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Abstract
Asynchronous multiparty session types provide a formal model for expressing the behaviour of
communicating processes and verifying that they correctly implement desired protocols. In the
“bottom-up” approach to session typing, local session types are specified directly, and the properties
of their composition (e.g. deadlock freedom and liveness) are checked and transferred to well-typed
processes. This method allows expressing and verifying a broad range of protocols, but still has a
key limitation: it only supports protocols where every send/receive operation is directed towards
strictly one recipient/sender at a time. This makes the technique too restrictive for modelling some
classes of protocols, e.g. those used in the field of federated learning.

This paper improves the session typing theory by extending the asynchronous “bottom-up”
approach to support protocols where a participant can choose to send or receive messages to/from
multiple other participants at the same time, rather than just one at a time. We demonstrate how
this extension enables the modeling and verification of real-world protocols, including some used in
federated learning. Furthermore, we introduce and formally prove safety, deadlock-freedom, liveness,
and session fidelity properties for our session typing system, revealing interesting dependencies
between these properties in the presence of a subtyping relation.

2012 ACM Subject Classification Theory of computation → Process calculi; Theory of computation
→ Type structures

Keywords and phrases Multiparty session types, π-calculus, type systems

1 Introduction

Asynchronous multiparty session types provide a formal approach to the verification of
message-passing programs. The key idea is to express protocols as types, and use type
checking to verify whether one or more communicating processes correctly implement some
desired protocols. The original approach [9] is “top-down,” in the sense that it begins
by specifying a global type, i.e., a choreographic formalisation of all the communications
expected between the participants in the protocol; then, the global type is projected into
a set of (local) session types, which can be used to type-check processes. This approach
ensures that the projected session types interact correctly with each other — and this
property is reflected by processes that are well-typed w.r.t. such projected session types.
Many extensions to this “top-down” approach have appeared. For instance, extended models
include explicit connection actions with a more relaxed form of internal choice (performed
by a process when it decides which message to send to other participants) [10] — used by
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2 Relaxed Choices in Bottom-Up Asynchronous Multiparty Session Types

other work [24, 22, 23] to express communication protocols utilized in distributed cloud and
edge computing. The work of [15] extends this further by also relaxing the external choice in
local types (performed by a process when it receives messages from other participants), while
using a form of global types similar to previous work. In general, in the “top-down” approach
to session typing, global types offer a formal yet intuitive way for describing choreographic
behaviours. However, global types can also limit the expressiveness of the theory: many
classes of real-world protocols (such as the federated learning protocol described below) do
not fit within the constraints of global types languages in literature, and correctly extending
such languages often requires considerable effort.

For this reason, an alternative “bottom-up” approach to session typing [21] removes
the requirement of global types: instead, local session types are specified directly, and
the properties of their composition (e.g. deadlock freedom and liveness) are checked and
transferred to well-typed processes. While this method allows for verifying a broader range
of protocols, it still inherits a key limitation of the original approach: a participant sending
or receiving a message can communicate with strictly one participant at a time. To overcome
this limitation, the bottom-up approach in [21] has been extended with the mixed choices
in [17] but only for synchronous communications — which is still insufficient for several
important applications, as we now illustrate.

Modelling an aynchronous decentralised federated learning protocol. To motivate our
work, let us consider a class of decentralised federated learning (DFL) protocols that rely
on a fully connected network topology (in which direct links exist between all pairs of
nodes) and use asynchronous communication [5, 28, 19, 20]. Fully connected networks are
the most commonly used in DFL [5, 28], as they offer greater reliability and robustness
compared to other topologies, such as star, ring, or random. Additionally, asynchronous
communication—where no synchronization point exists—tends to converge more quickly and
is well suited for DFL scenarios in which nodes have varying computational capabilities [5].
Concretely, we consider a single round of a generic decentralised one-shot federated learning
algorithm (FLA) [19, 20] having three nodes, where there is no central point of control,
depicted in the message sequence chart in Figure 1. Each participant in this algorithm follows
the same behaviour divided in three phases. In phase 1, each participant sends its local
data (i.e., a machine learning model) to all other participants. In phase 2, each participant
receives the other participants’ local data, trains the algorithm, and sends back the updated
data. Finally, in phase 3, each participant receives the updated data from other participants
and aggregates the updates.

We may model the process for participant p with a value passing labeled π-calculus
(following the approach of [17]) as follows — where ld and up are message labels meaning
“local data” and “update,”

∑
represents a choice, and and q!ld⟨. . .⟩ (resp. q?ld(. . .)) means

“send (resp. receive) the message ld to (resp. from) participant q.”

P =
Phase 1︷ ︸︸ ︷

q!ld⟨data⟩ . r!ld⟨data⟩ .
∑{ Phase 2︷ ︸︸ ︷

q?ld(x) . q!up⟨data⟩ . r?ld(y) . r!up⟨data⟩ .P1
r?ld(y) . r!up⟨data⟩ . q?ld(x) . q!up⟨data⟩︸ ︷︷ ︸

Phase 2

.P1

}

where

P1 =
∑{ Phase 3︷ ︸︸ ︷

q?up(x) . r?up(y)
r?up(y) . q?up(x)︸ ︷︷ ︸

Phase 3

}
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Phase 1: Broadcast local data

Phase 2: Reply update data

Phase 3: Receive buffered update data

Figure 1 An execution of the generic decentralised one-shot federated learning algorithm.

In phase 1, p’s process P above sends its local data to q and then to r; In phase 2, participant
p receives local data and replies the update up to q and also r; this can happen in two possible
orders depending on whether the data is received from q or r first, and this is represented by
the two branches of the choice

∑
. Finally, in phase 3 (in process P1), p receives update data

from q and r in any order (again, this is represented with two choice branches).
To the best of our knowledge, we may attempt to model this example directly only

using the session-type approaches of [15] and [17] — but with either of them, we encounter
roadblocks. The model in [15] relies on the existence of a global type — but the global
type language in [15] and in existing published work cannot express our decentralised FLA
example, in which no participant is guiding the protocol. Instead, [17] does not require
global types — but it relies on a process calculus with synchronous communication semantics,
i.e., where messages can only be sent when their recipient is ready to receive them. Under
synchronous semantics, this FLA protocol is immediately stuck, since all participants in the
phase 1 are trying to send their local data at the same time, and the recipients are not (yet)
ready to receive. In this work we overcome these limitations.

Contributions and outline of the paper. We present the first “bottom-up” asynchronous
session typing theory that supports input/output operations directed towards multiple
participants. We demonstrate that our approach enables the modelling and verification of
processes implementing real-world protocols that, thus far, were not supported by session
typing theories — e.g., the federated learning protocol in Figure 1. Furthermore, we formalise
and prove safety, deadlock-freedom, liveness, and session fidelity properties for well-typed
processes, revealing interesting dependencies between these properties in the presence of a
subtyping relation.

The paper is orgainzed as follows: Section 2 introduces our asynchronous session calculus;
Section 3 presents the types and the subtyping relation; Section 4 provides the type system
and our main results; and finally, Section 5 summarizes the paper with a discussion of related
and future work.
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v ::= x, y, z, . . . || 1, 2, . . . || true, false (variables, values)

M ::= p ◁ P | p ◁ h || M | M (participant, parallel)

h ::= ∅ || (q, ℓ(v)) || h · h (empty, message, concatenation)

P, Q ::=
∑

i∈I pi?ℓi(xi).Pi ||
∑

i∈I pi!ℓi⟨vi⟩.Pi (external choice, internal choice)

if e then P else Q (conditional)

X || µX.P || 0 (variable, recursion, inaction)

Figure 2 Syntax of sessions, processes, and queues.

2 The Calculus

In this section we present the syntax (Section 2.1) and the operational semantics (Section 2.2)
of our extended asynchronous multiparty sessions calculus. We define a core calculus in the
style of [8], omitting session creation and session delegation, and extend it with separate
choice constructs from [17].

2.1 Syntax
We define the syntax of our asynchronous calculus in Table 2. Values can be either variables
(x, y, z) or constants (positive integers or booleans).

Our asynchronous multiparty sessions (ranged over by M, M′, . . .) represent a
parallel composition of participants (ranged over by p, q, . . .) assigned with their process
P and output message queue h (notation: p ◁ P | p ◁ h). Here, p ◁ h denotes h is the
output message queue of participant p, and the queued message (q, ℓ(v)) represents that
participant p has sent message labeled ℓ with payload v to q. In the syntax of processes, the
external choice

∑
i∈I pi?ℓi(xi).Pi denotes receiving from participant pi a message labelled

ℓi with a value that should replace variable xi in Pi, for any i ∈ I. The internal choice∑
i∈I pi!ℓi⟨vi⟩.Pi denotes sending to participant pi a message labelled ℓi with value vi, and

then continuing as Pi, for any i ∈ I; in Section 2.2 we will see that, when the internal choice
has more than one branch, then one of them is picked nondeterministically. In both external
and internal choices, we assume (pi, ℓi) ̸= (pj , ℓj), for all i, j ∈ I, such that i ̸= j. The
conditional construct, process variable, recursion, and inaction 0 are standard; we will
sometimes omit writing 0. As usual, we assume that recursion is guarded, i.e., in the process
µX.P , the variable X can occur in P only under an internal or external choice.

Our model allows for representing interesting communication patterns that are not
supported in the standard session type theory. This opens the way for extending the session
type-like theory for many real-life communication protocols, such as the ones in federated
learning. For instance, the standard multiparty session type theory cannot express arbitrary
order of message arrivals that take place at an federated learning algorithm (FLA) instance
[19, 20]. We show how our calculus can be used to model the two federated learning
protocols presented in the paper [19, 20]: one centralized (Example 2) and one decentralized
(Example 3). First, we set up some notation.

We define a concurrent input macro ∥Rj∥j∈{i}.Q to represent a process that awaits a
series of incoming messages arriving in arbitrary order:

R ::= p?l(x) || p?l(x).R?! R?! ::= p?l(x) || p!l⟨v⟩ || p?l(x).R?! || p!l⟨v⟩.R?!

∥Ri∥i∈I .Q =
∑

i∈I Ri.∥Rj∥j∈I\{i}.Q and ∥Rj∥j∈{i}.Q = Ri.Q
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where Ri are all process prefixes starting with an input, possibly followed by other inputs or
outputs. The concurrent input ∥Ri∥i∈I .Q specifies an external choice of any input-prefixed
Ri, for i ∈ I, followed by another choice of input-prefixed process with an index from I\{i};
the composition continues until all i ∈ I are covered, with process Q added at the end. This
way, concurrent input process ∥Ri∥i∈I .Q can perform the actions specified by any Ri (for
i ∈ I) in an arbitrary order, depending on which inputs become available first; afterwards,
process Q is always executed. (See Example 1 below.)

▶ Example 1 (Concurrent input). Using our concurrent input macro we may represent the
FLA process P1 from Section 1 with

P1 = ∥q?up(y), r?up(x)∥

▶ Example 2 (Modelling a centralised FL protocol implementation). As specified in [19, 20], the
generic centralized one-shot federated learning protocol is implemented with one server and
n−1 clients. The protocol starts with server broadcasting its local data to all the clients. Then
the server receives the update data from all the clients. We may model an implementation of
this protocol as a session M =

∏
i∈I(pi ◁ Pi | pi ◁ ∅), where I = {1, 2 . . . , n}, and where p1

plays the role of the server, while the rest of participants are clients, defined with:

P1 = p2!ld⟨data⟩. . . . pn!ld⟨data⟩.∥p2?upd(x2), . . . , pn?upd(xn)∥
Pi = p1?ld(x).p1!upd⟨data⟩ for i = 2, . . . , n

Notice that, after sending the data to all the clients, the server P1 then receives the updates
from all of them in an arbitrary order. The clients first receive the data and then reply the
update back to the server.

▶ Example 3 (Modelling a decentralised FL protocol implementation). As specified in [19, 20],
an implementation of the generic decentralized one-shot federated learning protocol comprises
n participant processes acting both as servers and clients. (The protocol with n = 3 is given
in Figure 1). The protocol starts with each participant acting as a server, and sending their
local data to all other participants. Then, each participant acts as a client and receives the
data and replies the update back. Finally, each participant receives the updated data from
all other participants. We may model an implementation of this protocol with a session
M =

∏
i∈I(pi ◁ Pi | pi ◁ ∅), where I = {1, 2 . . . , n}, and where process P1 is defined as

follows: (the rest of the processes are defined analogously)

P1 = p2!ld⟨data⟩. . . . pn!ld⟨data⟩.∥p2?ld(x2).p2!upd⟨data⟩, . . . , pn?ld(xn).pn!upd⟨data⟩∥.

∥p2?upd(y2), . . . , pn?upd(yn)∥

Process P1 specifies that participant p1 first sending local data to all other participants.
Then, p1 receives local data from all other participants and replies the update concurrently
(i.e., in an arbitrary order). Finally, p1 receives the updates from all other participants, again
in an arbitrary order.

2.2 Session Reductions and Properties
The reduction relation for our process calculus is defined in Table 3. Rule [r-send] specifies
sending one of the messages from the internal choice, while the other choices are discarded;
the message ℓk with payload vk sent to participant qk is appended to the participant p’s
output queue, and p’s process becomes the continuation Pk. Dually, rule [r-rcv] defines how
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[r-send] p ◁
∑

i∈I qi!ℓi⟨vi⟩.Pi | p ◁ hp | M p:qk!ℓk−−−−→ p ◁ Pk | p ◁ hp · (qk, ℓk(vk)) | M (k ∈ I)
[r-rcv] p ◁

∑
i∈I qi?ℓi(xi).Pi | p ◁ hp | q ◁ Q | q ◁ (p, ℓ(v)) · h | M (∃k∈I : (q, ℓ) = (qk, ℓk))

p:q?ℓ−−−→ p ◁ Pk{v/xk} | p ◁ hp | q ◁ Q | q ◁ h | M

[r-cond-T] p ◁ if true then P else Q | p ◁ h | M p:if−−→ p ◁ P | p ◁ h | M

[r-cond-F] p ◁ if false then P else Q | p ◁ h | M p:if−−→ p ◁ Q | p ◁ h | M
[r-struct] M1 ⇛ M′

1 and M′
1 −→ M′

2 and M′
2 ⇛ M2 =⇒ M1 −→ M2

Figure 3 Reduction relation on sessions.

h1 · (q1, ℓ1(v1)) · (q2, ℓ2(v2)) · h2 ≡ h1 · (q2, ℓ2(v2)) · (q1, ℓ1(v1)) · h2 (if q1 ̸= q2)
∅ · h ≡ h h · ∅ ≡ h h1 · (h2 · h3) ≡ (h1 · h2) · h3 µX.P ⇛ P{µX.P/X}

p ◁ 0 | p ◁ ∅ | M ≡ M M1 | M2 ≡ M2 | M1 (M1 | M2) | M3 ≡ M1 | (M2 | M3)
P ⇛ Q and h1 ≡ h2 =⇒ p ◁ P | p ◁ h1 | M ⇛ p ◁ Q | p ◁ h2 | M

Figure 4 Structural (pre)congruence rules for queues, processes, and sessions.

a participant p can receive a message, directed towards p with a supported label, from
the head of the output queue of the sender q; after the reduction, the message is removed
from the queue and the received message then substitutes the placeholder variable xk in
the continuation process Pk. Observe that, by rules [r-send] and [r-rcv], output queues are
used in FIFO order. Rules [r-cond-t] and [r-false-t] define how to reduce a conditional process:
the former when the condition is true, the latter when it is false. Rule [r-struct] closes the
reduction relation under precongruence relation, combining the approach of [27] with [8].

The structural precongruence relation ⇛ is defined in a standard way in Table 4.
Notice that the congruence ≡ for queues allows the reordering of messages with different
receivers [8]: this way, a participant q2 can always receive the oldest queued message
directed to q2, even if that message is sent and queued after another message directed to
q1 ̸= q2. Also notice that the precongruence ⇛ for processes allows unfolding recursive
processes, while folding is not allowed [27]. The reason is that folding and unfolding are
type-agnostic operations (types and sorts are introduced in Section 3); through folding, we
may inadvertently identify two variables to which the type system (cf. Section 4) assigns
different sorts.

In Definition 4 below we follow the approach of [8] and define how “good” sessions are
expected to run by using behavioural properties. We define three behavioural properties. The
first one is safety, ensuring that a session never has mismatches between the message labels
supported by external choices and the labels of incoming messages; since in our sessions one
participant can choose to receive messages from multiple senders at once, our definition of
safety requires external choices to support all possible message labels from all senders’ queues.
The deadlock freedom property requires that a session can get stuck (cannot reduce further)
only in case it terminates. The liveness property ensures all pending inputs eventually receive
a message and all queued messages are eventually received, if reduction steps are performed
in a fair manner. Our fair and live properties for session types with standard choices matches
the liveness defined in [8, Definition 2.2].

▶ Definition 4 (Session behavioral properties). A session path is a (possibly infinite) sequence
of sessions (Mi)i∈I , where I = {0, 1, 2, . . . , n} (or I = {0, 1, 2, . . .}) is a set of consecutive
natural numbers, and, ∀i ∈ I\{n} (or ∀i ∈ I), Mi −→ Mi+1. We say that a path (Mi)i∈I
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is safe iff, ∀i ∈ I:

(SS) if Mi ⇛ p ◁
∑

j∈J qj?ℓj(xj).Pj | p ◁ h | q ◁ Q | q ◁ hq | M′ with q ∈ {qj}j∈J and
hq ≡ (p, ℓ(v)) · h′

q, then (q, ℓ) = (qj , ℓj), for some j ∈ J

We say that a path (Mi)i∈I is deadlock-free iff:

(SD) if I = {0, 1, 2, . . . , n} and Mn−̸→ then Mn ⇛ p ◁ 0 | p ◁ ∅

We say that a path (Mi)i∈I is fair iff, ∀i ∈ I:

(SF1) whenever Mi
p:q!ℓ−−−→ M′, then ∃k, j such that I ∋ k ≥ i and Mk

p:qj !ℓj−−−−→ Mk+1

(SF2) whenever Mi
p:q?ℓ−−−→ M′, ∃k, j such that I ∋ k ≥ i and Mk

p:qj?ℓj−−−−→ Mk+1

(SF3) whenever Mi
p:if−−→ M′, ∃k such that I ∋ k ≥ i and Mk

p:if−−→ Mk+1

We say that a session path (Mi)i∈I is live iff, ∀i ∈ I:

(SL1) if Mi ⇛ p ◁ if v then P else Q | p ◁ h | M′, then ∃k such that I ∋ k ≥ i and, for
some M′′, we have either Mk ⇛ p ◁ P | p ◁ h | M′′ or Mk ⇛ p ◁ Q | p ◁ h | M′′

(SL2) if Mi ⇛ p ◁
∑

j∈J qj !ℓj⟨vj⟩.Pj | p ◁ h | M′, then ∃k such that I ∋ k ≥ i and

Mk
p:qj !ℓj−−−−→ Mk+1, for some j ∈ J

(SL3) if Mi ⇛ p◁P | p◁(q, ℓ(v))·h | M′, then ∃k such that I ∋ k ≥ i and Mk
q:p?ℓ−−−→ Mk+1

(SL4) if Mi ⇛ p ◁
∑

j∈J qj?ℓj(xj).Pj | p ◁ h | M′, then ∃k such that I ∋ k ≥ i, and

Mk
p:q?ℓ−−−→ Mk+1, where (q, ℓ) ∈ {(qj , ℓj)}j∈J

We say that a session M is safe/deadlock-free iff all paths beginning with M are safe/deadlock-
free. We say that a session M is live iff all fair paths beginning with M are live.

Like in standard session types [21], in our calculus safety does not imply liveness nor
deadlock-freedom (Example 5). Also, liveness implies deadlock-freedom, since liveness
requires that session cannot get stuck before all external choices are performed and queued
messages are eventually received. The converse is not true: e.g., a session in which two
participants recursively exchange messages is deadlock free, even if a third participant waits
forever to receive a message (but this third participant would make the session non-live).
Such a session is deadlock-free, since it never gets stuck, but is not live, since in any fair path
the third participant never fires its actions.

However, unlike standards session types, in our calculus liveness does not imply safety:
this is illustrated in Example 6 below.

▶ Example 5 (A safe but non-live session). Consider session

M = p ◁
∑

{q?ℓ1(x).r?ℓ2(y), r?ℓ2(x), r?ℓ3(x)} | p ◁ ∅

| q ◁ 0 | q ◁ (p, ℓ1(v1)) | r ◁ 0 | r ◁ (p, ℓ2(v2))

In the session, participant p is ready to receive an input either from q or r, which, in turn,
both have enqueued messages for p. The labels of enqueued messages are safely supported in
p’s receive. Now, session M has two possible reductions, where p receives:

1. either from q, where M −→ p ◁ r?ℓ2(y) | p ◁∅ | r ◁ 0 | r ◁ (p, ℓ2(v2)) −→ p ◁ 0 | p ◁∅;
2. or from r, in which case M −→ q ◁ 0 | q ◁ (p, ℓ1(v1)).
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Hence, session M is safe, since in all reductions inputs and matching enqueued messages
have matching labels. However, M is not live, since the second path above starting with M
is not live, for r’s output queue contains an orphan message that cannot be received. Notice
also that M is not deadlock-free since the final session in the second path cannot reduce
further but is not equivalent to a terminated session.

▶ Example 6 (A live but unsafe session). Consider the following session:

M′ = p ◁
∑

{q?ℓ1(x).r?ℓ2(y), r?ℓ3(x)} | p ◁ ∅

| q ◁ 0 | q ◁ (p, ℓ1(v1)) | r ◁ 0 | r ◁ (p, ℓ2(v2))

The session M′ is not safe since the message in r’s output queue has label ℓ2 which is not
supported in p’s external choice (that only supports label ℓ3 for receiving from r). However,
M′ has a single reduction path where p receives from q, and then p receives ℓ2 from r’s
output queue; then, the session ends with all processes being 0 and all queues empty, which
implies M′ is live (and thus, also deadlock-free).

3 Types and Typing Environments

This section introduces syntax of our (local) session types (Definition 7) which are a blend
of asynchronous multiparty session types [8] and the separated choice multiparty sessions
(SCMP) types from [17]. Then, we formalise typing contexts and their properties (Section 3.1),
and subtyping (Section 3.2). These definitions and results will be the basis of our typing
system (Section 4).

▶ Definition 7. The sorts S and (local) session types T are defined as:

S ::= nat || bool T ::= Σi∈I
pi!ℓi⟨Si⟩.Ti || Σi∈I

pi?ℓi(Si).Ti || end || µt.T || t

where (pi, ℓi) ̸= (pj , ℓj), for all i, j ∈ I such that i ̸= j. The queue types σ and typing
environments Γ are defined as:

σ ::= ϵ || p!ℓ⟨S⟩ || σ · σ Γ ::= ∅ || Γ, p : (σ, T)

Sorts are the types of values, which can be natural numbers (nat) or booleans (bool).
The internal choice session type Σi∈I

pi!ℓi⟨Si⟩.Ti describes an output of message ℓi with
sort Si towards participant pi and then evolving to type Ti, for some i ∈ I. Similarly,
Σi∈I

pi?ℓi(Si).Ti stands for external choice, i.e., receiving a message ℓi with sort Si from
participant pi, for some i ∈ I. The type end denotes the terminated session type, µt.T is a
recursive type, and t is a recursive type variable. We assume all recursions being guarded
and a form of Barendregt convention: every µt.T binds a syntactically distinct t.

The queue type represents the type of the messages contained in an output queue; it can
be empty (ϵ), or it can contain message ℓ with sort S for participant p (p!ℓ⟨S⟩), or it can be
a concatenation of two queue types (σ · σ). The typing environment assigns a pair of queue
session type to a participant (p : (σ, T)). We use Γ(p) to denote the type that Γ assigns to p.

3.1 Typing Environment Reductions and Properties
Now we define typing environment reductions, which relies on a structural congruence
relation ≡ over session types and queue types. For the session types, we define ≡ as the least
congruence such that µt.T ≡ T{µt.T/t}. For the queue types, we define ≡ to allow reordering
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messages that have different recipients (similarly to the congruence for message queues in
Figure 4). More precisely, ≡ is defined as the least congruence satisfying:

σ · ϵ ≡ ϵ · σ ≡ σ σ1 · (σ2 · σ3) ≡ (σ1 · σ2) · σ3

σ · p1!ℓ1⟨S1⟩ · p2!ℓ2⟨S2⟩ · σ′ ≡ σ · p2!ℓ2⟨S2⟩ · p1!ℓ1⟨S1⟩ · σ′ (if p1 ̸= p2)
Pairs of queue/session types are related via structural congruence (σ1, T1) ≡ (σ2, T2) iff σ1 ≡
σ2 and T1 ≡ T2. By extension, we also define congruence for typing environments (allowing
additional entries being pairs of types of empty queues and terminated sessions): Γ ≡ Γ′

iff ∀p ∈ dom(Γ) ∩ dom(Γ′): Γ(p) ≡ Γ′(p) and ∀p ∈ dom(Γ) \ dom(Γ′), q ∈ dom(Γ′) \ dom(Γ):
Γ(p)≡(ϵ, end)≡Γ′(q).

▶ Definition 8 (Typing environment reduction). The typing environment reduction α−−→, with
α being either p:q?ℓ or p:q!ℓ (for some p, q, ℓ), is inductively defined as follows:
[e-rcv] pk: (q!ℓk⟨Sk⟩·σ, Tp), q: (σq,Σi∈I

pi?ℓi(Si).Ti), Γ q:pk?ℓk−−−−−→ pk: (σ, Tp), q: (σq, Tk), Γ (k ∈I)
[e-send] p : (σ,Σi∈I

qi!ℓi⟨Si⟩.Ti), Γ p:qk!ℓk−−−−→ p : (σ·qk!ℓk⟨Sk⟩, Tk), Γ (k ∈ I)
[e-struct] Γ ≡ Γ1

α−−→ Γ′
1 ≡ Γ′ =⇒ Γ α−−→ Γ′

We use Γ −→ Γ′ instead of Γ α−−→ Γ′ when α is not relevant, and we use −→∗ for the
reflexive and transitive closure of −→.

In rule [e-rcv] an environment has a reduction step labeled q:pk?ℓk if participant pk has
at the head of its queue a message for q with label ℓk and payload sort Sk, and q has an
external choice type that includes participant pk with label ℓk and a corresponding sort Sk;
the environment evolves by consuming pk’s message and activating the continuation Tk in q’s
type. Rule [e-send] specifies reduction if p has an internal choice type where p sends a message
toward qk, for some k ∈ I; the reduction is labelled p:qk!ℓk and the message is placed at the
end of p’s queue. Rule [e-struct] is standard closure of the reduction relation under structural
congruence.

Similarly to [21], we define behavioral properties also for typing environments (and their
reductions). As for processes, we use three properties for typing environments. Safety ensures
that the typing environment never has label or sort mismatches. In our setting, where one
participant can receive from more than one queue, this property ensures safe receptions
of queued messages. The second property, called deadlock freedom, ensures that typing
environment which can not reduce further must be terminated. The third property is liveness,
which, for the case of standard session types (as in [8]), matches the liveness defined in [8,
Definition 4.7]. Liveness ensures all pending inputs eventually receive a message and all
queued messages are eventually received, if reduction steps are performed in a fair manner.

Notably, our definition of deadlock-freedom and liveness also require safety. The reason
for this is that liveness and deadlock-freedom properties for typing environments if defined
without assuming safety are not preserved by the subtyping (introduced in the next section,
see Example 22). We use the predicate over typing environments end(Γ) (read “Γ is
terminated”) that holds iff, for all p ∈ dom(Γ), we have Γ(p)≡(ϵ, end).

▶ Definition 9 (Typing environment behavioral properties). A typing environment path is
a (possibly infinite) sequence of typing environments (Γi)i∈I , where I = {0, 1, 2, . . . , n} (or
I = {0, 1, 2, . . .}) is a set of consecutive natural numbers, and, ∀i ∈ I\{n} (or ∀i ∈ I),
Γi −→ Γi+1. We say that a path (Γi)i∈I is safe iff, ∀i ∈ I:

(TS) if Γi(p) ≡ (σp,Σj∈J
qj?ℓj(Sj).Tj) and Γi(qk) ≡ (p!ℓk⟨Sk⟩·σq, Tq), with qk ∈ {qj}j∈J ,

then ∃j ∈ J : (qj , ℓj , Sj) = (qk, ℓk, Sk)

We say that a path (Γi)i∈I is deadlock free iff:
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(TD) if I = {0, 1, . . . , n} and Γn−̸→ then end(Γn)

We say that a path (Γi)i∈I is fair iff, ∀i ∈ I:

(TF1) whenever Γi
p:q!ℓ−−−→ Γ′, then ∃k, q′, ℓ′ such that I ∋ k ≥ i and Γk

p:q′!ℓ′

−−−−→ Γk+1

(TF2) whenever Γi
p:q?ℓ−−−→ Γ′, then ∃k, q′, ℓ′ such that I ∋ k ≥ i and Γk

p:q′?ℓ′

−−−−→ Γk+1

We say that a path (Γi)i∈I is live iff, ∀i ∈ I:

(TL1) if Γi(p) ≡ (q!ℓ⟨S⟩ · σ , T), then ∃k such that I ∋ k ≥ i and Γk
q:p?ℓ−−−→ Γk+1

(TL2) if Γi(p) ≡
(

σp , Σj∈J
qj?ℓj(Sj).Tj

)
, then ∃k, q, ℓ such that I ∋ k ≥ i, (q, ℓ) ∈

{(qj , ℓj)}j∈J , and Γk
p:q?ℓ−−−→ Γk+1

A typing environment Γ is safe iff all paths starting with Γ are safe. A typing environment
Γ is deadloack-free iff all paths starting with Γ are safe and deadlock-free. We say that a
typing environment Γ is live iff it is safe and all fair paths beginning with Γ are live.

Since our deadlock-freedom and liveness for typing environments subsumes safety, we do
not have the situation in which typing environment is deadlock-free and/or live but not safe.
Still, we can have typing environments that are safe but not deadlock-free or live.

▶ Example 10. Consider typing environment

Γ = {p: (ϵ,
∑

{q?ℓ1(S1).r?ℓ2(S2), r?ℓ2(S2), r?ℓ3(S3)}, q: (p!ℓ1⟨S1⟩, end), r: (p!ℓ2⟨S2⟩, end)}

Here, Γ is safe by Definition 9, but is not live nor deadlock-free, because the path in which p
receives from r message ℓ2 leads to a typing environment that cannot reduce further but is
not terminated. Now consider typing environment

Γ′ = {p: (ϵ,
∑

{q?ℓ1(S1).r?ℓ2(S2), r?ℓ3(S3)}, q: (p!ℓ1⟨S1⟩, end), r: (p!ℓ2⟨S2⟩, end)}

Here, Γ′ is not safe by Definition 9 (hence, also not deadlock-free nor live) because there is a
mismatch between r sending ℓ2 to p, while p can only receive ℓ3 from r.

We now prove that all three behavioral properties are closed under structural congruence
(in Appendix A) and reductions.

▶ Proposition 11. If Γ is safe/deadlock-free/live and Γ −→ Γ′, then Γ′ is safe/deadlock-
free/live.

Proof. Consider all paths (Γi)i∈I starting with Γ0 = Γ and Γ1 = Γ′. If any of the properties
of Definition 9 holds for i ≥ 0 (i.e. starting with Γ) for any of considered paths, then it also
must hold for i ≥ 1 (i.e. paths starting with Γ′). ◀

3.2 Subtyping
In Definition 12 below we formalise a standard “synchronous” subtyping relation as in [17],
not dealing with possible asynchronous permutations [8].

▶ Definition 12. The subtyping ⩽ is coinductively defined as:

∀i ∈ I Ti ⩽ T′
i {pi}i∈I = {pi}i∈I∪J

Σi∈I
pi!ℓi⟨Si⟩.Ti ⩽ Σi∈I∪J

pi!ℓi⟨Si⟩.T′
i

[s-out]
∀i ∈ I Ti ⩽ T′

i {pi}i∈I = {pi}i∈I∪J

Σi∈I∪J
pi?ℓi(Si).Ti ⩽ Σi∈I

pi?ℓi(Si).T′
i

[s-in]

T1{µt.T1/t} ⩽ T2

µt.T1 ⩽ T2
[s-muL]

T1 ⩽ T2{µt.T2/t}
T1 ⩽ µt.T2

[s-muR]
end ⩽ end

[s-end]
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Pair of queue/session types are related via subtyping (σ1, T1) ⩽ (σ2, T2) iff σ1 = σ2 and
T1 ⩽ T2. We define Γ ⩽ Γ′ iff dom(Γ) = dom(Γ′) and ∀p ∈ dom(Γ) : Γ(p) ⩽ Γ′(p).

The subtyping rules are standard: they allow less branches for the subtype in the internal
choice (in [s-out]), and more branches in the external choice (in [s-in]). The side condition
in both rules ensures the set of participants specified in the subtype and supertype choices
is the same. Hence, the subtyping allows flexibility in the set of labels, not in the set of
participants. Subtyping holds up to unfolding (by [s-muL] and [s-muR]), as usual for coinductive
subtyping [18, Chapter 21]. By rule [s-end], end is related via subtyping to itself.

▶ Example 13. Consider the typing environments Γ and Γ′ from Example 10. We have:∑
{q?ℓ1(S1).r?ℓ2(S2), r?ℓ2(S2), r?ℓ3(S3)} ⩽

∑
{q?ℓ1(S1).r?ℓ2(S2), r?ℓ3(S3)} (by [s-in])

and therefore, we also have that Γ ⩽ Γ′ holds.

The following two lemmas show that subtyping of safe typing environments is a simulation
and that subtyping preserves all typing environment properties. (Proofs in Appendix A.)

▶ Lemma 14. If Γ′ ⩽ Γ, Γ is safe, and Γ′ α−−→ Γ′
1, then there is Γ1 such that Γ′

1 ⩽ Γ1 and
Γ α−−→ Γ1.

▶ Lemma 15. If Γ is safe/deadlock-free/live and Γ′ ⩽ Γ, then Γ′ is safe/deadlock-free/live.

▶ Remark 16. Notice that if in Definition 9 safety is not assumed in deadlock-freedom and
liveness, then Lemma 15 does not hold - see Example 13. The same observation also holds
for deadlock-freedom in the synchronous case [17, Remark 3.2].

4 The Typing System and Its Properties

In this section we introduce the type system (Definition 17) that assigns types (introduced
in Section 3) to processes, queues, and sessions (introduced in Section 2). Our typing system
is an extension and adaptation of the one in [8]. Then, we prove its key properties, including
subject reduction (Theorem 23), type safety (Theorem 24), session fidelity (Theorem 25),
deadlock freedom (Theorem 26), and liveness (Theorem 27).

▶ Definition 17 (Typing system). A shared typing environment Θ, which assigns sorts
to expression variables, and (recursive) session types to process variables, is defined as:

Θ ::= ∅ || Θ, X : T || Θ, x : S

Our type system is inductively defined by the rules in Figure 5, with 4 judgements — which
cover respectively values and variables v, processes P , message queues h, and sessions M:

Θ ⊢ v : S Θ ⊢ P : T ⊢ h : σ Γ ⊢ M

By Definition 17, the typing judgment Θ ⊢ v : S means that value v is of sort S under
environment Θ. The judgement Θ ⊢ P : T says that process P behaves as prescribed with
type T and uses its variables as given in Θ. The judgement ⊢ h : σ says that the messages
in the queue h correspond to the queue type σ. Finally, Γ ⊢ M means that all participant
processes in session M behave as prescribed by the session types in Γ.

We now illustrate the typing rules in Figure 5. The first row gives rules for typing
natural and boolean values and expression variables. The second row provides rules for
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Θ ⊢ 1, 2, . . . : nat
[t-nat]

Θ ⊢ true, false : bool
[t-Bool]

Θ, x : S ⊢ x : S
[t-var]

⊢ ∅ : ϵ
[t-nul] ⊢ v : S

⊢ (q, ℓ(v)) : q!ℓ⟨S⟩
[t-elm]

⊢ h1 : σ1 ⊢ h2 : σ2
⊢ h1 · h2 : σ1 · σ2

[t-queue]

Θ ⊢ 0 : end
[t-0]

∀i ∈ I Θ ⊢ vi : Si Θ ⊢ Pi : Ti

Θ ⊢
∑

i∈I pi!ℓi⟨vi⟩.Pi : Σi∈I
pi!ℓi⟨Si⟩.Ti

[t-out]

∀i ∈ I Θ, xi : Si ⊢ Pi : Ti

Θ ⊢
∑

i∈I pi?ℓi(xi).Pi : Σi∈I
pi?ℓi(Si).Ti

[t-in] Θ ⊢ v : bool Θ ⊢ Pi : T (i = 1, 2)

Θ ⊢ if v then P1 else P2 : T
[t-cond]

Θ, X : T ⊢ P : T
Θ ⊢ µX.P : T

[t-rec]
Θ, X : T ⊢ X : T

[t-var]
Θ ⊢ P : T T ⩽ T′

Θ ⊢ P : T′ [t-sub]

Γ = {pi: (σi, Ti) | i ∈ I} ∀i ∈ I ∅ ⊢ Pi : Ti ⊢ hi : σi

Γ ⊢
∏

i∈I(pi ◁ Pi | pi ◁ hi)
[t-sess]

Figure 5 Typing rules for values, queues, and for processes and sessions.

typing message queues: an empty queue has the empty queue type (by [t-nul]) while a queued
message is typed if its payload has the correct sort (by [t-elm]), and a queue obtained with
concatenating two message queues is typed by concatenating their queue types (by [t-queue]).

Rule [t-0] types a terminated process 0 with end. Rules [t-out]/[t-in] type internal/external
choice processes with the corresponding internal/external choice types: in each branch the
payload vi/xi and the continuation process Pi have the corresponding sort Si and continuation
type Ti; observe that in [t-in], each continuation process Pi is typed under environment Θ
extended with the input-bound variable xi having sort Si. Rule [t-cond] types conditional:
both branches must have the same type, and the condition must be boolean. Rule [t-rec]

types a recursive process µX.P with T if P has type T in an environment where that X has
type T. Rule [t-var] types recursive process variables. Finally, [t-sub] is the subsumption rule:
a process P of type T can be typed with any supertype T′. This rule makes our type system
equi-recursive [18], as ⩽ relates types up-to unfolding (by Definition 12). Rule [t-sess] types
a session under environment Γ if each participant’s queue and process have corresponding
queue and process types in an empty Θ (which forces processes to be closed).

▶ Example 18 (Types for a centralised FL protocol implementation). Consider session M from
Example 2. Take that value data and variables x, x2, . . . , xn are of sort S. We may derive
⊢ P1 : T1 and ⊢ Pi : T2 (for i = 1, 2, . . . , n), where (with a slight abuse of notation using the
concurrent input macro for types):

T1 = p2!ld⟨S⟩. . . . pn!ld⟨S⟩.∥p2?upd(S), . . . , pn?upd(S)∥
T2 = p1?ld(S).p1!upd⟨S⟩

Hence, with Γ = {p1 : (ϵ, T1)} ∪ {pi : (ϵ, T2) | i = 2, . . . , n} we obtain Γ ⊢ M. Observe that Γ
is deadlock-free and live: after p1 sends the data to all other participants, each participant
receives and replies with an update, that p1 finally receives in arbitrary order.

▶ Example 19 (Types for a decentralised FL protocol implementation). Consider session M
from Example 3. Take that value data and variables x2, . . . , xn, y2, . . . , yn are of sort S. We
may derive ⊢ P1 : T1 where (again with a slight abuse of notation using the concurrent input
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macro for types):

T1 = p2!ld⟨S⟩. . . . pn!ld⟨S⟩.∥p2?ld(S).p2!upd⟨S⟩, . . . , pn?ld(S).pn!upd⟨S⟩∥.

∥p2?upd(S), . . . , pn?upd(S)∥

and similarly for other process we may derive the corresponding types so that ⊢ Pi : Ti, for
i = 2, . . . , n. Thus, with Γ = {pi : (ϵ, Ti) | i = 1, . . . , n} we obtain Γ ⊢ M. Notice that Γ is
safe, i.e., has no label or sort mismatches: participant pi always receives from pj message ld
before up (as they are enqueued always in this order). This also implies Γ is deadlock-free
and live: a participant first asynchronously sends all its ld messages (phase 1), then awaits to
receive ld messages from queues of all other participants (phase 2), and only then awaits to
receive up messages (phase 3). Hence, all n(n − 1) of ld and the same number of up messages
are sent/received, and a reduction path always ends with a terminated typing environment.

▶ Remark 20 (On the decidability of typing environment properties). Under the “bottom-up
approach” to session typing, typing environment properties such as deadlock freedom and
liveness are generally undecidable, since two session types with unbounded message queues
are sufficient to encode a Turing machine [1, Theorem 2.5]. Still, many practical protocols
have bounded buffer sizes — and in particular, the buffer sizes for the FL protocols in [20] are
given in the same paper. Therefore, Examples 18 and 19 yield finite-state typing environment
whose behavioural properties are decidable and easily verified, e.g., via model checking.

Properties of our typing system. We now illustrate and prove the properties of our typing
system in Definition 17. We aim to prove that if a session M is typed with safe/deadlock-
free/live typing environment Γ, then M is also safe/deadlock-free/live. Along the way, we
illustrate the subtle interplay between our deadlock freedom, liveness, and safety properties
(Definition 9) and subtyping (Definition 12).

First, we introduce the subtyping-related Lemma 21 below, which holds directly rule by
[t-sub] and is important for proving Subject Reduction later on (Theorem 23). Based on this,
in Example 22 we show why our definitions of deadlock-free and live typing environments
(Definition 9) also require safety.

▶ Lemma 21. If Γ ⊢ M and Γ ⩽ Γ′, then Γ′ ⊢ M.

Example 22 below shows that live and deadlock freedom properties for typing environments
defined without requiring safety (as for sessions in Definition 4) would not be preserved by
subtyping (Definition 12). For deadlock-freedom, this is already known in the synchronous
calculus [17, Remark 3.2].

▶ Example 22. Consider the safe but not deadlock-free nor live session M from Example 5,
and the typing environments Γ and Γ′ from Example 10. It is straightforward to show that
Γ ⊢ M, by Definition 17. Observe that, as shown in Example 13, we have Γ ⩽ Γ′; therefore,
by Lemma 21 we also have Γ′ ⊢ M. As noted in Example 10, the typing environment Γ′

is not safe. Now, suppose that in Definition 9, deadlock-freedom and liveness of typing
environments were defined without requiring safety (as for deadlock-freedom and liveness
of sessions in Definition 4); also notice that Γ′ has a single path that is deadlock-free and
live, but not safe. Therefore, this change in Definition 9 would cause Γ′, an unsafe but
deadlock-free and live typing environment, to type M, a session that is not deadlock-free nor
live. This would hamper our goal of showing that if a session is typed by a deadlock-free/live
typing environment, then the session is deadlock free/live.
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We can now show the subject reduction result (Theorem 23 below): if a session M, typed
with a safe/deadlock-free/live typing environment Γ, reduces to M′, then M′ is also typed
with a safe/deadlock-free/live typing environment Γ′ such that Γ −→ Γ′. (Proofs of this and
the following results are in Appendix B.)

▶ Theorem 23 (Subject Reduction). Assume Γ ⊢ M with Γ safe/deadlock-free/live and
M −→ M′. Then, there is safe/deadlock-free/live type environment Γ′ such that Γ −→∗ Γ′

and Γ′ ⊢ M′.

A direct consequence of Theorem 23 is that session typed with safe typing environments
must also be safe.

▶ Theorem 24 (Type Safety). If Γ ⊢ M and Γ is safe, then M is safe.

Session fidelity (Theorem 25 below) states that if a typing environment Γ can reduce,
then a session M typed by Γ can reduce accordingly.

▶ Theorem 25 (Session Fidelity). Let Γ ⊢ M. If Γ −→, then ∃Γ′, P ′ such that Γ −→ Γ′

and M −→+ M′ and Γ′ ⊢ M′.

The deadlock freedom Theorem 26 below is a consequence of subject reduction (The-
orem 23) and session fidelity (Theorem 25): it states that if a session M is typed with
deadlock-free typing environment, then M is also deadlock-free. (Notice here that deadlock-
freedom for typing environments is somewhat stronger than the one for sessions: the former
also requires safety, and the reason is explained in Example 22 above.)

▶ Theorem 26 (Deadlock freedom). If Γ ⊢ M and Γ is deadlock-free, then M is deadlock-free.

Our last result is the liveness Theorem 27 below, which is a consequence of subject
reduction (Theorem 23). It ensures that if a session M is typed with live typing environment,
then M is also live. (Again, notice that liveness for typing environments is stronger than
liveness for processes, since the former also requires safety, as motivated in Example 22.)

▶ Theorem 27 (Liveness). If Γ ⊢ M and Γ is live, then M is live.

5 Related and Future Work

Related work. The original “top-down” model of asynchronous multiparty session types [9]
has been extended to enable the modeling and verification of a broader class of protocols:
we discuss those most closely related to our work. [10, 7] extend multiparty sessions to
support protocols with optional and dynamic participants, allowing sender-driven choices
directed toward multiple participants. The models in [15, 25, 13, 14] generalize the notion of
projection in asynchronous multiparty session types. Building on the global types of [10],
they allow local types with internal and external choices directed at different participants,
as we do in this paper. Nevertheless, these approaches are constrained by their reliance on
global types and a projection function: the global type couples both sending and receiving
in a single construct and enforces a protocol structure where a single participant drives the
interaction. This results in at least one projected local type beginning with a receive action

— unlike the local types for our decentralised FL protocol implementation (see Example 19).
This limitation could potentially be addressed through a subtyping relation that allows

message reordering. However, existing asynchronous subtyping relations handle only standard
internal and external choices [16, 8]. A recent paper introduces a subtyping relation for
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extended choices [12], but it does not permit message reordering, as “this notion of subtyping
does not satisfy subprotocol fidelity.”

During the submission of this paper, a new automata-theoretic session typing model
was introduced in an online technical report [26] for a paper to be published in May
2025. Our initial assessment suggests that this model could potentially express our running
example: its global types feature decoupled send-receive operations, and its typing system can
accommodate a “bottom-up” approach with asynchronous multiparty session types having
relaxed choices [26, Section 5]. However, unlike our work, [26] does not address liveness;
moreover, it explicitly notes that “there are subtleties for subtyping as one cannot simply
add receives” [26, Appendix C.3] — whereas our subtyping (Definition 12) does not have
such restrictions. We plan to conduct a more detailed comparison with this work in the near
future.

The approach in [17] extends the “bottom-up” synchronous multiparty session model of
[21], not only by introducing more flexible choices but also by supporting mixed choices —
i.e., choices that combine inputs and outputs. In contrast to [17], which assumes synchronous
communication, our theory supports asynchronous communication, which is essential for our
motivating scenarios and running examples; moreover, [17] does not prove process liveness
nor session fidelity. The subtle interplay between deadlock-freedom, safety, and subtyping
(cf. Example 22) is also acknowledged in [17, Remark 3.2].

The correctness of the decentralized FL algorithm has been formally verified for deadlock-
freedom and termination in [20, 6] by using the Communicating Sequential Processes calculus
(CSP) and the Process Analysis Toolkit (PAT) model checker. Our asynchronous multiparty
session typing model abstracts protocol behavior at the type level, paving the way for
more scalable and efficient techniques — not only for model checking, but also for broader
verification and analysis applications.

Conclusions and future work. We present the first “bottom-up” asynchronous multiparty
session typing theory that supports internal and external choices targeting multiple distinct
participants. We introduce a process and type calculus, which we relate through a type
system. We formally prove safety, deadlock-freedom, liveness, and session fidelity, highlighting
interesting dependencies between these properties in the presence of a subtyping relation.
Finally, we demonstrate how our model can represent a wide range of communication
protocols, including those used in asynchronous decentralized federated learning.

For future work, we identify two main research directions. The first focuses on the
fundamental properties of our approach, including: verifying typing environment properties
via model checking, in the style of [21]; investigating decidable approximations of deadlock
freedom and liveness of typing contexts (see Remark 20), e.g. with the approach of [11];
and investigating the expressiveness of our model based on the framework in [17]. The
second direction explores the application of our model as a foundation for reasoning about
federated-learning-specific properties, e.g.: handling crashes of arbitrary participants [3, 2, 4];
supporting optional participation [10, 7]; ensuring that participants only receive data they
are able to process; statically enforcing that only model parameters—not raw data—are
exchanged to preserve privacy; guaranteeing sufficiently large server buffers to receive messages
from all clients; and ensuring that all clients contribute equally to the algorithm.
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A Proofs of Section 3

▶ Proposition 28. If Γ is safe/deadlock-free/live and Γ ≡ Γ′, then Γ′ is safe/deadlock-
free/live.

Proof. Since the typing environment reductions are closed under structural congruence,
paths (Γi)i∈I starting with Γ0 = Γ are exactly those starting with Γ0 = Γ′. ◀

▶ Lemma 29. Let T′ ⩽ T.

1. T′ ≡ Σi∈I∪J
qi?ℓi(Si).T′

i iff T ≡ Σi∈I
qi?ℓi(Si).Ti, where for all i ∈ I T′

i ⩽ Ti, and
{qi}i∈I∪J = {qi}i∈I .

2. T′ ≡ Σi∈I
qi!ℓi⟨Si⟩.T′

i iff T ≡ Σi∈I∪J
qi!ℓi⟨Si⟩.Ti, where for all i ∈ I T′

i ⩽ Ti, and
{qi}i∈I = {qi}i∈I∪J .

▶ Lemma 14. If Γ′ ⩽ Γ, Γ is safe, and Γ′ α−−→ Γ′
1, then there is Γ1 such that Γ′

1 ⩽ Γ1 and
Γ α−−→ Γ1.

Proof. We distinguish two cases for α.
Case α = q:pk?ℓk: In this case we have:

Γ′ ≡ pk: (q!ℓk⟨Sk⟩·σ, T′
p), q: (σq, Σ

i∈I∪J

pi?ℓi(Si).T′
i), Γ′

2 (1)

Γ′
1 ≡ pk: (σ, T′

p), q: (σq, T′
k), Γ′

2 (2)

where ∃i ∈ I ∪ J : (pi, ℓi, Si) = (pk, ℓk, Sk). Since Γ′ ⩽ Γ we have ∀p ∈ dom(Γ) = dom(Γ′):
Γ′(p) ⩽ Γ(p). Hence, by Lemma 29 we obtain

Γ ≡ pk: (q!ℓk⟨Sk⟩·σ, Tp), q: (σq,Σ
i∈I

pi?ℓi(Si).Ti), Γ2 (3)

where T′
p ⩽ Tp, ∀i ∈ I : T′

i ⩽ Ti, {pi}i∈I∪J = {pi}i∈I , and Γ′
2 ⩽ Γ2. Since Γ is safe, we have

∃i∈I : (pi, ℓi, Si) = (pk, ℓk, Sk), and hence Γ α−−→ Γ1 and Γ′
1 ⩽ Γ1 for

Γ1 ≡ pk: (σ, Tp), q: (σq, Tk), Γ2 (4)

Case α = p:qk!ℓk: In this case we have:

Γ′ ≡ p : (σ,Σ
i∈I

qi!ℓi⟨Si⟩.T′
i), Γ′

2 (5)

Γ′
1 ≡ p : (σ·qk!ℓk⟨Sk⟩, T′

k), Γ′
2 (6)

where k ∈ I. Since Γ′ ⩽ Γ, by Lemma 29 and we have

Γ ≡ p : (σ, Σ
i∈I∪J

qi!ℓi⟨Si⟩.Ti), Γ2 (7)

where ∀i ∈ I : T′
i ⩽ Ti, {qi}i∈I = {qi}i∈I∪J , and Γ′

2 ⩽ Γ2. Hence, Γ α−−→ Γ1 and Γ′
1 ⩽ Γ1 for

Γ1 ≡ p : (σ·qk!ℓk⟨Sk⟩, Tk), Γ2 (8)

◀

▶ Lemma 30. Let Γ′ ⩽ Γ.
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1. If Γ q:pk?ℓk−−−−→ Γ1, then Γ′ q:pk?ℓk−−−−→ Γ′
1 and Γ′

1 ⩽ Γ1.
2. If Γ q:pk!ℓk−−−−→ Γk, for k ∈ I ∪ J , then Γ′ q:pi!ℓi−−−−→ Γ′

i and Γ′
i ⩽ Γi, for i ∈ I, where

{pk}k∈I∪J = {pi}i∈I .

Proof. The proof is analogous to the proof of Lemma 14. ◀

▶ Lemma 31. If Γ is safe and Γ′ ⩽ Γ, then Γ′ satisfies clause TS of Definition 9.

Proof. Let Γ′(p) ≡ (σp,Σj∈J∪K
qj?ℓj(Sj).T′

j) and Γ′(qk) ≡ (p!ℓk⟨Sk⟩·σq, T′
q), with qk ∈

{qj}j∈J∪K . We need to prove that then ∃j ∈ J ∪ K : (qj , ℓj , Sj) = (qk, ℓk, Sk). If Γ′(p) =
(σp, T′

p), then we have

T′
p ≡ Σ

j∈J∪K

qj?ℓj(Sj).T′
j (9)

Let Γ(p) = (σp, Tp) and Γ(qk) = (p!ℓk⟨Sk⟩·σq, Tq). Since Γ′ ⩽ Γ, we have T′
p ⩽ Tp, and

T′
q ⩽ Tq. By Lemma 29 and (9), we have

Tp ≡ Σ
j∈J

qj?ℓj(Sj).Tj ∀j ∈ J T′
j ⩽ Tj and {qj}j∈J∪K = {qj}j∈J (10)

Now we have

Γ(p) ≡ (σp,Σ
j∈J

qj?ℓj(Sj).Tj) and Γ(qk) ≡ (p!ℓk⟨Sk⟩·σq, Tq) (11)

with qk ∈ {qj}j∈J∪K = {qj}j∈J . Since Γ is safe, we have ∃j ∈ J (⊆ J ∪ K) : (qj , ℓj , Sj) =
(qk, ℓk, Sk). ◀

▶ Lemma 15. If Γ is safe/deadlock-free/live and Γ′ ⩽ Γ, then Γ′ is safe/deadlock-free/live.

Proof. Let us first assume Γ is safe, Γ′ ⩽ Γ and that Γ′ are safe. Now let (Γ′
i)i∈I be a path

starting with Γ′, i.e., Γ′ = Γ′
0 and

Γ′
0

α1−−→ Γ′
1

α2−−→ . . . or Γ′
0

α1−−→ Γ′
1

α2−−→ . . .
αn−−→ Γ′

n (12)

Let Γ = Γ0. Since Γ′
0 ⩽ Γ0, by application of Lemma 14 we have ∃Γ1 such that Γ′

1 ⩽ Γ1
and Γ0 −→ Γ1. Since Γ = Γ0 is safe, by Proposition 11, Γ1 is also safe. By consecutive
application of the above arguments, we obtain that for all i ∈ I there is Γi such that Γ′

i ⩽ Γi,
Γi is safe, and

Γ0
α1−−→ Γ1

α2−−→ . . . or Γ0
α1−−→ Γ1

α2−−→ . . .
αn−−→ Γn (13)

Now we can prove the main statement.

1. Safety: Since Γi is safe and Γ′
i ⩽ Γi, by Lemma 31, Γ′

i satisfies the clause TS of Definition 9,
for all i ∈ I. Hence, by Definition 9, path (Γ′

i)i∈I is safe. This implies Γ′ is safe.
2. Deadlock-freedom: Assume Γ is deadlock-free (which subsumes safe). We need to prove

that if I = {0, 1, . . . , n} and Γ′
n−̸→, then end(Γ′

n). Assume I = {0, 1, . . . , n} and Γ′
n−̸→.

Then, since Γ′
n ⩽ Γn, by Lemma 30, we obtain Γn−̸→. Since Γ is deadlock-free, this implies

end(Γn). From Γ′
n ⩽ Γn and end(Γn) we can show end(Γ′

n). Hence, by Definition 9, Γ′ is
deadlock-free.
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3. Liveness: Assume Γ is live (which subsumes safe). Assume (Γ′
i)i∈I from (12) is fair. Let

us prove that it is also live.
Now we prove (Γi)i∈I from (13) is fair. Assume Γi

p:q!ℓ−−−→ or Γi
p:q?ℓ−−−→. Since Γ′

i ⩽ Γi,
by Lemma 30, we have Γ′

i
p:q1!ℓ1−−−−→, for some q1 and ℓ1, or Γ′

i
p:q?ℓ−−−→. From Γ′ being fair

we conclude that ∃k, q′, ℓ′ such that I ∋ k ≥ i and Γ′
k

p:q′!ℓ′

−−−−→ Γ′
k+1 or Γ′

k

p:q′?ℓ′

−−−−→ Γ′
k+1.

Therefore, αk+1 = p:q′!ℓ′ or αk+1 = p:q′?ℓ′ in both (12) and (13), i.e., we obtain
Γk

p:q′!ℓ′

−−−−→ Γk+1 or Γk
p:q′?ℓ′

−−−−→ Γk+1. Hence, (Γi)i∈I from (13) is fair.
Since (Γi)i∈I is fair and Γ is live, (Γi)i∈I is also live.
We now show that (Γ′

i)i∈I is live, which completes the proof. We have two cases.
TL1: Γ′

i(p) ≡ (q!ℓ⟨S⟩ · σ , T′). Since Γ′
i ⩽ Γi, we have Γi(p) ≡ (q!ℓ⟨S⟩ · σ , T), where

T′ ⩽ T. Since Γ is live we have there ∃k such that I ∋ k ≥ i and Γk
q:p?ℓ−−−→ Γk+1.

Hence, αk+1 = q:p!ℓ in both (13) and (12), i.e., we obtain Γ′
k

q:p?ℓ−−−→ Γ′
k+1. Thus, path

(Γ′
i)i∈I satisfies clause TL1 of definition of live path.

TL2: Γ′
i(p) ≡

(
σp , Σj∈J∪L qj?ℓj(Sj).T′

j

)
. Since Γ′

i ⩽ Γi, by Lemma 29, we have

Γi(p) ≡
(

σp , Σj∈J
qj?ℓj(Sj).Tj

)
, where T′

j ⩽ Tj , for j ∈ J , and {qj}j∈J∪L =
{qj}j∈J . From Γ being live, we obtain there ∃k, q, ℓ such that I ∋ k ≥ i, (q, ℓ) ∈
{(qj , ℓj)}j∈J , and Γk

p:q?ℓ−−−→ Γk+1. Hence, αk+1 = p:q?ℓ in both (13) and (12), i.e., we
obtain there ∃k, q, ℓ such that I ∋ k ≥ i, (q, ℓ) ∈ {(qj , ℓj)}j∈J∪L, and Γ′

k

p:q?ℓ−−−→ Γ′
k+1.

Thus, path (Γ′
i)i∈I satisfies clause TL2 of definition of live path.

◀

B Proofs of Section 4

▶ Lemma 32 (Typing congruence). 1. If Θ ⊢ P : T and P ⇛ Q, then Θ ⊢ Q : T.

2. If ⊢ h1 : σ1 and h1 ≡ h2, then there is σ2 such that σ1 ≡ σ2 and ⊢ h2 : σ2.

3. If Γ ⊢ M and M ⇛ M′, then there is Γ′ such that Γ ≡ Γ′ and Γ′ ⊢ M′.

Proof. The proof is by case analysis. ◀

▶ Lemma 33 (Substitution). If Θ, x : S ⊢ P : T and Θ ⊢ v : S, then Θ ⊢ P{v/x} : T.

Proof. By structural induction on P . ◀

▶ Theorem 23 (Subject Reduction). Assume Γ ⊢ M with Γ safe/deadlock-free/live and
M −→ M′. Then, there is safe/deadlock-free/live type environment Γ′ such that Γ −→∗ Γ′

and Γ′ ⊢ M′.

Proof. Assume:

Γ ⊢ M where M =
∏

j∈J(pj ◁ Pj | pj ◁ hj) (for some J) (by hypothesis) (14)

Γ is safe/deadlock-free/live (by hypothesis) (15)

From (14), we know that there is a typing derivation for M starting with rule [t-sess]:

Γ = {pj : (σj , Tj) | j ∈ J} ∀j ∈ J ⊢ Pj : Tj ⊢ hj : σj

Γ ⊢ M
[t-sess]

(16)

We proceed by induction on the derivation of M −→ M′.
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Base cases:
[r-send]: We have:

M = pn ◁
∑
i∈I

qi!ℓi⟨vi⟩.Pi | pn ◁ h | M1 (17)

M′ = pn ◁ Pk | pn ◁ h · (qk, ℓk(vk)) | M1 (18)

M1 =
∏

j∈J\{n}

(pj ◁ Pj | pj ◁ hj) (19)

By inversion on the typing rules we have:

⊢
∑
i∈I

qi!ℓi⟨vi⟩.Pi : Tpn
where Σ

i∈I

qi!ℓi⟨Si⟩.Ti ⩽ Tpn
(20)

∀i ∈ I ⊢ vi : Si (21)

∀i ∈ I ⊢ Pi : Ti (22)

⊢ h : σ (23)

∀j ∈ J \ {n} ⊢ Pj : Tj (24)

∀j ∈ J \ {n} ⊢ hj : σj (25)

Γ1 = {pn : (σ,Σ
i∈I

qi!ℓi⟨Si⟩.Ti)} ∪ {pj : (σj , Tj) : j ∈ J \ {n}} (26)

Γ1 ⩽ Γ and Γ1 is safe/deadlock-free/live by Lemma 15 (27)

Now, let:

Γ′
1 = {pn : (σ · qk!ℓk⟨Sk⟩, Tk)} ∪ {pj : (σj , Tj) : j ∈ J \ {n}} (28)

Then, we conclude:

Γ1 −→ Γ′
1 (by (26), (28), and [e-send] of Def. 8) (29)

Γ′
1 is safe/deadlock-free/live (by (27), (29), and Proposition 11) (30)

Γ′
1 ⊢ M′ (by (20)–(25), and Def. 17) (31)

∃Γ′ : Γ′
1 ⩽ Γ′ Γ −→ Γ′ (by (14), (27), (29), and Lemma 14) (32)

Γ′ ⊢ M′ (by (31), (32), and Lemma 21) (33)
Γ′ is safe/deadlock-free/live (by (14), (32) and Proposition 11) (34)

[r-rcv]: We have:

M = pn ◁
∑
i∈I

qi?ℓi(xi).Pi | pn ◁ hp | pm ◁ Pq | pm ◁ (pn, ℓ(v))·h | M1

(∃k ∈ I : (qk, ℓk) = (pm, ℓ)) (35)
M′ = pn ◁ Pk{v/xk} | pn ◁ hp | pm ◁ Pq | pm ◁ h | M1 (36)

M1 =
∏

j∈J\{n,m}

(pj ◁ Pj | pj ◁ hj) (37)
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By inversion on the typing rules we have:

⊢
∑
i∈I

qi?ℓi(xi).Pi : Tpn
where Σ

i∈I

qi?ℓi(Si).Ti ⩽ Tpn
(38)

⊢ hp : σp (39)

⊢ Pq : Tq (40)

⊢ (pn, ℓ(v))·h : pn!ℓ⟨S⟩·σ (41)

∀j ∈ J \ {n, m} : ⊢ Pj : Tj (42)

∀j ∈ J \ {n, m} : ⊢ hj : σj (43)

Γ1 = {pn : (σp,Σ
i∈I

qi?ℓi(Si).Ti), pm : (pn!ℓ⟨S⟩·σ, Tq)} ∪ {pj : (σj , Tj) : j ∈ J \ {n, m}}

(44)

Γ1 ⩽ Γ and Γ1 is safe/deadlock-free/live by Lemma 15 (45)

From (38) and (41) by inversion on the typing rules we have

∀i ∈ I : xi : Si ⊢ Pi : Ti (46)
⊢ h : σ and ⊢ v : S (47)

By (35) and Γ1 is safe (by (45)), we obtain

(qk, ℓk, Sk) = (pm, ℓ, S) (48)

By Lemma 33, (46), (47), and (48) we have

⊢ Pk{v/xk} : Tk (49)

Now let:

Γ′
1 = {pn : (σp, Tk), pm : (σ, Tq)} ∪ {pj : (σj , Tj) : j ∈ J \ {n, m}} (50)

And we conclude:

Γ1 −→ Γ′
1 (by (44), (48), (50), and rule [e-rcv] of Def. 8) (51)

Γ′
1 is safe/deadlock-free/live (by (45), (51), and Proposition 11) (52)

Γ′
1 ⊢ M′ (by (38)-(43), (49), and Definition 17) (53)

∃Γ′ : Γ′
1 ⩽ Γ′ Γ −→ Γ′ (by (45), (51), and Lemma 14) (54)

Γ′ ⊢ M′ (by (53), (54), and Lemma 21)) (55)
Γ′ is safe/deadlock-free/live (by (15), (51), and Proposition 11) (56)

[r-cond-T] ([r-cond-F]): We have:

M = pn ◁ if v then P else Q | pn ◁ h | M1 (57)
M′ = pn ◁ P | pn ◁ h | M1 (M′ = pn ◁ Q | pn ◁ h | M1) (58)

M1 =
∏

j∈J\{n}

(pj ◁ Pj | pj ◁ hj) (59)
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By inversion on the typing rules we have:

⊢ if v then P else Q : T (60)
⊢ h : σ (61)
∀j ∈ J \ {n} : ⊢ Pj : Tj (62)
∀j ∈ J \ {n} : ⊢ hj : σj (63)
Γ = {pn : (σ, T)} ∪ {pj : (σj , Tj) : j ∈ J \ {n}} (64)

By inversion on the typing rules we have ∃T′ : T′ ⩽ T such that:

⊢ P : T′ (65)
⊢ Q : T′ (66)
⊢ v : bool (67)

But then, by rule [t-sub] we have:

⊢ P : T (68)
⊢ Q : T (69)

Then, letting Γ′ = Γ, we have:

Γ′ is safe/deadlock-free/live (by (15)) (70)
Γ′ ⊢ M′ (by (58), (64), and (68) (or (69))) (71)

Inductive step:
[r-struct] Assume that M −→ M′ is derived from:

M ⇛ M1 (72)
M1 −→ M′

1 (73)
M′

1 ⇛ M′ (74)

By (72), (14), and Lemma 32, there is Γ1 such that

Γ1 ≡ Γ (75)
Γ1 ⊢ M1 (76)

Since Γ is safe/deadlock-free/live and Γ ≡ Γ1, by Proposition 28, Γ1 is also safe/deadlock-
free/live. Since M1 −→ M′

1, by induction hypothesis there is a safe/deadlock-free/live type
environment Γ′

1 such that:

Γ1 −→ Γ′
1 or Γ1 ≡ Γ′

1 (77)
Γ′

1 ⊢ M′
1 (78)

Since Γ1 is safe/deadlock-free/live, by Proposition 11 or Proposition 28, and (77), we have
Γ′

1 is safe/deadlock-free/live. Now, by (74), (78), and Lemma 32, there is a environment Γ′

such that

Γ′ ≡ Γ′
1 (79)

Γ′ ⊢ M′ (80)
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Since Γ′
1 is safe/deadlock-free/live and Γ′ ≡ Γ′

1, by Proposition 28, Γ′ is also safe/deadlock-
free/live. We now may conclude with:

Γ −→ Γ′ or Γ ≡ Γ′ (by (75), (77), (79) and rule [e-struct] of Def. 8) (81)

◀

▶ Theorem 24 (Type Safety). If Γ ⊢ M and Γ is safe, then M is safe.

Proof. Assume M is not safe. Then, there is a session path (Mi)i∈I , starting with M0 = M,
such that for some i ∈ I

Mi ⇛ p ◁
∑
j∈J

qj?ℓj(xj).Pj | p ◁ h | q ◁ Q | q ◁ (p, ℓ(v)) · hq | M′

with q ∈ {qj}j∈J and ∀j ∈ J (q, ℓ) ̸= (qj , ℓj) (82)

Since M = M0 −→ . . . −→ Mi and Γ is safe, by consecutive application of Theorem 23,
we obtain Γ = Γ0 −→∗ . . . −→∗ Γi, where Γi is safe and Γi ⊢ Mi.

By Lemma 32 there is Γ′
i such that Γi ≡ Γ′

i and

Γ′
i ⊢ p ◁

∑
j∈J

qj?ℓj(xj).Pj | p ◁ h | q ◁ Q | q ◁ (p, ℓ(v)) · hq | M′

Since Γi is safe, by Proposition 28, we have that Γ′
i is safe. Same as in the proof of Theorem 23

(see (44) and (45)) we may conclude there is Γ′′
i , such that Γ′′

i ⩽ Γ′
i and

Γ′′
i = {p : (σp,Σ

j∈J

qj?ℓj(Sj).Tj), q : (p!ℓ⟨S⟩·σ, Tq)} ∪ Γ′′′
i

with q ∈ {qj}j∈J , and Γ′′
i is safe by Lemma 15. Since Γ′′

i is safe, by TS, ∃j ∈ J : (qj , ℓj , Sj) =
(qk, ℓk, Sk), which contradicts (82). ◀

▶ Theorem 25 (Session Fidelity). Let Γ ⊢ M. If Γ −→, then ∃Γ′, P ′ such that Γ −→ Γ′

and M −→+ M′ and Γ′ ⊢ M′.

Proof. We distinguish two cases for deriving Γ −→.
Case 1: Γ q:pk?ℓk−−−−→ . Then:

Γ ≡ pk: (q!ℓk⟨Sk⟩·σ, Tp), q: (σq,Σ
i∈I

pi?ℓi(Si).Ti), Γ1
q:pk?ℓk−−−−→ pk: (σ, Tp), q: (σq, Tk), Γ1 = Γ′

where k ∈ I, and where in structural congruence (starting with Γ) we can assume folding of
types is not used (since only the unfolding is necessary). By inversion on the typing rules we
derive

M ⇛ pk ◁ P | pk ◁ (q, ℓk(v)) · h | q ◁
∑

i∈I∪J

pi?ℓi(xi).Pi | p ◁ hq | M1

for some P, v, h, Pi (for i ∈ I ∪ J), hq, and M1, such that

⊢ P : Tp ⊢ v : Sk ⊢ h : σ xi : Si ⊢ Pi : Ti ⊢ hq : σq Γ1 ⊢ M1

Since k ∈ I(⊆ I ∪ J), we can show that for

M′ = pk ◁ P | pk ◁ h | q ◁ Pk{v/xk} | q ◁ hq | M1
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we have M −→ M′ and Γ′ ⊢ M′.
Case 2: Γ p:qk!ℓk−−−−→. We have:

Γ ≡ p : (σ, Σ
i∈I∪J

qi!ℓi⟨Si⟩.Ti), Γ1
p:qk!ℓk−−−−→

where k ∈ I ∪ J , and where in structural congruence (starting with Γ) we can assume folding
of types is not used (since only the unfolding is necessary). By inversion on the typing rules,
we have

M ⇛ p ◁
∑
i∈I

qi!ℓi⟨vi⟩.Pi | p ◁ h | M1

for some vi, Pi (for i ∈ I), h, and M1, such that

⊢ vi : Si ⊢ Pi : Ti ⊢ h : σ Γ1 ⊢ M1

Now for k ∈ I defining

Γ′
k = p : (σ·qk!ℓk⟨Sk⟩, Tk), Γ1 and M′

k = p ◁ Pk | p ◁ h · (qk, ℓk(vk)) | M1

we obtain Γ −→ Γ′
k, M −→ M′

k and Γ′
k ⊢ M′

k. ◀

▶ Theorem 26 (Deadlock freedom). If Γ ⊢ M and Γ is deadlock-free, then M is deadlock-free.

Proof. Take a path (Mi)i∈I , starting with M0 = M, such that I = {0, 1, . . . , n} and
Mn−̸→. Since M = M0 −→ . . . −→ Mn and Γ is deadlock-free, by consecutive application
of Theorem 23, we obtain Γ = Γ0 −→∗ . . . −→∗ Γn, where Γi ⊢ Mi. Since Mn−̸→, by
contrapositive of Theorem 25, we obtain Γn−̸→. Since Γ is deadlock-free, we have end(Γn),
and with Γn ⊢ Mn and by inversion on the typing rules we conclude Mn ⇛ p ◁ 0 | p ◁ ∅.
This proves M is deadlock-free. ◀

▶ Remark 34. The proof of deadlock-freedom [17, Theorem 5.2] uses reasoning that by
subject reduction [17, Theorem 5.1] from Γ′ ⊢ M′ and M′−̸→ one can conclude Γ′−̸→. Such
conclusion can be a consequence of session fidelity, not subject reduction.

▶ Theorem 27 (Liveness). If Γ ⊢ M and Γ is live, then M is live.

Proof. Assume M is not live. Then, there is a fair session path (Mi)i∈I , starting with
M0 = M, that violate one of the clauses:

SL1: There is i ∈ I such that Mi ⇛ p ◁ if v then P else Q | p ◁ h | M′, and ∀k such
that I ∋ k ≥ i we have that Mk ⇛ p ◁ P | p ◁ h | M′′ and Mk ⇛ p ◁ Q | p ◁ h | M′′

do not hold. By Theorem 23 we obtain that Mi is also typable, which by inspection of
the typing rules implies that v is a boolean (true or false). Hence, we have that Mi can
reduce the p’s conditional process, but along path (Mi)i∈I this is never scheduled. This
implies path (Mi)i∈I also violets clause SF3, and it is not fair - which is a contradiction.
SL2: There is i ∈ I such that Mi ⇛ p ◁

∑
j∈J qj !ℓj⟨vj⟩.Pj | p ◁ h | M′, and ∀k such that

I ∋ k ≥ i we have that Mk
p:qj !ℓj−−−−→ Mk+1, for any j ∈ J does not hold. By Theorem 23

we obtain that Mi is also typable, which by inspection of the typing rules implies that vj

is a value (a number or a boolean) and not a variable, for all j ∈ J . This is a consequence
of the fact that we can only type closed processes (by [t-sess]). Hence, we have that
Mi can reduce the p’s internal choice process, but along path (Mi)i∈I this is never
scheduled. This implies path (Mi)i∈I also violets clause SF1, and it is not fair - which is
a contradiction.
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SL3: There is i ∈ I such that Mi ⇛ p◁P | p◁ (q, ℓ(v)) ·h | M′, and we have that ∀k such
that I ∋ k ≥ i, Mk

q:p?ℓ−−−→ Mk+1 does not hold. Since Γ ⊢ M and Γ is live, following the
proof of Theorem 23, we can construct typing environment path (Γj)j∈J , with Γ0 = Γ,
where for i ∈ I, if

Mi
p:q!ℓ−−−→ Mi+1 or Mi

p:q?ℓ−−−→ Mi+1 or Mi
p:if−−→ Mi+1 then

Γi
p:q!ℓ−−−→ Γi+1 or Γi

p:q?ℓ−−−→ Γi+1 or Γi = Γi+1 respecively (83)

Notice that trace of (Γj)j∈J is exactly the same as (Mi)i∈I excluding the if reductions.
Since (Mi)i∈I is fair (satisfies clauses SF1, SF2, and SF3), we conclude (Γj)j∈J is also fair
(satisfies clauses TF1 and TF2). From Γi ⊢ Mi, we may conclude Γi(p) ≡ (q!ℓ⟨S⟩ · σ , T),
for some σ and T. But then, ∀k such that J ∋ k ≥ i we have that Γk

q:p?ℓ−−−→ Γk+1 does
not hold. This implies (Γj)j∈J is fair but not live - a contradiction with assumption that
Γ is live.
SL4: There is i ∈ I such that Mi ⇛ p ◁

∑
s∈S∪N qs?ℓs(xs).Ps | p ◁ h | M′, and ∀k such

that I ∋ k ≥ i, we have that Mk
p:q?ℓ−−−→ Mk+1, where (q, ℓ) ∈ {(qs, ℓs)}s∈S∪N , does not

hold. As in the previous case in (83), for fair path (Mi)i∈I we may construct fair path
(Γj)j∈J . From Γi ⊢ Mi we may conclude Γi(p) ≡

(
σp , Σs∈S

qs?ℓs(Ss).Ts

)
, for some

σp, Ss, and Ts, for s ∈ S. But then, ∀k, q, ℓ such that J ∋ k ≥ i and (q, ℓ) ∈ {(qs, ℓs)}s∈S ,
we have that Γk

p:q?ℓ−−−→ Γk+1 does not hold. This implies (Γj)j∈J is fair but not live - a
contradiction with assumption that Γ is live.

◀
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