also live.

Example 4.12 (Non-liveness of the calculator service). Consider again the calculator service
of Ex. 2.1, whose types are given in Ex. 3.1. The typing context formed by A = u:T,, s:Ts, c:T. is not
live according to Def. 4.11. To see this, note that there is an infinite reduction path

(u,s)incr (s,c)incr T (c,s)error (s,c)incr cr (c,s)error (s,c)incr T (c,s)error
T T 1 T 7p s T 02 T 1 T 7n T 020 T 1 T 7t P02t

L . . usc?res(int) . L
where after u’s initial message, u is waiting at u ———; while s and c are communicating

indefinitely, yet the probability of seeing this path is lim,_,« 0.2" = 0.

Ex. 4.12 illustrates that for probabilistic programs, it would be desirable to have more permissive
notions of the properties, admitting non-live (or deadlocking) paths so long as they have measure 0 —
or indeed any quantifiable measure. We therefore measure both properties, asking: what probability
of deadlock-freedom, and of liveness, can be guaranteed however the nondeterminism is resolved?
Since the probability of an event is well-defined only relative to a scheduler (Defs. 4.6 and 4.7), we
quantify over those schedulers that induce fair paths with probability 1;

Definition 4.13 (Fair schedulers). A scheduler ¢ over A is fair if ¢ € CD]A, ={¢p e d| ]P’i(fair) =1}

Definition 4.14 (Probabilistic deadlock-freedom and liveness). For a context A, we define the
minimum probability of deadlock-freedom and of liveness as

min ] min . b 1.
PE"(A) =1 — max P} (& deadlock P (A) = min P} (live
B =1 - mar ) R = min 7 (ive
Definition 4.15 (Almost-sure properties). A is almost-surely deadlock-free, written asdf(A), if
Pdmfi”(A) = 1, and almost-surely live, written aslive(A), if PI’R': (A) =1.

Example 4.16 (Calculator service extended). Consider a refinement of the calculator service
from Ex. 3.1 whose labelled transition system is given in Fig. 8. Aj_s correspond to the origi-
nal session from Ex. 3.1, but the 0.2 probability of an error occurring has been distributed into two
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(u,s)incr (s,c)upgrade (s c)mcr
— > A1 A /\0 min [ pmin pmin [ pmin
live df live df
0.8
T(c,u)res (s,c)incr¢ N c)conn (u,s)incr (c,u)res Ay | 052 | 069 | A 1 1
(c,uyre Ay | 052 | 0.69 | Ag | 1 1
As ﬁ— Ay (c,s)error App Az | 0.52 | 0.69 | Ag 0 0
C:Tl Ay | 047 | 0.65 | Ayp | O 0.69
. , SZTT %_g A [TAs [047 [ 065 Ay |0 | 0.69
As (©S)Misconn Ao |1 |1 | Ay |052]069
=
0.05 (c,s)crit 0 0.0510 ‘(?c)/retry 6 2] :

Fig. 8. A refined calculator service Ex. 4.16.

additional events now, (1); with probability 0.05 the error is critical and c informs s after which both
quit, leaving u hanging (a deadlock, Ay), (2); with probability 0.05, c loses its connection (disconn)
to s, entering a retry loop (A19-11), eventually it may reconnect (A;,) but this is not guaranteed.
Finally, s knows c is faulty, and will with probability 0.1 upgrade to a non-faulty mode, after which
the 3 participants can communicate and remain live (A¢_g). The table on the right side of Fig. 8
gives Pm'”(A) and Pm'”(A) for each A. Worthy of note is the probability of liveness is 0 in Ajo_11, as
there exists a fair path (retry indefinitely) that starves u — a fair adversarial scheduler can always

pick the action Ay = A, keeping the region closed. The full type of A; is given in [36, Ex. C.1].

Example 4.17 (Separating examples). Fig. 9 summarises the relationships between the properties
of this section by exhibiting a few examples that fall into different categories of either partially or
fully satisfying a property. The examples are numbered to match their regions in the diagram.

The properties are stable along subtyping: replacing a context by any subtype — as the verification
workflow of Fig. 1 does when checking an inferred context against a declared one — preserves
every property of this section, qualitatively and in probability:

PROPOSITION 4.18 (<-MONOTONICITY). Let A < A’ and safe(A’), then:
(D) p(A") = @(A) ifp € {safe, df, live}; and (2) P”"”(A ) < ]P”““(A) and PMN(A’) < PMn(A).

live live
Thus, properties model checked for A’ transfer to every subtype and, by [r-sus], to every session
typed below it. On the other hand, widening to a supertype may weaken the bounds by admitting
additional behaviours: the guarantees remain sound but need not be tight.

Example 4.19 (Bounds). To show how < may weaken bounds, consider first the session:
F (q<flip(0.5){s=>p!m [ T=r!m}|p<g?m):q: ®{0.5: p!m,0.5: r'm}, p:q?m
whose type is partially deadlock-free and live as shown in bullet 4 of Fig. 9. In this case the session
and typing context LTS are isomorphic, and indeed their lower bounds are identical. Consider now
what happens when q has an always-true if-statement over action p!m and its previous coinflip:
F q<if true then p!m else flip(0.5){H=p!m | T= r'm} | p<q?m
q:2{®{p'm}, ®{0.5: p!m,0.5: r'm}}, p:q?m

By [sus-=] the two branches have been widened to a nondeterministic choice (abstracting away
the conditional used to make the choice), but the cost is obvious; while the session is clearly live
the type still reports probability 0.5 of satisfying liveness, as an adversarial scheduler may always
choose to pick the coinflip branch.

Finally, we note merging is also compatible with refinement:

LEMMA 4.20 (M-MONOTONICITY). Suppose T; < T; fori € {1,2} and T N, T, is defined, then
T1 M, Ty is defined and T, M, T, < T) 1, T

Hence, replacing its operands by subtypes can only strengthen the resulting bounds.
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safe(A) @ Examples

:égq!m, q:@&p!'m
©
df(A) (5)

aslive(A) live(A)
(3) C)IEI

Fig. 9. Relationships between the properties. Numbers identify examples in the right-hand panel which
separate properties. For example, the typing context in 2 is safe and partially deadlock-free, but not live nor

PTN(A) >0 [PMn(A) >0

live spt.&{q?m.t}, r:@q'm, q:®{0.5:r!m, 0.5: p!m.ut. ® p!m.t}

cpt.&{q?m.t}, q:pt.@pmt, r:&p?m
:&{q?m}, q:®{0.5:p!m, 0.5:r!m}

spt.&{q?m.t, r?m.t}, q:pt. @ p'm.t, r:@®{0.5:p!m, 0.5:q!m}

cpt.  {0.5:q!m.t, 0.5:rim.t}, q:pt.&{p?m.t}, r:pt.&{p?m.t}

OO0 ®O6

T ||| |T|T| T

:@gq!m, q:&p?m

completely deadlock-free.

4.4 Probabilistic Deadlock-Freedom and Liveness for Multiparty Processes

In this section we transfer the bounds obtained in the previous section on A back to sessions M
typed as - M : A. We first adapt the definitions of §4.2 and 4.3 from typing contexts to sessions,
and then show that P{{'"(A) and P77 (A) bound the corresponding properties of M.

Definition 4.21 (Session paths). A (session) path ¢ is a sequence My; My; - - - with M; —,, My
for all i € [1, |£]); complete if infinite or Mg .

Definition 4.22 (Session scheduler). A scheduler ¢ € ®M for session M is a function mapping each
finite path My; - -+ ; M, of M with M,, — to a participant p such that if $(M;;--- ; M,) = p, then

q)¢
either M, = p<P | M’ and p <P —, p <P’ for some p, or M, ﬂn for some q and ¢.

Complete paths Z(M) and Z4(M), and probability measure Pf,l are as defined in Defs. 4.6 and 4.7.

Definition 4.23 (Fair session paths). A session path ¢ is fair, written fair(&) if:

)¢ q)¢
(1) VYp,q:if Yn3Im > n, £ with M,, E—q—)—> then Vn 3m > n with M,, 2—q—)—> M1

(2) VpVn: if M,, = p «flip(p){u=>P] 1= Q} | M’ or M,, = p «if e then P else Q | M’, then
dm > nwith M,;, = p<P | M’ or M, = p<Q | M"

Definition 4.24 (Live session paths). A session path & is live, written live(¢) if for every M, € &

,q) ¢
(1) if M, = p <q'¢(e).P | M, then 3m > n with My, 25 M.y
(pj»a)¢
(2) if My = q<X,e;pi26(x:).0; | M, then 3m > n, j € I with My, ——— My

A session M is live, written live(M), if every fair complete ¢ € Z(M) is live; M is deadlock(M),
if M - and 3p,P: M = p<P | M with P # 0; and df (M) if M— *M’ implies ~deadlock(M").
Analogously to Def. 4.14, we define the lower bounds on these properties over all fair schedulers:

Definition 4.25 (Probabilistic properties of sessions).
min _ 1 _ ] min _ . b (1
PR (M) =1 ;r;g)é P}, (& deadlock) Ple (M) = ;relg% P, (live)
with asdf(M) and aslive(M) as defined in Def. 4.15.

The main theorems of this paper follow; each property transfers from A to M, qualitatively and
in probability.

THEOREM 4.26. If+ M : A, then (1) df (A) implies df (M); and (2) PS‘;”(A) < Pg‘fi” (M)
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| [a]lg — Xierpi: i € {Cj}jes “ M~ (19— Xierpi: ti
-€
{Citjeg o lalg = Zierpi+ wi MI|IN -~ []g—> Zierpi t wi

[M-MODULE

ate M~ lalg— Yierpi:u VI.pjujg N #> [alg — Xjesp) v

[M-MOVE]
M|IN~> [a]lg = Zierpi: i
[M-syNc] [s-sTEP]
ate M~ [alg— Yierpi:ui NW[a]g’HZjE]p}:u} M~ [alg— Yierpi:ui Stg
MIIN~ [algng — Xijpi X p}ui Auj (M,8) 5, (M, S[w])

Fig. 10. Rules for ~» ([M-MODULE, ¢, MOVE, sync]) and for model-state pairs ([s-sTEp])

THEOREM 4.27 (LIVENESS). If+ M : A, then (1) live(A) implies live(M); (2) PM"(A) < ]P’m/i”(M).

live e

COROLLARY 4.28. If+ M : A, then asdf(A) implies asdf (M) and aslive(A) implies aslive(M).

5 Translating Probabilistic Multiparty Session Types into PRISM

This section presents the translation from probabilistic multiparty session types to the PRISM
modelling language. We first introduce the syntax and semantics of the PRISM language (§5.1),
before describing the translation function (§5.2). Finally, we show the correctness of this encoding
with respect to the operational semantics of session types and of PRISM (§5.3).

5.1 PRISM Syntax and Operational Semantics

To enable a precise discussion, we first formally define the relevant subset of the PRISM language.
We closely follow [14, 57], with modifications to syntax and a more precise discussion of states.

Definition 5.1 (PRISM Syntax). The syntax of PRISM models is given by

M, N =:={C;i}ier | MI|IN (module, composition)
Cu=lalg— Dierpi: ti (command, with Y ;c; p; =1 and p; € [0, 1])
9.9 »=(x=0) | ~g | grg | gV wu' == (x'=0) | und (guard, update)

0,0 :=0+0 | v-0 | vX0 |00 | x| n€Z (operations, variable, constant integer)

PRISM models are a composition of modules, each containing commands C;. Each command has
an action « (potentially empty, denoted as a = ¢), guard g, and updates u;, each with probability p;.
Guards and updates operate on states throughout the execution of the model.

Definition 5.2. A state S is a mapping {x; > n;};es from variables x; to constants n;. Updates
override mappings: S[(x” =n)] = (S \ {x — S(x)}) U {x + n}. PRISM distinguishes equality from
updates by denoting them as (x = v) and (x’ = v), respectively: in the latter, we update x, not x". A
state S is a state for model M if every x € dom(S) appears in some guard or update in M. We call
(M, S) a model-state pair.

Notation 5.3. For tidiness, we treat zero- and false-valued variables differently: (1) for all x ¢ dom(S),
we treat S(x) = 0 = false; and (2) SU {x - 0} = SU{x > false} = S. Hence we succinctly describe
the state {x > 42,y > 0} as {x — 42}. Here, we initialise integer variables to 0 and Booleans to
false, so the initial state of any model is @. We write M as a shorthand for (M, @).

We now define the semantics of the PRISM language. Following [14], we first introduce a relation
M ~» C (pronounced “M has command C”) to capture the effects of composition. The rules for
~» are shown in Fig. 10. [m-mopute] says a model with one module inherits its commands, while
[m-¢] ensures that commands with empty actions are preserved. If M has action @ and N does not,
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[m-movE] keeps M’s command in their composition M || N. If both contain «, [m-sync] synchronises
them, executing both commands together. Based on this, we define the transition relation i>p
between model-state pairs (Fig. 10). Its sole rule [s-ster] does what we expect: if M has a command
guarded by g, and state S satisfies g (S F g), then with probability p;, we apply the update u;. Since
each probabilistic branch becomes a separate transition, we assume that no two enabled commands

with more than one branch share an action, so that the distributions remain recoverable from ip.
This is guaranteed by our encoding (§5.2.2). Similarly to typing contexts, we write — for the
(probabilistic) reflexive, transitive closure.

5.2 Translating Multiparty Session Type Semantics

5.2.1 Dealing with States. The main complexity for the encoding arises from the fact that session
types are regarded as a term rewriting system, whereas PRISM is state-based. Thus, we must first
determine how to map terms into states. To facilitate this, we will be translating each participant
in the typing context into its own module, with variable Sy tracking p’s current position in its type.
We then compose these modules into a single model.

We inductively define the state space of a type T, written SS(T), as: SS(end) = 0; SS(ut.T') =
SS(T); SS(t) = 0; SS(&ier Pi?4:(B;).Ti) = 1+ X;e; SS(T); SS(D 1:q'¢(B).T") = 1 + SS(T')
for a committed selection (a single branch of probability 1); for a proper selection (|J| > 2),
SS(Djeypjp;!6(B;).Tj) =1+ 3¢5 SS(T!j), where T!j = ® 1:p;!4(B;).T; denotes the committed
selection for branch j; and, for a proper sum (|I| > 2), SS(X;e;DPjcs; peij):P;6<(B;).Tij)) =
1+ Xer SS(T®), where T? = @D ey, pij): P;4(B;).T(ij) denotes the i-th summand of the sum (a
singleton selection). Each variable S, in the encoding of A = p : T, A” has a value between 0 and
SS(T), inclusive, where S, = SS(T) represents the end state.

The counts mirror the type-level semantics, which resolves the nondeterministic choice between
summands, the probabilistic choice between branches, and the communication itself by separate
reductions. A branching needs only an entry state, from which the participant synchronises with
the chosen sender. A committed selection similarly needs only an entry state, from which the
participant synchronises with the recipient. A proper selection contributes an entry state, from
which the participant commits to a branch probabilistically, moving to the entry state of the
corresponding committed selection T'J A proper sum contributes an entry state from which a
summand is picked nondeterministically. Recursion contributes no states, as we simply loop back
to the state of the corresponding p-binding. Similarly, end also contributes no states, since all
terminated participants share the single end state. The transitions between these states are made
precise by the encoding below.

5.2.2 Encoding. We define an encoding from typing contexts into PRISM. We first present an inner
encoding (| - |), and then extend this with the closure module to give the final encoding [[-]].

Inner top-level encoding (| - ). A typing context A is translated as: (@) = @; (AA) =
(AD 1 (A’D, and (p : T) = {| T} (p0,55(T).2) With the type-level encoding {|T[} (n,m,r), which takes a
type T being translated, participant p, current state n, end state m and a mapping f from variables
to their state value.

Inner type-level encoding { - [} (p,nm ). The inner type-level encoding is presented in Fig. 11.
Each reduction of the typing context LTS maps to exactly one PRISM transition, distinguished by
its action label. For a proper sum (|I| > 2), the nondeterministic reduction p—) maps to an internal

transition — (mirroring the type-level action p:7) that picks a summand i € I and moves to the
entry state of the encoding of the singleton selection T?. For a proper selection, the probabilistic
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. p: . s p:: . . T .
reduction —P>p (rule [cT-proB]) maps to an internal transition —p>p in which p probabilistically picks
a branch j € J and moves to the entry state of the encoding of the committed selection T'J For a

. . . . (p.a)t . . p:q:f .
committed selection, the communication ——; maps to the synchronisation —— that informs
g of p’s choice. Since participant names are unique, no other module has an action labelled p :: 7
or p :: p, so these transitions cannot synchronise and are therefore internal. For a branching, the

upf
receiver synchronises directly with the chosen sender in a single i—p——n transition. For recursion
ut.T, we extend the mapping with t + n and continue translating T (using f if a continuation is a
variable). We refer to the two kinds of internal transitions produced by the encoding as follows: a

{|end|}(p,n,m,f) =0 {|t|}(p,n,m,f) =9 {Iﬂtﬂ}(p,n,m,f) = {|T|}(p,n,m,fu{t>—>n})
1Zier®jer Py P38 Tip) b (pmmp)
=Uier [P 7] (Sp =n) = 1:(S; =sel(i)) U UiedT7 [ psel(iymf)
where |I| >2 Tl@ = @jefi p(,’J)pJ'FJ(Bj)T(,,]) Sel(l) =n+1+ Zil<i SS(T??)
{Djes e 6B Tl nmpy  (J122)
=[P pl (S =n) = Tjes(p) : (S = com(j) U Uje AT (p.contiy.m.f)
where T!j =@ 1:p;!14(B;).T; com(j)=n+1+3,; SS(T!].,)
{@ 1: ' 4(B).T' [} (p,n,m, )
Sp=m T =end
=[puquf](Sp=n) - 1:{S5 =f(t) T =t U AT} pnstmp)
Sy =n+1 otherwise
{&ic1 p:?6(Bi).Till (pnm,f)
Sy =m T;=end
= Userlpi = p = 4] (Sp =n)—>1: S;IJ =f(v T =t U UiEI{|Ti|}(p,next(i),m,f)
Sy =next(i) otherwise
where next(i) =n+1+2,,;SS(Ty)

Fig. 11. Inner Translation

summand step is a transition labelled p :: 7, introduced for a proper sum, moving S, from the entry
state of the sum to the entry state of one of its summands T{ with probability 1; a commitment step
is a transition labelled p :: p, introduced for a proper selection, moving S, from the entry state of
the selection to the entry state of one of its committed selections T!j with probability p;. Summand
steps resolve the nondeterministic choice (rule [cr-np]), commitment steps resolve the probabilistic
choice (rule [cT-rroB]), and synchronisations perform the communication (rule [ct-7]). Commitment
steps are the only commands with more than one branch, and at most one is enabled in any state
per module, as each is guarded by a distinct entry state and never synchronises.

The inner encoding has slightly more transitions than needed since we treat each P, transition
as a communication, implicitly assuming both p and q participate. However, in some cases, only one
of p or g contains this action, and [mM-movE] permits such transitions to occur without synchronisation.
Thus, we introduce a closure module that blocks these spurious transitions.

Definition 5.4. Let actionsa(p) be the set of actions in (p : A(p)|) where actionsa(p) = @ if
p € dom(A). Define actions(A) = Upedom(a) actionsa(p). The closure module for A is given by

closure(A) = {[p = q:: f]false > 1: ()| p:: q:: £ € actionsp(p) @ actionsa(q)},
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(c:Teh = cutT c:p,0.2
[S nC incr] (Sc = 0) —1: (Sé = 1) s ciner ;\\ @ulres(int).t c:p,0.8 |
[cu7](Sc=1) = 1:(5=2), | Aty f””; ””” 4””:
[cut](Sc=1) > 1:(S.=3), /\m | )
[ | l 6
|

cuuzres] (Sc=2) > 1:(S.=0), 0
[

c ::P] (SC = 3) - 0.8: (S(,: = 4) *********** @7{687‘6';85<int) ¢

+ 0.2: (Sé = 5), 0.2: slerror(int).t}
[c:uzres] (Sc=4) = 1:(S.=0), A - ‘

[c:s:error] (Sc=5) = 1:(S.=0)}

Fig. 12. States in the encoding of c : T, (Example 3.1). Points on the number line represent values of S, and
arrows represent transitions, labelled with their action and probability. Unlabelled transitions have p = 1.

where & is the symmetric difference, and the () denotes a dummy update that will never be applied.
The final encoding [[-]] of contexts into PRISM models is defined by [[A]] = (A] || closure(A).

Example 5.5. Consider the calculator ¢ : T. from Example 3.1, for which SS(T.) = 6. Fig. 12 shows
its state encoding. Each typing context reduction corresponds to exactly one PRISM transition. The
recursion contributes no state, so the branching &s?incr is translated at state 0 with f = {t > 0}.
Then, receiving incr from s moves S to state 1, which is the entry state of the nondeterministic sum.
From there, a summand step picks one of the two summands nondeterministically, moving either
to state 2, the singleton selection @ulres.t, or to state 3, the entry state of the probabilistic selection.
From state 3, a commitment step moves to state 4 with probability 0.8 or to state 5 with probability
0.2, the entry states of the two singleton selections ®ulres.t and @s!error.t. Each singleton selection
then synchronises with its recipient. As every continuation is the variable t, these synchronisations
loop back to state f(t) = 0. The end state 6 is never reached, since the calculator never terminates.

The remaining participants u and s are encoded in a similar manner, yielding modules over S,
and Ss. The final encoding is then: [[A]] = (c: Tc) || Qu: Tu) || (s : Ts) || closure(A)

The resulting modules synchronise on the four actions u :: s :: incr, s :: ¢ : incr, ¢ :: u =z res and
c = s :: error. Every action appears in both the sender’s and the receiver’s module, so the closure
module is empty. Tracing part of an execution, we could have:

s:ciiner

(MADL (S + 0....) =5 (AL (S = L) <51 ([ALLASe = 3,...)) —20s ([ALL{Se = 4...})

5.3 Correctness

We now show that the encoding is sound (Theorem 5.6): every typing context reduction corre-
sponds to a transition of the encoded model; and complete (Theorem 5.7): every PRISM transition
corresponds to a typing context reduction. Detailed definitions and proofs are given in [36, App. D].

5.3.1 Soundness. For soundness, we must show that (| - ) preserves behaviour under recursion
unfolding: (p : pt.T|) should be equivalent to (|p : T{#t.T/t})). Though the two modules’ internal
states and commands may differ, they should exhibit the same observable transition behaviour.
This motivates use of bisimulation on model-state pairs (Mg, ;) ~ (Ma, I) to define equivalence.

THEOREM 5.6 (TRANSLATION SOUNDNESS). Let A, A’ be contexts.
(1) IFA Z5,, A, then there exists a state S such that [A]] —, ([A]],S) and [A']) ~ ([[A]], S).
2) IfA Kp N, then exists a state S such that [[A]] ﬂp ([[A1),S) and [[A']] ~ ([[A]],S).

3) 1A PU5 A7, then exists a state S such that [A]] =55, (AT, S) and [A']] ~ ([[A]L, S).
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5.3.2 Completeness. Completeness is the dual of soundness: every transition of the encoded model
corresponds directly to a reduction of the typing context.

THEOREM 5.7 (TRANSLATION COMPLETENESS). For every context A:
1) if [A] 5, ([[A]l,S), then there exists A’ such that A =, A’ and ([[A]],S) ~ [A']);

@) if [A]l =5, ([[A]l,S), then there exists A’ such that A ~25, A’ and ([[A]],S) ~ [[A']];
(3) if [[A]l ﬂn ([[A]), S), then there exists A" such that A MI A and ([[A]]LS) ~ [[A']].

6 Model-Checking Probabilistic Multiparty Session Types in PRISM

With the encoding in place, we must now express the properties of §4.3 as logical formulae to
enable model checking. We use Probabilistic LTL (PLTL), the linear-time fragment of PCTL", to
specify and model check properties. See [36, App. E] for proofs of statements in this section.
A brief introduction to PLTL. Due to space constraints, we opt for a brief presentation; a more
principled discussion can be found in [6, 9]. The syntax of our fragment of PLTL is given by

® = Pmin ((p) | Pmax ((p) (lower- and upper-bound probability constructs)
o, lﬁ = a i il | QN (ﬁ | oV lﬁ (atomic proposition, negation, conjunction, disjunction)
O¢ i S (always, eventually)

We write ¢ = ¢ as a shorthand for —¢ V /. We omit the next (X) and until (U) operators of PLTL,
as they are not needed to express our properties.

Path 7 of a PRISM model M is a (potentially infinite) sequence of states Si;S,;- - - such that
Vi e [L]|z]) : (M,S;) = (M,Siy1). We call ¢ a path formula. Path formulae act on paths 7 of a
model M, and we write 7 |= ¢ if 7 satisfies ¢. The semantics of path formulae are given in Def. 6.1.

Given a model M, Pmin (¢) (resp. Pmax (¢)) tells us the minimum (resp. maximum) probability
of obtaining a path 7 of M such that 7 |= ¢, across all possible schedulers. Since our PRISM models
are MDPs, they contain both probabilistic choice (within the same action) and nondeterminism
(over which action to fire, when multiple are available).

Definition 6.1 (Semantics of a path formula). Let m = S1;S,; - - - be a path, and denote by x[i..]
the subpath S;; Si11; - - - . The semantics of a path formula ¢ is given inductively:

TlFa & Sita TEOANY &= ntlEeAT Y TEeVY & nlEoeVr|=y
Tl & 7 |F ¢ TFEOe & Vi-x[i.] Fe TEOe & Ji-xli.]lFe

The meaning of S; + a will be explained in §6.1. The always and eventually operators originate

from linear temporal logic; informally, O ¢ is true if ¢ is always true throughout the path, and & ¢
is true if ¢ eventually becomes true. Other operators are standard.

6.1 Defining Specifications

We define several PRISM labels — boolean expressions over state variables — to act as atomic
propositions. For conciseness, we only give informal meanings here, though it is straightforward
to express them as conjunctions or disjunctions of state variables.
Definition 6.2. Given an encoding [[A]], we define the labels (their names denoted with “quotes”):

e S+ ‘end” &= Vp e dom(A) : S(S,) = SS(A(p))

e Vp::q:: £ € actionspy(p) U actionsa(q) : S+ send:p:q:=t" < ((A(p)),S) LN

e Vp,q € dom(A) : S+ “receive:: p : q" < 3¢ : ((A(q)),S) LN

e Vp::q:: £ € actionspy(p) U actionsa(q) : S+ “receive:p:q: €' < ((A(q)),S) Prat,
Additionally, PRISM has a built-in label “deadlock” such that S + “deadlock” < ([[A]],S) —».

, Vol. 1, No. 1, Article . Publication date: November 2026.



22 Aleksander Junge, Leo Seojun Lee, Joseph Paulus, Nobuko Yoshida, and David Parker

The label “end”is true iff all participants are in the end state. “send :: p :: q :: £"is true if p is able
to send £ to q, i.e. p is at the entry state of a committed selection and offers the synchronisation
p :q: ¢ and “receive :: p : q : £"is true if q is able to receive ¢ from p. Finally, “receive :: p :: q"is
true if q is able to receive any label from p.
Fairness. The properties of Def. 4.14 are quantified over fair schedulers, whereas Pmin and Pmax
quantify over all schedulers of the model. This restriction cannot be imposed directly, as PRISM
applies fairness to all nondeterministic choices uniformly, including the internal nondeterminism
SierTi =n Tk, which must remain unconstrained. As we will soon see, we instead express deadlock-
freedom and liveness through the reachability of their negations, for which the restriction to fair
schedulers is unnecessary.
Safety and deadlock-freedom. Using the labels, we write the following property specifications:
safe(A) & Pmin(O (/\p:;q::,eactions(m (“send=pq:t” A “receive:p:q’)
= “receiveupuqul" ))=1
Pg}i"(A) = 1—Pmax (< (“deadlock” A =“end”)) asdf(A) Pg}i”(A) =1
In a safe context (Def. 3.12), if p has committed to sending ¢ to q and q is ready to receive from p,
then q must accept ¢. For deadlock-freedom, recall from Def. 4.8 that a deadlocked context is one
that cannot reduce even though some participant has not ended. The path formula & (“deadlock” A
- “end”) holds exactly on the paths that reach such a state, so the specification computes 1 minus
the maximal probability of deadlock across all schedulers. The following theorem shows that this
maximum agrees with the maximum over fair schedulers of Def. 4.14.

THEOREM 6.3. max e gl PQAS(O deadlock) = max eqn Pi(() deadlock)

Intuitively, every deadlocking path is finite, and every finite complete path is fair. Admitting
unfair schedulers therefore does not change the maximal probability of deadlock.

Liveness is trickier, as it is a property of infinite paths whose negation is not immediately a
reachability event. We note that a context fails to be almost-surely live precisely when it can reach
a region of states in which some participant can be kept pending forever while scheduling remains
fair. We call this a weak almost-sure livelock, weak in that an actual livelock may only surface when
the nondeterminism is resolved adversarially.

To define the weak almost-sure livelock region, we first define Pend, (A) to be the set of states
reachable from A where p is nonterminated but has no enabled communication:

Pend,(A) = {A’ € (A—>*) |A'(p) # end,Va, £, p : A’ (p,q}f A A (q,p}t’ p}.

Writing Pend,, for membership in Pend; (A), a fair path 7 is non-live iff 7 |= Ve 4om(a) < O Pend,.
Indeed, fairness resolves any remaining internal choices on such a pending suffix, leaving the

participant permanently stuck.
Writing visited (&) = {A; | 3i < |€] : €[i] = A;} for the set of states visited along &, we define:

Definition 6.4 (Weak almost-sure livelock). The weak almost-surely livelocked region for p:
WASlivelocky(A) = {A’ € Pend,(A) | 3¢ € CI>§' :VE € Ey(A) : visited(£) C Pend,(A)}
and WASlivelock(A) = Upedom(a) WASlivelock, (A).
For a limit property ¢, the standard end-component reduction gives Pmin (¢) = 1-Pmax (& (U;er Si))s

where I indexes all end components (S;, A;) whose recurrent behaviour violates ¢ [6, Theo-
rem 10.122(b)]. Applying this reduction with fairness incorporated yields:

THEOREM 6.5. IPI’{U"(A) = min¢€¢é Pi(live) =1 - maxgegh Pi(() WASlivelock)

e
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Then, membership of the livelocked region becomes an atomic proposition. We define the label
S+ “livelock” < 3N’ € WASlivelock(A) : ([[A]l,S) ~ [[A']]

which, like the labels of Def. 6.2, is a finite disjunction over valuations of the state variables S,. The
implementation precomputes WASlivelock(A) by an end-component analysis of the context MDP
(details in [36, App. E.1]). By Theorem 6.5, we then obtain the liveness specification:

Pm‘: (A) =1 - Pmax (<& “livelock”)
Since the right-hand side is a reachability query maximised over all schedulers, no fairness constraint

needs to be imposed on PRISM, and A is almost-surely live iff Pmax (<& “livelock”) = 0.

Complexity. The runtime cost of our verification approach is dominated by the weak almost-sure
livelock precomputation as well as the PRISM model-checking. Writing |A| for the total number of
nodes in the syntax trees of the types in A, we have:

THEOREM 6.6. Let N be the number of reachable states of [[A]] and R = {A" | A—>"A"}|. Then
safe(A), PE"(A) and P (A) can be computed in time polynomial in N, R and |Al.

COROLLARY 6.7. Letk =|dom(A)|. Then safe(A), P(rj"fi”(A) and PIT/IQ(A) can be computed in time
|A|9K) | ie. exponential in the number of participants.

In practice, synchronous communication often tightly couples the reachable set, as can be seen in
our empirical evaluation. For instance, the product of the state spaces of the ten participants of
Multiparty Workers exceeds a million states, yet only 1222 of them are reachable (Table 1).

Example 6.8. We consider the calculator service in Example 3.1 for the final time, with the
encoding given in Fig. 12. The label “end” requires all three state variables S, Ss and S¢ to be
at their end states, and, for instance, “send :: c :: s :: error” holds exactly when S. = 5 in Fig. 12,
while “receive :: ¢ :: s"holds when Ss is at the entry state of the branching of Ts. PRISM reports
that A is safe and that no reachable state satisfies “deadlock”, since the context never stops, and so
Pg}i”(A) = 1. The precomputed region WASlivelock(A) is empty: u may be left pending while s and
c exchange error and incr (Example 4.12), but no fair scheduler can keep all paths in this region, as
every commitment step of ¢ leaves it with probability 0.8. Hence “livelock” is the constant false
and Pm‘: (A) = 1. The calculator is thus almost-surely deadlock-free and live.

For a negative case, consider the extended context A; of Example 4.16 (Fig. 8). Here PRISM finds
exactly one state satisfying “deadlock” A = “end”, namely the encoding of A, in which S5 and S are
at their end states while S, is at the entry state of the branching &c?res. The label “livelock” is the
disjunction of the valuations encoding Ao, where u is pending forever because other participants
have ended, and Ao and A;;, where u is pending while s and ¢ exchange retry. PRISM returns 0.31
and 0.474 for the two Pmax queries, giving Pg}i”(Al) =0.69 and P™"(A;) = 0.526.

live

6.2 Implementation and Performance Evaluation

We implement our encoding and property specifications in PROSE, a tool for the verification of
probabilistic multiparty session types. PROSE has been implemented in roughly 2800 lines of OCaml.
It accepts a typing context as its input, and outputs the probabilities of properties in §4.3. PROSE is
designed to be a self-contained, standalone toolkit for verifying types as abstractions of programs.
PROSE aims to be used in conjunction with real programs (such as Go or Scala programs) following
the line of [7, 42, 53] which have applied model checkers for types to real programs.

We evaluate the efficiency of Prosk through performance benchmarks. The experiments were run
on a laptop with an Apple M4 processor and 16GB of RAM, with OCaml 5.2.1 and PRISM v4.10.1. We
discard one warmup run, then repeat each measurement 30 times and report its mean and relative
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Table 1. Benchmark results for PRose. WASL is the precomputation of the weak almost-sure livelocked region
(Def. 6.4). All benchmarked processes can be found in the /examples/ folder of the artifact [35].

Mean runtime (in ms) of 30 runs after 1 warmup, + relative standard error (%) Model Size
Typing context Inference [Translation] WASL Safety DF Liveness | End-to-end [[States|Trans.
OAuth Protocol 21.64+1.5%| 0.42+4.8% | 0.03+3.9% |373.16+2.7%|402.53+2.8%|409.50+3.0%| 606.70+2.3% 19 23
Knuth-Yao Dice? 23.16+0.6%| 0.60+8.3% | 0.39+2.6% |421.52+3.9%|443.06+2.4%|436.38+2.2%| 679.95+0.7% 74 83
Dining Phils. [36, B.1]%|22.14+0.3% | 0.83+4.8% [107.95+0.7%|551.27+3.2%|542.88+2.9% | 931.20+1.9% | 1262.56+0.6% || 19579| 58308
Synch. Leader Election?22.58+0.5% | 0.41+4.9% | 0.02+4.3% |374.92+2.5%|404.71+2.7%|407.08+2.8%| 619.37+0.7% 14 17
Monty Hall, Change |23.06+0.3%| 0.43+4.7% | 0.03+2.4% |380.95+2.7%|413.72+2.5%|418.95+2.1%| 623.16+0.7% 20 23
Monty Hall, Stay 23.31+1.1%| 0.44+4.5% | 0.03+1.1% [380.74+2.4%|411.81+2.7%|412.80+£2.7%| 627.97+1.1% 20 23
Multiparty Workers' |20.63+1.6%| 0.53+5.7% | 3.26£0.3% |408.86+3.9%|415.49+3.1% |424.30+3.5%| 638.86+0.9% 1222| 3643
Gambler’s Ruin 23.30+0.3%| 0.42+4.8% | 0.02+3.3% |376.44+2.0%|407.10+2.2%|418.77+2.5%| 612.53+1.7% 16 19
Recursive Map-Reduce|23.40+0.9%| 0.46+6.5% | 0.08+1.3% [379.64+2.9%|401.59+2.8%|400.31+£2.5%| 625.37+0.8% 68 119
Recursive Two Buyersl 24.82+4.6%| 0.42+2.4% | 0.02+3.0% |375.84+2.1%|406.04+2.4%|414.30+2.2%| 607.63+1.1% 15 17
Example 4.16 24.51+6.1%| 0.57+£7.0% | 0.05+1.7% [409.89+4.0%|414.10+1.8%|421.18+2.1%| 625.69+0.8% 43 51
Von-Neumann Coin? |22.57+0.4%| 0.39+2.6% | 0.02+3.8% |371.26+2.0%|414.59+1.8%|412.39+2.2%| 627.61+0.3% 16 19

! Probabilistic variant of an example from [52].
2 Adapted from the PRISM case studies [56].

standard error. For each benchmark process, we record the type-inference time and use the inferred
typing context for subsequent measurements: translation into a PRISM model, precomputation of
the weak almost-sure livelocked region (Def. 6.4), and separate PRISM invocations for the three
properties of §6.1 (safety, deadlock-freedom, and liveness). We also measure the end-to-end runtime,
including inference and translation, with a single PRISM invocation checking all three properties.
As the translation function executes very quickly, each of its 30 data points is the mean of 100
consecutive calls (totalling 3,000 function calls), to reduce the effect of measurement overhead.
Table 1 presents the results, along with the size (number of states and transitions) of each context
MDP. The benchmark processes and their type specifications are provided in the /examples/ folder
of the accompanying artifact [35]; measurements use freshly inferred contexts. The results of the
verification process can be found in [36, App. E.5]. Most contexts are verified end-to-end in around
0.6s, and Dining Phils. (DP) in around 1.3s, demonstrating that PROSE is suitable for practical use.
Translation cost is negligible (<1ms), and the livelock-region precomputation is cheap (<6ms) on
all contexts but DP, as the algorithm enumerates its large context state space. This makes PRISM
model-checking the dominating cost. Model checking the same PRISM encoding with Storm [58]
yielded similar results. End-to-end runtimes are close to those for individual properties, as PRISM’s
internal model construction, performed once per invocation, accounts for most of each runtime.

Comparison with model checking processes. To compare scalability of verifying session types
and processes, we have measured verification times and deadlock-freedom probabilities of a simple
factorial multiparty session M; and its typing context A; (for each 1 < i < 30). While verifying
sessions is undecidable in general (Proposition 2.3), this particular session can be translated into
a finite-state PRISM module with one variable keeping track of its current state and one integer
variable per received variable and per sent payload. Fig. 13a shows for n > 14, the PRISM invocations
for session verification exhausted the allocated Java heap space (the default allocation is 1 GB), and
consequently did not finish execution.

Moreover, Fig. 13b shows that the deadlock-freedom probability obtained from A, is a lower
bound of the precise deadlock-freedom probability of M,,, with both tending to 0 as n grows. As
we describe in Example 4.19, the loss of precision comes from the conditional expressions in
our calculus, which are typed as nondeterministic choice. See [36, App. E.6] for a more detailed
explanation, as well as the factorial processes and types.
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Fig. 13. Verification times and deadlock-freedom probabilities of the factorial session M, which probabilisti-
cally produces an error; and its typing context A,, with varying values of n. The verification times are a mean
of 10 consecutive runs. For n > 14, the PRISM invocation for session M, ran out of memory.

6.3 Prototype implementation of Type Inference & Checking

We implement a prototype of the type system, with roughly 1,500 lines of Haskell (GHC 9.6.7)
(type inference and subtype check in Fig. 1). The tool takes as input a program: a list of named
PROMT processes in a plain-text surface syntax mirroring §2, each optionally paired with a specified
local type Tspec. The main challenge to inference is recursion: [r-rec] assumes the very type being
inferred, while deriving a type for conditionals and flips requires knowledge of the type constructor
of their branch types T; and T, (conditionals must compute the least upper bound of T; and T, with
respect to <, and flips the merge T; M, Ty).

Consider P = pX.q!m.F where F = flip(p){H= X [ 7= r!m.0}. To type F requires the type of X,
but finding that type requires typing F. We handle this circularity by recording type constraints
and solving them on a finite graph. For example let T; denote the unknown type of P (and X),
and TI?, the unknown type of F. Using the same type unknown T; for the recursive process and its
bound occurrences of X, the prototype seeks a solution of the equations: Tg( =o{l: q!m.T;} and
T, =T, M, &{1: rim.end}.

The first equation determines an output node for Tg( with an edge to the node reserved for T;,
whose outgoing edges are still unknown. To infer them, the solver follows X to its binder and
exposes the leading q!m, retaining the reference to T}), beneath that send, yielding: T?F =e{1:
q!m.T;} M, ®{1 : r!m.end}. As both constructors under M, are revealed, we can merge to get:
T; = &{p : q!m.Tr‘;, (1 - p) : rlm.end}. The q!m continuation reuses the recorded node for F
instead of unfolding the definition again, closing the cycle. Reading this graph as a recursive type
yields Tins = {1 : q!m.pt. & {p : q!m.t, (1 —p) : r'm.end}}.

The tool outputs, per process, the inferred local type T;.f, and optionally for each type specification
a verdict of the subtype check Tins < Tspec, displaying both types on failure; Fig. 1 highlights the
two workflows. Inferred types can also be exported to the input format of PROSE, our types to
model checker translation § 5, connecting inference directly to the verification pipeline.

The graph construction and the Cartesian products in [m-3] can both incur exponential growth, in
the number of graph nodes and output summands respectively. This is consistent with the O(n2")
worst-case behaviour reported for bottom-up type inference in [59, Thm. 5.26], where n = |P|; the
left-most column of Table 1 reports measured inference times for our benchmark programs.

7 Related Work and Conclusion

Probabilistic linear and binary session types. While many probabilistic concurrent models
have been studied in process algebra (e.g., CCS [24], CSP [21, 45] and mobile process calculi [27, 48]),
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few works use behavioural types to control and analyse probabilistic communications. The work in
[60] applies linear types developed in [8, 63] to give a sound and complete correspondence between
probabilistic processes and confusion-free event structures. Dal Lago and Giusti [40] develop a
probabilistic binary (2-party) session calculus based on bounded linear logic, where typed processes
execute within probabilistic polynomial time, enabling reasoning about cryptographic protocols.

Inverso et al. [34] propose a probabilistic type system which statically estimates an upper bound
on the probability of typed processes reaching successful states, using the top-level probabilistic
choice P &, Q for processes and types. Dal Lago and Padovani [41] study almost-sure termination
of a binary session calculus with the same process-level probabilistic choice; their types carry
no probability annotations, but real-valued heights bounding the expected number of reduction
steps. This property is qualitative, whereas we derive quantitative bounds. Both calculi [34, 41] are
built on the linear logic-based binary session type systems [13], expressing only tree-like network
topologies and enforcing total (100%) deadlock-freedom, and every choice is probabilistic: there is
no nondeterministic choice corresponding to our sums. Neither work provides an implementation.

Das et al. [17] propose probabilistic resource-aware session types extended from intuitionistic
linear logic-based deadlock-free session types [13], implemented as the programming language
NomosPro, which verifies representative probabilistic distributed algorithms with exact probability
and resource bounds. Like our work, they provide both nondeterministic and probabilistic choice,
and our flip construct and merging operator for types are inspired by NomosPro.

Our merge T; M, T, (Def. 3.8) takes the convex combination of the outermost probabilities and
takes the least upper bounds under < for continuations that have a common prefix. Where the
weighted sums of [17, 20] require these continuations to coincide, our merge accepts differing
continuations whenever their join exists. E.g., consider a server that is equally likely to be healthy
or degraded, acknowledging a request with probability 0.9 or 0.5, and then signalling hi or lo:

Ty = ®{0.9: qlok.®q'hi.end, 0.1: glerr.end}, Tt = ®{0.5: qlok.®q!lo.end, 0.5: qlerr.end }.

Then we have: Ty Mys Tt = @ {0.7: qlok. 2{ & q'hi.end, ®q!lo.end}, 0.3: glerr. end}, while in
[17, 20], this is undefined. The server remains typable despite its differing continuations: the
probability of ok is retained exactly, while the subsequent choice between hi and lo is abstracted
by nondeterminism. The work in [17] is extended to probabilistic refinement session types [20],
augmented by symbolic probabilities indexed by refinement variables, enabling parameterised
probabilistic reasoning and analyses of expected resource costs. Their implementation reconstructs
the intermediate types of channels with an SMT solver, verifying declared types, whereas type-
checking in our system is decidable (Theorem 3.14). Their implementation of Lehmann and Rabin’s
randomised dining philosophers [43] uses a coordinating process and an indexed ring, with refine-
ment predicates tracking fork availability and ownership. Our multiparty formulation ([36, Ex. B.1])
expresses contention directly through separated external choice: each fork accepts requests from
either neighbour, then awaits its holder’s release while rejecting competing requests. Ownership
is captured by the session-type continuations, without refinement indices or a central process
mediating fork acquisition.

None of the above calculi study probabilistic deadlock-freedom or liveness; processes with only
partial deadlock-freedom are untypable.

Probabilistic multiparty session types (MPST) and choreographies. Aman and Ciobanu [1, 2]
extend MPST [30, 31] with probability intervals on selections in global and local types. Their
top-down approach checks conformance to interval-annotated global protocols. Our bottom-up
approach [59] instead analyses locally typed sessions and establishes lower bounds on their proba-
bilities of deadlock-freedom and liveness, including sessions for which these properties do not hold
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on every fair execution. Blechschmidt et al. [10] propose a probabilistic mixed choice multiparty ses-
sion -calculus. Their refinement subtyping permits replacement of a channel by several channels
implementing the same behaviour, differing from the standard subtyping relation defined between
two local types. The works in [1, 2, 10] provide no implementation. Carbone and Veschetti [14]
propose a probabilistic deadlock-free choreographic calculus with choices explicitly annotated by
probabilities (akin to global types in [1, 2]), prove the correctness of its translation into PRISM,
and compare outcomes of probabilistic measurements against the original PRISM case studies.
Their language more closely resembles the PRISM language than our local types: a choreographic
sending-receiving construct describes both endpoints of a communication at once, mapping directly
to one action in PRISM, whereas we translate each participant of a typing context into its own
PRISM module (§5.2.2), with a communication arising as a synchronisation between the sender’s
and receiver’s modules. Proving that each reduction of the typing context corresponds to exactly
one transition of the composed model (Thms. 5.6 and 5.7) requires a closure module blocking
spurious unsynchronised transitions and a bisimulation relating models under recursion unfolding,
making our correctness proofs much more involved. No works above analyse probabilistic bounds
for properties such as deadlock-freedom and liveness.

Model checking behavioural types and programs. We translate types rather than processes to
the PRISM language because: (1) verification of session types is guaranteed to terminate, whereas
even safety of processes is undecidable (Proposition 2.3); and (2) translating processes results in
a far larger state space, as exact values of every variable must be tracked, making verification of
types more efficient and scalable, as shown in Fig. 13 and [36, App. E.6].

Model checking real-world programs has a long history [61]. Chaki et al. [16] are the first to
propose model checking behavioural types (an abstraction of 7-processes) developed in [33]. More
recently, [52] applied mCRL2 [12] to verify multiparty session types, an approach subsequently
extended to Go [42] and Scala [53] programs, and to distributed failures [7]. None of the above are
probabilistic.

Beyond behavioural types, Enea et al. [19] verify fair almost-sure termination of randomized
distributed algorithms such as Ben-Or’s consensus, using a proof rule combining martingale-based
termination arguments with weak fairness, discharged by an SMT solver. Their deductive approach
works directly on processes whose state spaces may grow unboundedly, beyond the reach of
finite-state model checking; conversely, they establish termination with probability one, whereas
we derive quantitative lower bounds on deadlock-freedom and liveness.

Conclusion. We have presented the first probabilistic multiparty session type theory for deriving
probabilistic properties (probabilistic deadlock-freedom and liveness) of typed multiparty session
processes. Our nondeterministic sums abstract data-dependent control, inducing lower bounds on
probabilistic properties that hold under every fair adversarial scheduler. We have implemented
the tool-chain PrRosE based on the precise translation from session types to PRISM, and evaluated
it on several case studies. Our future work includes the extension of the calculus with session
delegations [31, 52], dynamically joining participants [15, 18] and asynchronous sessions [51].
Our subtyping system is not precise in the sense of [22, 23, 46]. For example, ®{0.5 : p!m, 0.5 :
q!m} ¢ Z{@{p!'m}, ®{q!m}}, although the distribution on the left is a convex combination of
the alternatives on the right. Investigating probabilistic bisimulations [54] to refine subtyping
and minimise session types is another direction for future work. We also plan to analyse more
advanced properties such as real-time session type specifications [32, 62], taking advantage of
PRISM’s support for probabilistic timed automata.
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